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Abstract 

This pa per examines variou s techniques used to estima te the term 

s tructure of i nterest  rates from the prices of go vernment bond s; in  

particular comparing the cu rrent  Bank of Engla nd model  w i th t wo 

approaches suggested in the academic l i tera ture.  There a re two main 

aspects of this problem : estimating the rela tionship between bond 

yields and ma turi ty, a nd the rela tionship between bond yields a nd 

coupon. TI,e paper outlines how these problems are approached by the 

three models, a nd compares them on both theoretical a nd practical 

gro u nds .  I t  concludes tha t there is  a trad e-off bet ween theore tical 

rigour and practical considerations. 
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1 Introduction 

When pricing financial instruments, agents throughou t the financial 

markets a re (either explici tly or implici tly) revealing information on the 

interest rates that they regard as being appropriate for the particular 

transactions they are making; but these prices or yields may also reflect 

o ther factors such as the effect of taxa tion ru les and the perceived risk 

of default  by the issuer. Isolating the implied interest rates is therefore 

a fa r from tri vial  task. I t  can reasonably be assumed tha t a u nique 

( theoretica l )  u nderlying ra te exists for each maturi ty, and so when 

trying to recover these we a re a i ming to constru c t  a fu nction that 

describes a single interest rate for each maturity - the term structure of 
interest rates. This is  used for a number of  purposes. For example, the 

Bank of England advises HM Treasury on appropriate interest ra tes to 

charge local au thori ties and some nationalised indu stries who borrow 

money through the Na tional Loans Fund (NLF) or the Public Works 

Loan Board (PWLB). Insti tu tions or individuals undertaking financial 

t ra nsactions may want  to know how their own opinions  rel a te to 

' ma rket' opinion s .  I t  is a lso u sefu l fo r f inancia l  economists; for 

example, such d a ta a re / can be u sed to estima te the para meters of  

general equilibrium term structure models, and to test their stabili ty (eg 

Cox, I ngersoll and Ross 1985, Longsta ff and Schwartz 1992 ). 

Government securi ties are generally u sed in the estimation of the term 

s tru cture of interest ra tes, si nce they are free of defa u l t  risk . I f  there 

were a 'su i table' go vernment bond (ie si ngle payment, l iquid ,  etc)  

ma turing at  every future date we could simply take the interest rate on 

tha t bond as the underlying interest ra te for that ma turity. In  the U K, 

however, government bonds  - gilt-edged seCllrities - are no t equal l y  

spaced through the maturi ty spectrum:  there a re 'gaps' for w hich we 

need some fo rm o f  i n terpola t ion to i d e n t i fy a co n t i n u o u s  term 

stru cture. Moreover, there are no single paymen t (zero coupon) UK 
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government  bonds,m so the problem is  fu rther complicated by the 

existence of semi-annual{2} interest or 'coupon' payments. 

This paper exam ines various techniques u sed to recover the term 

structu re o f  interest rates from UK government bond prices. Some 

fundamental concepts are defi ned in Section 2 ,  while the rest  of the 

pa per compares the Bank's  c u rren t y ield c u r ve model w i th two 
commonly u sed term structure models  i n  the academic l i tera ture. 

Section 3 describes how the various models estimate the fundamental 

term structure (or yield-maturity rela tionship), and Section 4 outlines 

how each model accounts for the complica tions caused by coupon 

(interest)  payments. Section 5 presents examples of curves produced 

by the various methods and Section 6 concludes. 

2 Notation and some definitions 

Before d iscussing the issues invol ved in estima ting yield curves, i t  is 

u seful to set ou t the nota tion and terminology u sed i n  the rest of the 

paper. Whilst some of the analysis is specific to the gilt-edged market}3> 

the ma i n  i ssues are relevant  when est ima ting the term structure of 

interest rates for any govemment bond market. 

(1) Other than short-term Treasury bills. 

(2) 2 112 % Consols pays interest quarterly. but is the .:xception rath.:r than the rule. 

(3) In particular the treatment of taxation (Section 3) is specific to the UK case. the details 
of which can be found in "Brit ish Government Securit ies: The Market i n  Gilt-Edged 
Securities" (pages 24-5) published by the Bank of England. 
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2.1 The bond price equation 

A bond is simply the obl igation on the bond's issuer to provide one or 

more future cashflow(s). For a conventional (4) UK government bond, 

the stream of cashflows consists of regular (semi-annual) fixed interest, 

or 'coupon' payments and a redemption payment which is paid with 

the final coupon payment on the gil t' s  maturity date. The market price 

o f  a con v e n tiona l bond i s  the ma rket v a l u a t ion o f  the s t rea m o f  

cashflows associated with that bond. 

A spot interest rate is the rate at which an individual cashflow (either a 
coupon or  a redemption payment)  is  disco u nted . I f  spot ra tes for 

payments at a l l  da tes in the fu ture are known, then the price(S) of a 
bond ma turing in m period s can be equa ted to the present va l ue o f  

future cashflows: 

Price 

where: C = 
R = 
r. = 

, 

c 

(1+ r ) 1 

+ 

coupon 

c 

2 (l+r ) 2 

+ • • • • • • •  + 

redemption payment 

R + C 
m (1+ r ) 

m 

the spot rate applicable for a payment in period i 
(i=l, ... , m) 

(1) 

(4) There are other kinds of UK government bonds: i ndex- l inked (with payments linked to 
t he R e tail Price Inde x), irredeemable (with no con tractual  rede mptio n  d a te ), 
double-dated (with a period, usual l y  of several years, in which the government  can 
repay the bond) and convertihle (which give the holder the option to convert into other 
(conventional) bonds at particular dates). 

(5) Where 'price' is the sum of the quoted ('clean') price and accrued interest - see section 
2.3 below. 
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2.2 Discount factors and the discount function 

The bond price equa tion (1) describes how the price of a bond can be 
calculated if all the spot rates rj (i=1, ... ,m) are known. This equation is 
often w ri tten i n  terms of discoun t factors, so tha t the present value of 
each cashflow i s  written as  the prod uct of i ts nominal value and its 

discount factor: 

or: 

m 
Price = C E d + d R 

i m 
i =l 

( l )  

where dj i s  the d iscoun t  factor for period i (i=l, . . . ,m) and i s  simply a 

transformation of the ilh period spot rate: 

d = 
i 

1 

i (l+r ) i 

i = 1, . . . , m (3) 

I t  i s  o ften u seful to think o f  the co ntinuous a nalogue to the set of  

discount factors, the discollnt fllHctioH 5(t), as  a continuous function that 

maps time t to a discount factor. Equi valently 5(t) is the present value 

of £1 recei vable at time t, and so given a continuous discount function 

the present value of a cashflow at any point in the fu ture can easily be 

calculated. A set of d iscou nt factors dj ( i=l, ... ,m) ca n therefore be 

thought of as discrete points on the continuous discount function 5(t) : 

d . = 5(t.) , , 
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where tj is the time to the end of the ith period . In terms of the discount 

function, the bond price equation becomes: 

m 
Price = C E 6 ( t ) +  6 ( t )R 

i m 
i=l 

2.3 Accrued interest and continuous compounding 

( 4 )  

The bond price equation (1) is over-simplified since i t  assumes that the 

next cashflow is due in exactly one period's time. In fact, while coupon 

payments on individual bonds are made at fi xed da tes, bonds can be 

traded on any working day. Whenever a bond is traded on a day that 

is not a coupon payment date, the valuation of the bond will reflect the 

proximity of the next coupon paymen t date. In the UK, for example, 

the buyer pays accmed i1lferest to compensa te the seller for the period 

since the last coupon payment during which the seller has held the gilt 

but  for which they wi l l  recei ve no coupon payment.(61 The accrued 

interest is by market convention calculated si mply as the proportion of 

t he c o u p o n  forego ne by the selle r,  e x p ressed a l gebra i ca l ly i n  

equa tion (5): 

ai = Cl x C ( 5  ) 

where: QI 
t1 

= accrued interest 
= time to the next receivable dividend payment (as the 

actual  nu mber of d ays d i vided by the nu mber of  
days in a "standard" year. (7) ) 

(6) There is a period (usually 37 days) bdore each coupon date when the bond is traded 
ex-divideud, ie without the right to the next coupon paymen t, and in this period 
(between the ex-dividend date and the coupon payment date) accrued in terest 
is negative since it is the buyer who is givin g  up part of the n ext coupon 
payment. 

(7) For the Un ited Kingdom. the market conven tion is to assume that a "standard" year 
consists of 365 days. In some other countries. such as the United States. accrued 

interest is instead calculated on a 360 day basis. 
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A bond's price can therefore be decomposed into two components: the 

accrued interest a nd the bond's clean price. I t  is the clean price of a gilt 

t h a t  i s  u s u a l l y  q u o ted, si nce movemen t s  in the c l e a n  price a re 

i ndependent of the (exactly predictable) cha nges in  accrued interest. 

The dirty price is the actual market valuation of the bond as given by 

equation (1), at which transactions take place; and is simply the clean 

(quoted) price plus  any accrued interest. 

Between coupon payment dates, the bond price equation (1) needs to be 

mod ified to a l low for the fact tha t the nex t  cou pon paymen t is not 

exactly o ne period in the fu ture.(S) This is straightforward with either 

discrete discount factors or a continuous discount function; the latter 

case ( fo r  a bond with m rema ining coupon payments) is shown in  

equation (6) below: 

P + a i :: C 6 ( t I) + C 6 ( t I + I ) + • • •  + ( C + R) 6 ( t I + (m-I ) ) ( 6 ) 

where: P 
al 
t1 

C 
R 

= 

= 

= 

= 

= 

clean price 
accrued interest (equation (5» 
t ime to fi rs t  cou pon payment  ( a s  a fraction o f  a 
period) 
coupon 
redemption payment 

A l t h o u g h  a c c r u e d i n t e r e s t c a l c u l a t i o n s  a r e c o n c e p t u a l l y  

s traightforward, in prac tice they can be an a wkward compl ication to 

empirical work. To avoid this, McCulloch (1971 , 1975) approxima tes 

(8) There are further complications when considering a bond that has recently been issued. 
If (as is  usua\1 y the case ) i t  was not issued on a coupon payment date. the first-ever 
rece ivable d ividend wil\ be less than the usual coupon payment. reduced to reflect the 
fact that the holder wil l  not hold the bond for the ful1 coupon period. Furthermore. gilts 
are often issued part ly  paid. which reduces the first coupon payment sti\1 further and 
introduces negative cashflows into the right-hand s ide of the price equation (amounts 
pa yable  by t h e  holder ) .  The r e q u i red  ( a l gebra i c )  a l tera t ions  are reasonably 
straightforward but are not given here. 
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the bond price equa tion (1) by assu ming that coupon payments are 

made con tinuously ra ther than at d iscrete poin ts i n  time, so in terest 

does not accrue. This assumption of C011ti11lWHS compounding means that 

the price equation can be slightly simpli fied : 

rn 
p = C f cS (�) d� + R cS (rn) o 

where: P = clean price 
m = maturity of the bond 
(c, R and 6 as defined before) 

(7) 

The con tinuous compounding approximation ca n significantly a l ter 

estimates of the discount function (and of the derived yield curves), so 
this approximation error should be weighed against the percei ved 

benefit from simpli fying the ca lculations if continuous compounding is 

to be considered. The following sections describe the methodology for 

both the continuous and discrete compou nding cases, but all results i n  

Section 5 were produced using only the (more precise) discrete method. 

2.4 Yields 

Si nce the coupon and the redemption payment  a re k n o w n ,  i t  i s  

s traightforward to measure the return o n  a gilt trading at  a particular 

p rice .  There a re two mea sures  commo n l y  u sed : the flat yield 
( sometimes referred to a s  the ClIrre71t or rll1l1li1lg yie l d )  a n d  the 

redemptioll yield. 

The flat yield is analogous to the 'dividend yield' on an equ i ty, and is 

defined as: 

Flat Yield = 
Coupon 

Clean Price 

(8) 
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The fla t yield is  essentially u sed to value the return from holding a 
bond for a short period - and is often thought of as the income from the 

bond.  Common market practice is to compare the fla t yield on a bond 

with a short-term interest rate - if the flat yield is below the short-term 

i nterest rate, the holder is ceteris paribus incurring a short-term cost by 

holding the bond . 

The redemption yield (or yield to maturity) corresponds to the internal rate 

of retu rn on the bond. As such, it can be seen that the redemption yield 

i s  d eri ved fro m the bond price equa t ion (1 ) w i th a l l  cash flo w s  

discounted at  the same rate: 

c 
P + a i  

( l+y) 

c + --

2 (1+ y) 

R + C + • • • • • • •  + --

m (1+y) 

where y = (gross) redemption yield 

(P, ai, C and R are defined as before) 

(9) 

Gi ven a price, equation (9) is sol ved for the redemption yield y using 

some form of non-linear itera tion technique (eg Newton-Raphson).  If  

the bond is to be held to redemption, the redemption yield is clearly a 

better measure of return than the fla t yield .  However, i t  rarely equals 

the realised return since it assumes that all future coupon payments can 

on average be reinvested at the internal rate of return. 

Of the two measures, the red emption yield is the more widely used . 

For the rest of the paper the term 'yield' wil l  speci fica lly refer to the 

redemption yield. 

1 2  



2.5 Yield curves 

The discoun t  fu nction 6(t) can be u niquely transformed i n to other 

useful functions, such as the spot rate (or zero coupon) curve, par yield 

curve and i mpl ied forwa rd ra te cu rve. Simi larly, a set of regularly 

spaced discrete discou n t  factors dj (i=l, ... ,m ) can be transformed into 

corresponding discrete spot rates, par yields and implied forward rates 

w hich, if sufficiently closely spaced, can be plotted as a con tinuous 

curve. This section describes how, given a discoun t  function or set of 
discount factors, the other cu rves can be deri ved . I t  i s  importa n t  to 

note that all these transforma tions are u nique, so gi ven any one of the 

four curves the other three can be derived . 

Implied forward rates 

In equation (3) the discount factor for period i (in discrete ti me), dj, is 

given in terms of the corresponding spot rate, rj, by the relationship: 

d = 0 + rJi I I 

The spot rate rj can be thought of as an average(9) of all the implied one 

period forward rates [1' [2' ... , [j so that: 

lid = O+r )111 = 0+[1)0+/2) . • .  0+' ) III III J III 

(10) 

(9) From equat ion (10) it is clear that ( 1  H,) is the geometric mellt1 of (1 +[1)' (1 +[2)' . .. , 
(1 +1;). 
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The implied forward rate fi for any period can therefore be isolated using: 

lid 
i 

= 

lid 
i -l 

d 
i - 1  

.. = 

d 
i 

d 
i - 1  

[ = 
i d 

- lld 
[ = 

i d 
i 

i 

i 

( 1+ [ ) ( 1+ [ 2) ... 
1 

( 1+[ ) ( 1+[ ) 
1 2 

( 1 +['> 
1 

- d 
i 

( 1+[ ) (1d ) 
i - 1  i 

... ( 1 + [ 
i -l 

) 

where lld = d d 
i i i -1 

(11) 

The above is the discrete compoundi ng case. Using the continuous 

d i scou n t  function 6 ( t )  and assuming tha t i n terest  i s  compou nded 

continuously we can therefore derive an il1stall tal1eOIlS forward rate curve 
p(t) by considering equation (11) with periods i and (i-1) infini tesimally 

close: 

p (t) = 
- (" (t) (1�) 

(, (t) 

The i n st a n t aneo u s  fo rward rate  cu rve i s  a theore tical  construct ,  

providing the interest rate appl icable on a fu ture loan that is  repaid an 

i ns t a n t  l a ter .  A more u seful  mea s u re to co n s i d e r  ( w hen u s i n g  

cont inuous compound ing) i s  the average o f  p ( t )  over a part icular 

interval [ tl ,  t2]. This mean forward rate fal, t2 ) is given by: 
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C 2 1 I {(c , C ) (13) 1 2 p ( jl) djl C - C 2 1 C 1 

The forward ra te f(tj_l,t,> i n  equa tion (13)  therefore represent s  the 

continuous compounding approximation to the discrete forward rate fj 
i n  equation (11). 

Spot (or zero coupon) curve 

The spot  rate rj i s  somet imes cal led t he zero coupon yield s ince i t  

represents the y ield to maturi ty o n  a (hypothetical)  pure discoun t  or 

zero coupon bond,  and can be easily derived from t he a ppropria te 

d i scou n t  factor using equation (3). The con t inuous compo u n d i ng 

approximation ll(t) to the term structure of spot rates, or zero coupon yield 
curve, can be derived from equation (13) since the spot rate for payment 

a t  t ime t i n  the fu t u re is the a verage i ns ta n ta neous forw a rd r a te 

between now (t1=O) and time t (t2=t). So: 

'I1 ( C )  = f(O,c) 

and hence from equation (13): 

t 

- In 6(t) 
•• 7J (t) = (14)  

t 

(assu ming 15(0) = 1 ) .(10) 

(10) The assumption that the discount function equals u ni ty  at t i me t=O is a sensible 
restriction, Implying that an amount receivable now is not discoun ted. This, 
and other, restrictions are discussed in more detail in Section 3. 
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The equivalent of (14) for the case of discrete compounding is: 

- 1 (15) 

The zero cou pon y ield curve i s  the construct  to which economis ts 

u sually refer when talking about the tenn structure of interest rates. 

The par yield curve 

A (coupon-paying) bond is said to be priced at par if i ts current  market 

price is R ,  i ts  face (or par) value.  From equ ation (9) i t  can be shown 

that for a bond to be trading at par, i ts redemption yield must equal i ts 

co u po n .  U si n g  t h i s  fa c t ,  the  par y ield Ym ca n be d e r i v ed from 

equ a tions  (2)  and (9) for a n y  period In (gi ven a series o f  d i screte 

discount factors d1, .. . ,dlll ) by setting the coupon C = Ym and the price 

P = R: 

m 
R = y E d + d R 

m i m 
i =l 

:. y = 
m 

R ( l -d ) 
m 

m 
E d 

i 
i =  1 

(16 )  

Similarly, the continuous compounding approximation to the par yield 

curve ye t".> can be estima ted using a rearranged version of equation (7), 

setting C = y( tn/ 
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y (e ) 
m 

R (l-6(e )) 
m (17) 

(where t; is the time to the jth regular coupon payment on the notional 

m period bond.) 

The par yield curve ya,n> describes the coupon required on a (notional) 

coupon-paying bond with time to maturi ty tIll for that bond to trade at  

par.Ol) 

3 Estimating yield curves 

The previous section detai led the relat ionships between d i f ferent 

variables and curves on the basis tha t  ei ther a set of d iscrete discount 

factors or a continuou s discount  function is known. Also, since the 

d i scou n t  funct ion, par yield cu rve, zero cou po n  yield curve a n d  

implied forward rate curves are all algebraically related, knowing any 

one of these four means that we can readily compute the other three. In 

reality, however, none of  the four curves is directly observable; they 

must instead be derived from bond prices. 

Two fu n d a mental  problems need to be add ressed by a n y  model  

attempting to identify the term structure of interest rates impl ied by 

prices o f  governmen t  bonds .  The first is the problem of 'ga ps' in the 

maturi ty spectrum - there is not always a sui table bond, or any bond at  

all, ma turing at a date of  interest. Second, the term structure is defined 

in terms of zero coupon bonds - but all  UK government bonds pay 

( 1 1 ) The par yield curve is essentially the same as a swap rate curve (in the absence of 
default risk). si nce a par yield represents the f i xed i n terest payments required by the 
market 10 match the same number of future (unknown) Ooating payments. Howevet". 
there are a number of practical differences in estimating the two curves. 
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coupons, SO a zero coupon yield cannot be inferred directly from the 

price of a coupon-paying bond. 

These two problems lead to further practical estimation problems. First, 

the problem of filling the gaps - what shapes should the term structure 

be a l l o wed to t a ke? To a n swer th is  quest ion ,  a deci s ion o n  the 

appropriate trade-off between 'smoothness' (removing 'noise' from the 

d a t a )  and ' responsi veness' ( flexibi l i ty  to accommod a te a genuine 

movement in the term structure) is required . For example, it might be 

fel t tha t the estimated term structure should be smooth, bu t not to the 

extent  that it is seriously misrepresented . Second, is i t  preferable to 

estimate the term structure v ia the d iscount  function or via the par 
yield cu rve? There a re o ther practical  h u rd les to o vercome: for 

e x a mple,  i n  the U K  m a n y  i n vestors  pa y i ncome t a x  o n  cou pon 

payments whereas any capital gain is tax-free. This differential taxation 

of cou pon payments and capital  gains results in taxpayers preferring, 

and hence paying a premium for, low coupon bonds; so the size of the 

coupon on a bond will  affect its yield .  Such coupon effects, along with 

any other tax effects, need to be removed from any estimate of the term 

structure. 

The rest of this paper describes three models used to estimate the term 

structure of interest ra tes :  the model currently u sed by the Bank of  

England (Mastronikola 1991) and two from the academic l i terature, d ue 

to M cCu lloch (1971, 1975) and Schaefer (1981) . The many problems 

inherent in any estimation of the term structure can be nea tly split into 

three categories: which curve to estimate (Section 3.1 ), how the chosen 

cu rve should be estimated (Section 3 . 2 ), and how to deal wi th other 

factors which might influence relative bond prices, such as ta x effects 

(Section 4). 
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3 .1 Yield curve or discount function? 

Models used to estimate the term structu re of interest rates fall into two 

disti nct categories: those that fi t the par yield curve and those that fi t a 
discount function. The Bank's current model (Mastronikola op cit) is a n  

example o f  the former, whereas most of  the la tter are based on fit ti ng 

discount functions, pioneered by McCulloch (1 971 ). 

Fitting a curve through redemption yields 

The B a n k ' s  y ie ld  c u r ve model e s se nt i a l1y f i t s  a c u r ve t h r o u g h  

redemption y ie lds, deri ved d i rect ly  from observed prices u s i n g  

equation (9). This methodology, while simple to u ndersta nd, has the 

theoretical d rawback that it does not explicitly restrict payments due on 

the same date to be discounted at the same rate. To see why this is the 

case consider two bonds; the fi rst, bond A, ma tu ring in one period s' 

time and the second, bond B, in two periods: 

R + C 
Price o f  a a 

= 
Bond A 

(l+y ) 
a (18) 

C R + C 
Price o f  b b b 

= + 
Bond B 

2 
(lty ) b (l +y ) b 

E stima ting the yield cu rve by fi tting a cu rve through the redemption 

yields on these two bonds does not restrict the first coupon payment on 

bond B to be discounted at the same rate as the redemption payment on 

bond A even though both payments are d ue at exactly the same time. 

Instead, when estimating a yield curve in this manner the assumption 

must be made that the first coupon on bond B is  d iscoun ted using the 

rate indicated by the yield on bond A, the yield on bond B reflecting the 

d i fference in ra tes between period 1 and period 2 .  I n  o ther word s, 

bond A i s  a ss u med to pro v i de all  the i n fo r m a t i o n  req u i red fo r 
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inferen ces abo u t  how the ea rl ier coupon payments o n  bond B are 

d iscounted. 

Given a specifica tion of the functional form for the y ield curve (see 

Section 3.2), the estimation procedure i s  simply to f i t  a curve of  the 

given functional  form to minimise t he sum of squared d i fferences 

be tween the observed and f i t ted yiel d s .  The est imated c u rve is 

i mplici t ly  a par yield curve.  Thi s  a pproach is reasonable i f  other 

aspects of  the model define this curve explici tly as the par yield curve 

(eg as in Mastronikola 1991 - see Section 4). However, whether or not a 

regress i o n  o f  red emp t i o n  y ie l d  a g a i n s t  ma t u r i t y  is a rea l i s tic 

approximation to the par yield curve depends on market conditions. If 
b o n d s  a re tra d i n g  so tha t the a verage redemption yield a t  each 

maturity - the rate derived from a yield against maturity regression - is 

c l o se to the  p a r  y i e l d  a t  tha t m a t u ri ty ,  t hen t he a ss u m p ti o n  is 

reasonable. However, the less well this assumption matches the reality,  

the worse the approximation. 

Fitting a discount function 

Most of the academic l i terature follows McCulloch (1971 ) in explicitly 

constraining cashflows from different bonds due at the same time to be 

discoun ted a t  the same ra te, and estima tes a discount function from 

which the term structure can be derived . ( 12 ) McCulloch uses the form 

of the bond price equa tion wi th a continuous d iscount function and 

makes the assumption of continuous compounding - that the coupon 

payments are made continuously through time rather than at regular 

d iscrete intervals.(]3) Under this assumption interest does not accrue, 

and equation (7) is used to give the price on bond i (i= 1 ,  ... ,n) : 

m 
i 

p = C .! 6 (�) d� + R 6(m) 
i 1 i i 

o 

(12) In particular. Schaefer (198 1 )  follows this approach. 

(19) 

(13) As stated in Section 2 this is merely a simplifying assu mption. and the results 
presented later in this section were derived using McCulloch' s technique with discrete 
compounding. For clarity the description here follows the original. 
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where Pi' C;, m; and R; are the price, coupon, maturity and redemption 

payment of the ith bond . 

To estimate the discoun t  function,  6(m), i t  is defi ned to be a li near 

combin a tion o f  a se t o f  k ( l inearly i ndependent)  u nderl y ing basis 
functio11S : 

6 ( m )  
k 

1 t E 
j=l 

a f ( m ) 
j j 

(lO) 

where f/m) i s  the ph basis  fu nct ion,  and aj i s  t he correspon d i n g  

coefficient (j=l, . . . ,k). There are a number of  functional forms tha t the 

basis functions �(m) can take to produce a sensible discount  function, 

and this choice is discussed in detail in Section 3.2. 

A system o f  7l l inear equa tions can be deri ved (l4 ) by combin i n g  

equa tions (19) and (20), with the function weights aj as the coefficients 

in each equation: 

k 
Y ,  E a x 

1 j ij j=l 
(n) 

where: Y. = P - C m - R 
1 i i i i 

m 
i 

x = c f f ( " ) d" + R f (m .J 
i j .i j i j 1 

0 

The coefficients aj (j= 1 ,  ... ,k) can be estimated from equation (21 ) u sing 

ordinary least squares, and the estimated discount function can then be 

calculated using equation (19). 

( 1 4) Se!! Appendi x A for the full derivation. 
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Having estimated the discoun t  function, equations (13), (14) and (17) 

can be used to estimate the implied forward rate, zero coupon and par 

yield curves respectively. Given the assumption made by the Bank's 

model, the same inferences about  the term structure of i nterest rates 

can be drawn from the estimated curves regardless of methodology. 

The advantage of M cCulloch's  technique is that it makes explicit the 

a ssu mption o f  a n  efficient market, ie one in equ i l ibriu m .  Fi t t ing 

through redemption yields can be regarded as simply fi tting a curve 

through data and as such requires no assumption about the state of the 

market; however, the assumption is implicit as soon as such a curve is 

interpreted as a par yield curve. 

3.2 Estimating functions 

As described so far, both the McCul loch and Bank methods require a 

speci fica t ion of one or more estima ting function(s) :  w hen fi t t ing 

through redemption yields, the functional form needs to be specified; 

w he re a s  e s t i m a t i n g a d i s c o u n t  f u n c t i o n  u s i n g M c C u l l o ch' s 

methodology requ i res the speci fica tion of  basis functions (I/m) i n  

equation (20».  The choice o f  functions in both cases i s  crucial since it  

ul timately determines the trade-off between smoothness and flexibility 

discussed earlier, and therefore reflects prior beliefs about the shapes a 

y ie ld  cu rve sho u l d  be able to take .  Th i s  cho i ce is  u n a v o i d a b l y  

s u bject i ve bu t cer ta i n  properties a re essen t ia l ;  i n  part icu lar  a n  

estima ted discount function should be both posi tive and mono tonic 

non-i ncreasi ng ( to a void nega tive forwa rd rates) and should equal 

unity at  time t=O (the present value of £1 receivable now is £1). 

The Simplest approach to fi tting the discount function is tha t used by 

Carleton and Cooper (1976), who estimate the term structure of interest 

rates for the US government cou pon securi ties (ie notes and bonds) 

market. They u til ise the fact tha t the semi-annual interest payments 

made by nearly all securities in this market are made on only four days 
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of  each yea r.  (15) This even-spacing o f  d a ta poi n t s  mea ns tha t the 

d i scou n t  factors ca n be estima ted d irectly from equ ation (2)  u sing 

ord i nary lea s t  squa res for  ma t u r i ties up to seven yea rs,<t6) thus 

a void ing the need for appro ximating fu nctions (and McCulloch ' s  

form ula tion)  a l together .  A l thou gh Ca rleto n and Cooper d id not  

constra in  their esti ma tes o f  the discou n t  function, they apparently 

d isplayed the correct properties i n  most cases - ie were monotonic 

decreasing and non-negative. The main problem with this approach is 

the reliance on regularly spaced interest payment dates and as such it is 

not suitable for application to the UK market (or even to the US market 

bey o n d  seven yea r s ) .  F u r t hermore ,  t h i s  me t hod i m po se s  no 

smoothness on the discount  function, so the correspond i ng i mplied 

forward rate curve is jagged. 

Polynomial splines 

If data are not regularly spaced (as is the case in the UK and most other 

markets) the approach used by Carlcton and Cooper is not feasible and 

instead an approach based on estimati ng or approximating functions is 

often u sed . M cCul loch ' s  (1971, 1975) implemen ta tion is  gi ven i n  

equa tion (20) i n  which the discou nt  fu nction 6(m) i s  described a s  a 

l inear combi na tion of k appro xima ting fu nctions f/m) (j=l, . . . ,k) o n  

which the coefficients (ai' j=l, . . .  ,k) a re estima ted . One of the simplest 

implementations (discussed by McCul loch, 1971) is to let f/m)=mi for 

j=l, . . .  ,k. The discou nt function genera ted by this set of approximating 

functions will then be a simple kth degree polynomia1.(7) However, 

u nless observations are spaced equal1y through the maturi ty range, 

such a polynomial tends to fi t well a t  the short end and badly at the 

(15) Namely, 15 February, 1 5  May, 1 5  August and 1 5  November. 

( 16) Data beyond seven years could nol be used due to the sparsity of observations in that 
maturity  range. 

( 1 7) Chambers. Carleton and Waldlllall ( 1984) apply such a polynomial directly to the spot 
curve. They decide 011 k using a stcpwise pro<X'dure. 
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long end or vice versa. To solve this problem it  is possible to increase k, 
the order o f  the polynomial ,  bu t this  can cau se i nstabi l i t y  i n  the 

parameter estimates . 

To solve these problems McCul loch suggested the use of piecewise 

polynomial functions or spl ines to approximate the discoun t  function. 

I n tu i ti vely,  a polynomial spli ne can be thought of as a n umber of 

separate polynomial fu nctions, joined "smoothly" at a number of so
cal led join, break or knot points .  The word "smooth" has a precise 

ma thema tical meaning, b u t  i n  the con text  of a piecewise r -d egree 

spli ne it is generally taken to mea n  that the (r _l)th derivatives of the 

functions either side of each knot poin t  are continuous.oS) Using this 

piecewise approach the polynomials can be of much lower order and 

generate a more stable curve. 

In his firs t paper McCulloch (1971) uses a quadratic spline to estimate 

the discount function .  This has superior properties to that of the simple 

poly nomial bu t also ha s several shortcomi ngs. A major drawback is  

that use of  a quadratic spline for the discount function can lead to what 

McCulloch terms "knuckles" in the corresponding forward rate curve.  

This  effect is i l lustra ted in Figure 3.1, and is caused by the fact  that  

speci fying the d i scount  function by a piecewise quadra tic function 

means i t  has a discontinuous second derivative, resul ting in a forward 

rate curve with a discontinuous first derivative.(l9) 

( 18) One consequence of this ddinitioll is Ihatlhl! rlh derivative of the spline is a step 
function. 

(19) If 6(m) is the discount function and p(m) is the forward rate curve it can be 
shown that p'(m) = (6

'(m)/ 6(m»2 - (6
"

(m)/ 6(m». 
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Figure 3.1 
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The obviou s way to a void this  effect is  to increase the order o f  the 

estimating functions and use (for example) a wbic splille. The simplest 

implementation of a cubic spline is that presented by McCulloch (1975). 
I n  this  form u la t ion the bas is  funct ions  f/m) i n  equ a ti o n  (20 )  a re 

specified as a family of cubics that are constrained to be smooth around 

each knot point . (20) Thi s  speci fica tion is  certainly flexible enough to 

model any reasonably-shaped discount function (and yield curve) . I t  

can in fact be too flexible, as i t  does not constra in the discount  function 

to be non-increasing; so forward ra tes calcula ted using equa tion (13) 

may be negative. 

The curren t Bank methodology u ses a s l ight ly  more com pl ica ted 

technique to fi t a cubic spline through observed redemption yields on 

(20) The actual forms specified by McCulloch are reproduced in Appendix B. but in 
practice allY set of cubic equations that are constrained to I><! smooth around the knot 

points could be used. Note also that the basis functions are defined along the length 

of the estimation space (ie from zero to the maturity of the longest bond) and 

combined using equation (20) (and the weights estimated by equation (21) to obtain 

the estimated discount fUllction. 
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stocks. Unlike McCulloch's methodology, where cubic functions define 

basis functions along the length of the d iscount  function which are 

weighted and then added together, the Bank methodology uses a set of 

cubic functions each of which fits a sub-interval of  the yield curve ( ie 

each function fits the curve in the space between two consecutive knot 

points). The second derivatives of adjoining functions are constrained 

to be equ al at the knot poin t, meaning that the entire estimated curve is 

"smooth" in the sense described above, If the two ends of the curve are 

a l so cons trai ned, then each i ndividual  function i s  a cubic wi th two 

constraints and ( for a set of fixed knot points) is  therefore u nique, so 

the entire fi tted curve is unique. In the Bank's model, the short end of 

the yield curve is constrained to have constant  slope ( ie zero second 

derivati ve) and the long end is constrained to be fla t  (ie zero first a nd 

second derivati ves). The number of knot points a nd their maturities 

a re fi xed,C2 1l a nd the yields at each knot point  are estimated such that 

the sum of squared residuals  between observed and fi tted y ield s is 

minimised .(22) 

(21 )  There a re cur rently six k not points. equa lly spaced in transformed time (see 
Mastronikola 1991. page 8). 

(22) It could be! arguo!d that the Bank's modd in fact uses a thir d order expo"e"tial splint 
(see below), since the time to maturity on each bon d is transformed using 
equation (22) before estimation. However, since the motivation for using the 
transformation is different from that for using an exponential spline, it seems 
more useful to desc r ibe the Bank's model as usi ng a cubic spline (in 
transformed time). 
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Bernstein polynomials 

Schaefer (1981) uses approxima ting functions to estimate the d iscount 

function i n  the same manner as McCulloch, but instead o f  cubics he 

u ses Bernstein polynomials . I t  can be shown u sing the Weierstrass 

approximation theorem (eg Williams 1991, page 74) that combi nations 

of Bernstein functions will approxima te any continuous function with 

a rbitrary accuracy. A n  advantage of these functions over conventional 

polynomial approximating functions is tha t they gi ve considerably 

better approximations to the derivatives; important since the forward 

curve depends on the first derivative of the discount function.(23) By 

imposing constraints, Schaefer ensures tha t the a/s are non-nega tive, 

tha t the estimated discount function is non-negative a nd that  6 (0)= 1 .  
With these conditions, negative forward rates are avoided .(24) 

(23) For a more detailed account of the use of Bernstcin functions in this con text see 

Schaefer (1982). 

(24) If p(m ) is th e forward rate curve and 6(m ) the discount func t ion it c an be 
shown that

,
p(m) = -6

'
(m)/ 6(m) (equation ( 12». Clearly, p(m ) will be nega ti ve 

- if either 6 (m) is posit ive or 6(",) is negati ve - Schaefer's constra ints ensure 
tha t  neither of these con ditions arise. Since Schaefer's discount function is a 
l inear combination of monotonic non-increasing approxim ating func tions he 
ensures that it is monoton ic by constraining the n;.s to be non-negative. 
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Exponential splines 

O ne o f  the m a i n  cri t ic isms level led a t  bo t h  cubic  a n d  Ber n s te i n  

polynomial  functions as  a choice of  approximating functions is that 

these can lead to forward rate curves which exhibi t u ndesirable (and 

u nrealistic) properties for long maturities ie rise or fall steeply. Vasicek 

a n d  F o n g  ( 1 982) d e t a i l  a m e t h o d  t h a t  ca n be u sed to p ro d u ce 

asymptotically fla t  forward curves. Central to their a pproach is the 

characterisation of the discoun t  function as essentially exponential  in 

shape .  They a rgue tha t spl ines, as piecewise polynomials, h a ve a 

d i fferent curvature from exponentials a nd so will not provide a good 

local fit to the discoun t  function.(2S) Vasicek and Fong claim tha t  this 

poor local fi t will result  in the spline "wea ving" around the discoun t  

f u n ct i o n ,  thu s  pro d u c i n g  h i g h l y  u n stable forwa rd r a  tes .  A l so, 

polynomial splines cannot be forced to tail off in an exponential form as 

maturi ty increases. 

Vasicek and Fong suggest applying a transform to the a rgument m of 

the discount function 5(m) .  This transform has the form: 

m = - ( l / a ) l n ( l - x ) , where OSx< l 

and has  the a ffect  o f  transformi ng the d i scou n t  function from a n  

approximately exponential function of  m to a n  approximately l inear 

function of  x. (26) Polynomial splines can then be employed to estimate 

this tra nsformed discount function .  Using this transform i t  is easy to 

i mpose a d d i tional  cons tra i n ts on the d i scou n t  funct ion . (27 )  The 

(25 ) This is refuted by Shea ( 1 985 ) who insist s t hat a piecewise polynomial function 

should be able to mimic well a piecewise exponential function. 

(26) Here. x is referred to as transformed time. 

(27) One such condition that they impose is the non-negative condition. 
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parameter a constitutes the limiting value of the forward rates, and can 

be fi tted to the data as part of the estimation. 

Vasicek and Fong u se a cubic spl ine to est ima te the t ra n s formed 

discount  function .  In terms of the original variable m this is equivalent 

to estima ting the discoun t  function by a third order exponential spline 

ie between each pair of knot points 6 (m) takes the form: 

(23) 

A lthough Vasicek and Fong claim to ha ve tested exponential splines 

successfully,  they provide no evidence. Consequently, Shea ( 1985) 
presents some empirical results on the suitabili ty of exponential splines 

for yield curve modelling. He concludes tha t there is no evidence to 

s u pport  the c la im tha t  ex po nen t ia l  spl ines p rod u ce mo re s table 

estimates of the term structure than polynomial spl ines - the discount  

function often devia ting from the expected exponential decay .  Shea 

found that the asymptotic property only constrained the forward curve 

to fla t ten a t  matu ri ties beyond the lon ges t observable bond a nd 

exhibi ted li ttle influence over i ts shape or level a t  other matu ri ties. A n  

addi tional observation was that  one of the factors d riving the instability 

of the Vasicek and Fong model was the data-cond itioning properties of 

the expone n tial  transform, x=l-e-a", .  For sma l l  �, this c a u sed the 

observed x to become bunched so tha t substa n tial  portions of  t he 

estima tion i n terval [ 0,1] con ta ined no d a ta ,  leading to particularly 

u n s ta b le a n d  u n re a l i s t i c  a s y m p t o t i c  forw a r d  r a tes . I n  s u c h  

circumstances Shea had to coa x the nonlinea r estima tion program to 

converge to a solution. It is possible tha t this problem was ca used by 

Shea ' s  c h o i ce of k no t  poi n ts ,  w h i c h  a p pears  to be in l i ne w i t h  

M cCulloch's  convention o f  placing equal numbers o f  observa tions ( i f  

possible) between knots. (28) 

(28) This was certainly the rule used in Shea (1 984). 
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Cha mbers, Carleto n a nd W a l d m a n  (1984 ) ha ve i ncorpora ted the 

exponential  characteristic in  a di fferent manner. Here, a polynomial 

functional form is  applied directly to the spot curve. The spot curve 
can then be related to observable bond prices by exponentiation of this 

functional form. 

B-splines 

A n  important observation made by Shea (1984) concerns the choice of 

basis functions when defining a spl ine function. He reports that some 

spline bases, such as that chosen by McCulloch (1971,1975) can generate 

a regressor ma trix w i th columns that are nea rly perfectly col l inear, 

resul ting in possible inaccuracies arising from the subtraction of large 

numbers . As  a solu tion he advocates the use of a basis of "B-splines" . 

These are functions which are identically zero over a large portion of 

the a pproxima tion space (u nl ike those u sed by McCulloch) and so 

prevent the loss of accuracy due to cancellation . By using a B-spl ine 

basis i t  is also easier to impose constraints on the spline function. 

Steeley (199 1 )  a lso recommends  the u se of  B-spli nes for the same 

reason . He provides comprehensi ve details  of  how B-splines can be 

u sed to fi t a discou nt function, and concludes tha t by their use spline 

fu nctions ca n be viewed as a robust  a l terna t ive to both cubic a n d  

Bemstein polynomials. 

Prob lems using spline functions as estimation functions 

Shea (1984) considers some of the pi tfal ls  encoun tered when u sing 

splines to model the term structu re. First, he demonstrates that  the 

constra ints implicit in the M cCul loch cubic spl ine do not restrict  the 

discoun t  function to i ts desired nega tive slope, and can consequently 

prod uce an esti ma te for the d iscount  function which starts to slope 

u pward at  the longest ma turities . ll1e forward rate curve genera ted by 

such a discount  function will fea ture negative interest-rate estima tes .  

Wi thou t  the imposi tion of constraints (d iscussed earlier) the Schaefer 
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polynomial  would d isplay similar characteristics.  Shea a rgues tha t  

Schaefer' s constra i n t  o n  the slope o f  the d i scou n t  fu nct ion to  be 

everywhere negative, though serving to prevent negati ve forward rates 

does nothing for the general stability of the forward curve. 

One alternative "fix" suggested by Shea on such occasions is the use of  

ad hoc constra in t  speci fication. In i ts  more obviou s form this might 

consi s t  of changing the n u mber o r  l oca t i o n  of the k n o t  poi n t s .  

However, Shea goes o n  to suggest the use of  local ised con straints to 

deal with specific problem areas. One such constraint suggested was a 

simple restriction of fixed proportions between the first derivati ves of  

the discount function at  di fferent  maturi ties. lllis is  of particular use a t  

the l o n g  end where i t  c a n  b e  applied t o  ensu re t h a t  the d i scou n t  

f u n c t i o n  rem a i n s  nega t i v e l y  s l o ped . A l t h o u g h  these m a n u a l  

adjustments to the term structure a re acceptable i n  a research and 

d e v e l o p me n t  c o n te x t ,  they w i l l  c lea r l y  be of  l i mi ted u se for  

practi tioners in an operational environment, where yield curve updates 

may be required on a real time basis .  Also, changes in the curve may 

be wrongly a ttribu ted to even ts i n  the ma rket when in fact they a re 

solely due to a change in the constraint specification . 

Knot points 

Another decision that needs to be made when using any kind of spl ine 

fu nction is the appropriate number of knot points .  I f  the nu mber o f  

knots is  too low then the model will not fi t the data closely when the 

term structure ta kes on d i fficu l t  sha pes, w hile i f  i t  is too high the 

estimated curve may conform too readily to unrepresentative outliers. 

The Bank yield curve model currently uses si x knots, which are spaced 

evenly i n  transformed time (see above) .  The a pproach adopted by 

M cCul loch (1975) a nd several subsequent researchers i s  to set the 

number of knots to be equal to the square root of the number of bonds 

to be u sed in the estima tion process . These knots are then spaced 

evenly amongst the number of  observat ions (maturit ies). G i ven the 
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current number of bonds in the U K  market, this approach also suggests 

the use of six knot points.  One advantage of the McCulloch convention 

i s  tha t the positioning of the knots wil l  au toma tical ly  change with a 
shift i n  the structure of government debt - unlike the knot poi nts in the 

Bank's model, which will remain fixed . On the negative side, allowing 

the knots to move on a day to day basis may give the false impression 

that the term structu re has changed . 

Figures 3.2 -3.5 illustrate the kinds of effect that changing the number or 

location of the knots in the Bank model can have on the forward rate 

curve.(29) 

Figure 3.2 
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Figures 3.2 and 3.3 show the effect of reducing the number of knots to 

four or five, bu t still spacing these points evenly in transformed time. 

In the case of 30 September 1992 , reducing the number of knots from six 

to four raises the forward curve by over 30 basis points in places. This 

smoothing also removes the point of inflection at the 3 year horizon . 

(29) S uch effects a l so occur when considering a par or zero coupon yield curve. but are 

less significant. 
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Figure 3.4 
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Figures 3.4 and 3 .5 compare the effect of swi tching from knots spaced 

e venly i n  transformed time to knots spaced evenl y by n u mber o f  

observa tions.  In  the example o f  30 September this prod uces a shift in  

the forward curve of  up to 13 basis points. 

Surprisingly, aside from Steeley (op dO, there seems to have been l ittle 

effort in the l i tera ture devoted to testing sophistica ted techniques for 

specifing the optimal number a nd loca tion of knot points. Tha t such 

techniques a lready exist  (eg de Boor, 1978)  makes this a l l  the more 

surprising. 
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Nelson and Siege I (1987) 

A very different approach is that due to Nelson and Siegel (1 987), w ho 

explici tly at tempt to model the implied forward rate curve (rather than 

the term structure of interest rates). They choose a functional form for 

the forward rate curve that  allows it to take a number of shapes that the 

authors feel are "sensible". The functional form that they suggest is: 

[(m) = tJo + tJ 1exp(-m/d + tJl(m/dexp(-m/dJ (24) 

where [(m) is the forward rate at maturity m, and 130' 131 ' 13
2 

and r are the 

parameters to be est imated . This fu nction can be transformed to a 

discount function (using the rela tionships in Section 2) from which the 

parameters are estimated .(30) 

By considering the three components that make up this function (see 

Figure 3.6) i t  is clear how, with appropriate choices of weights, it can be 

used to generate forward rate curves of a variety of shapes, including 

monotonic and "humped". An important  property of this model is that 

tJo speci f ies the  long ra te to  which the fo rward ra te a symptotes 

horizontally . Furthermore, this approach avoids the problem in spline

based models of choosing the "best" knot point specification. 

(30) Equa tion (24) can also be tran sformed to a spot rate curve. to which Nelson and 
S iegel fit US Treasury Bill data (because Treasury Dills are zero coupon i nstruments). 
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Figure 3.6 

Com ponents of the forward rate curve 
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From the Nelson and Siegel forward ra te equ a tion it  i s  possible to 

derive a l gebra ic expressions for the spo t cu rve and the d i scou nt 

function, though not unfortunately for the par yield curve. (3 1 ) 

I t  is interesting to note that Svensson ( 1 993) estima tes spot and forward 

r a te cu rves u s i ng M cC u l loch' s ( 1 971 , 1 975) a pproach o f  fi t t i n g  a 

d iscount function to bond price data, but uses the Nelson and Siegel 

functional form instead of a spline function . Svensson argues that for 

monetary policy applications a simpl istic functional form of this nature 

i s  perfectly acceptable. I n  his paper on estima ting Swedi sh forward 

ra tes (Svensson 1 994) he increases the flexibil i ty of the original Nelson 

and Siegel model by adding a fourth tenn to the forward rate equation 

(equation (24». This term takes the form 1l3(m / T2 )exp(-m / T2 ) a n d  

provides t w o  extra pa rameters for estima tion . However, Svensson 

conclud es tha t the origi nal  Nel son and Siegel mod el prod uced a 
satisfactory fi t on most occasions. 

( 3 1 )  To obtain a par yield curve numerical methods must be applied. 
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4 Modelling the effect of tax (the "Coupon Effect") 

The techniques outl ined i n  the previous section can be thought of as 
method s to estima te the yield-matu rity structure of a bond market .  

However, the existence of coupon paying bonds complicates estimation 

of the term s tructure .  I n  particular, ta x rules can grea tly affect the 

prices of bon d s  a nd ,  if thei r effects  a re ignored i n  the model l ing 

process, can distort any estimate of the term structure of interest rates . 

This is what is commonly known as the COUpOll effect and is particularly 

i mportant in the UK because of the wide range of coupons on bonds 

current l y  trad i n g  in the market ( the curren t  ran ge of  coupons o n  

conventionals being 3 %  to 15 1 /2%).(32) 

A substant ia l  proportion of  i nvestors i n  the UK government bond 

market are taxed at their marginal rate of ta x on any coupon income 

they recei ve, but are exempt from taxation on capi ta l  gain .  Bonds with 

high coupons clearly provide more of thei r return i n  the form of  

coupon i ncome than do bonds with low coupons. Therefore investors 

facing a non-zero marginal income tax ra te bu t no ta x on capi tal gain 

wil l  ceteris paribus prefer low coupon to high coupon bonds, whereas 

those paying no income or capital gains tax will be indifferent between 

the two types . The preference of tax-paying i nvestors for low coupon 

bon d s  w i l l  i ncrease their price rel a t i v e  to high co u po n  bo nds,  a 

d istortion that need s to be removed when attempting to measure the 

u nderlyi ng term structure. This  section outl i nes and compares three 

methodologies for taking account of the coupon effect. 

(32) A nother possible effect caused by bonds paying coupons is what might be termed a 
·duration effect · .  si nce t wo bonds of the same maturi lY but with di fferent coupons 
wi l l  have different durations and different exposure to interest rate risk. Such effects 
are not considered by any  of the three models described here. presumabl y si nce the 
tax effect is consiJer.:J to dominale. 
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McCulloch (1975) 

In his original work, McCulloch ( 1971 ) overlooked the possible effect of  

taxation rules on bond prices, but developed the model to take account 

of such effects in his second paper ( 1 975). In this paper, M cCulloch sets 
up a number of equations for various types of bonds not all  of which 

are relevant to this study as they reflect US tax laws in the early 1 970s. 

Instead, when applied to the UK,  only one equation i s  required - a n  

a me n d ed vers i o n  o f  t h e  p r i ce e q u a t i o n  a s s u m i n g  c o n t i n u o u s  

compounding <equation (7»:(33) 

m 
P = ( 1- 1 )  C l  6 ( 11 )  dll + R 6 ( m)  

o 
( l 5  ) 

where: 'T = effective income tax rate 
(P, tn, C, R and 6 as defined before) 

From equation (25) a least squares estima tion proced ure analogous to 

equa tion (21) can be formulated . (34 )  The effective income ta x ra te 'T is 

the rate that minimises the sum of squared residuals (between actual  

a nd fitted prices) produced by the model, and therefore requires some 

form of nonlinear search to find the optimal value of 'T .  It is not clear 

how T should be interpreted (see below), but McCul loch describes i t  as 

"the approximate rate at  which the Treasury recap tu res i ts i n terest 

payments when it floats new debt". 

(33) Note that the formulation of equation (25) i mplies that there is no tax on capital gains. 
While any capital gain made is indeed exempt from Capital G ains Tax. u nder certain 
circumstances market-makers have to treat capital gain as profit for tax purposes and 
therefore i t  may be taxed at their (corporation) rate of tax. In this sense equation (25) 
may be an over-simpli fication. Also. the conti nuous compounding approximation is 
again not necessary but we follow the original. 

(34) Once the post -tax discount function has been esti  mated (using equation (20» t he 
equi valent pre-tax implied forward rate. lero coupon and par yield curves can be 
obtained by using equations ( 1 3). ( 14) and ( 17 )  resp.!ctive1y with T as a scaling factor. 
See Appendix A for details. 
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Schaefer (1981) 

Schaefer begins from a sligh tly di fferent perspective, using a simple 

example to h ighl ight  the fact tha t, given a set of bond prices i t  i s  

i m possible t o  deri ve a u nique term structure u si ng t h e  bond price 

equation (1) (which he calls the "no-arbitrage" condition) if there exists 

more than one category of taxpayer in the market a nd the tax treatment 

of long and short positions is symmetric. His example is as follows: 

Suppose there are two investors in the market - one tax-exempt and the 

other facing an i ncome ta x  rate of 50% - and two one-period bonds with 

cou pon s  4 %  and 1 0% .  Both bonds make pay ments only a t  ma tu ri ty, 

when each pays a coupon payment and repays the principal (£100, say). 

Using the bond price equation (1) and the after-tax cashflows we get the 

following price equations for the tax-exempt investor: 

1 0 4  

( 1 + r ) 1 

a nd 

whereas, for the tax-paying investor: 

1 0 2 

( l + r  ) 1 

a nd 

1 1 0  

( 1 + r ) 1 

1 0 5  

( 1 +  r ) 1 

( l 6a) 

( l 6b) 

The two pairs of equations are evidently inconsistent :  if p) and P2 are 

fixed then ') and ,' ) cannot be equal, implying that for each bond one 

class of in vestor values it higher than the other. In turn this i mplies 

tha t cos t less a rbi trage w o u l d  be possible bet ween the d i fferent 

ca tegories of investors (to the cost of the ta x au thori ties). Since this is 

i nconsi sten t wi th eq ui l ibriu m as  well as being unreal istic, Schaefer 
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a ssumes tha t short-sales a re banned . (3S) This assumption impl ies 

(amongst other things) that no arbi trage is possible and hence that no 

bond can be underpriced . Therefore, for any given tax rate T ,  the price 

equation (1) becomes: 

c 
Pr i ce � __ _ 

( l + r ) 1 

+ 
c 

2 
( l + r ) 2 

R + C 
+ . . . . . . .  + ---

n 
( l + r ) 

n 

( l7) 

where all cashflows are post-tax and the term structure rj is specific to 

the tax rate T .  For an investor facing an income tax rate T each bond is 

ei ther efficient (if i ts market price exactly equ a tes to the investor's 

valuation of that bond) or i nefficient (with a market price greater than 

the value of the bond to the investor). Thus, Schaefer argues, there is 

no u nique term structure of interest rates but rather a series of tax

specific term structures, each of which should be estimated using only 

those bonds which are efficiently held by investors in that tax bracket. 

The es t imat ion  i n vol ves one further (and essen t i a l l y  a rbi trary)  

assumption about the series of cashflows requ ired by i nvestors, a nd 

requires the solution of a l inear program to select the group of  bonds 

that minimises the cost of providing these cash flows, subject to price 

constraints on each gilt (based on equation (27». 

Schaefer' s speci f ica t ion of the problem h i g h l i g h t s  a n u mber o f  

d i f f icu l t i es w i t h M cC u l l o c h ' s  a p proa ch . Fi r s t ,  b y  d e f i n i t i o n ,  

McCulloch's methodology will calculate the term structure for only one 

category of taxpayer (facing the effective tax rate) and thus ignores the 

problem outl ined above ca used by the existence of more than one 

category. Also, the effective tax rate calculated using equation (25) will 

be some kind of "average" of al l  income ta x ra tes faced by in vestors, 

(35) In  practice this is  not the case - gi l t-edged mark.::t makers are allowed to short sell -
but Derry and Pradhan (1993) suggest some reasons why the market might behave in  
a manner that is analytica l ly  equivalent to  the  si mpl ify ing assumption of no short 
sales. 
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ra ther than the marginal rate of the investor determining prices of  

bonds.  Second, this  tax  rate i s  ( implicit ly) assumed to apply to  a l l  

bonds along the length of the curve, which is  unrealistic i f  any of the 

categories of investors have preferences for the maturity of debt they 

want to hold . 

The model speci fied by Schaefer i s  wel l  sui ted to a n  i n d i v i d u al 

i n s t i t u  t i o n  m a k i n g  decis ions o n  w hich bonds to hol d ,  s ince the 

applicable tax rate is clear and the profile of cashflows required should 

also be known (or a t  least reasonably well approximated) .  However, 

problems arise when using this model to identi fy a (single) "market" 

tenn structure. There are two possible ways forward : 

(a) Simply select one of  the various tax specific term structures and 

use this as a "representative" term structure, for example the term 

structure for 0% ta xpayers. The problem with this approach is  

that i t  ignores infonnation from al l  bonds other than those used to 

determine the particular term structure.(36l This data shortage 

problem can be alleviated a l ittle by also including "near-efficient 

bonds" - those wi thin a tolerance l imit of being efficient bonds -

a nd including these in a McCulloch-type regression,<37l bu t a lot 

of information is sti l l  being ignored and the term structure cannot 

be described as being representative of the whole market without 

further assumptions being made. 

(b) A nother method derives from a suggestion i n  Schaefer ( 1 981)  

outlining how a representa tive par yield curve can be estimated 

from a set of ta x specific term structures. Using equation (16) and 

scaling by T (see Appendix A), the (pre-tax) coupon C",II/ required 

(36) Typical l y  arou nd t e n  bonds ( from a total of appro x i mate l y  45 ) are selected as 
"efficient" by Schaefer's criterion and therefore eli gible for use in the estimation. 

(37) This was a suggestion made to the authors by Professor Schaefer and his colleague, 

Roger Brown. 
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by an investor facing tax rate l' to value a n  m period bond a t  i ts 

face value R is: 

e = 
T ,  m 

R (l - d  ) 
m 

m 

( l - T )  1: d 
1 

1 = 1  

Since the market price o f  a bond i s  determi ned by the investors 

who give it the highest value, the "market par yield" y(m) is gi ven 

by the lowest coupon stock w i th maturity m that a t  least  o ne 

investor will price a t  par: 

y (m) = m 1 n  r e  ( l8) 
T ,  m 

from which a representative zero coupon cu rve and forward rate 

c u rve ca n be ca lcula ted u si n g  the rel a t ionships  d e ta i led i n  

Section 2 .  

A pproa ch (b)  h a s  the ad v a n tage over a pproach ( a )  tha t i t  d oes 

represent the whole market, rather than a speci fic category of taxpayer. 

However, to obtain an accurate term structure in this way requires the 

identifica tion of a l l  distinct tax ca tegories (not an easy task) and the 

estimation of all their separate term structures. 

Both approaches suffer from two dra wbacks when u sed to esti ma te 

market representative curves. First, both require a function speci fying 

the cash flow s  req u ired by at l ea s t  one ca tegory of in vestor in a l l  

periods.  This is essentially a n  arbitrary selection and i t  i s  not clear what 

effect different functional forms may have on resulting term structures. 

Second, the estimation method depends crucially on the assumption 

that no bonds are underpriced and so, as  Schaefer s ta tes (page 42 9) :  
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"To the extent that . . .  u nderpricing does occur, our estimates [of term 

structures) may be upward biased." 

The Bank of England model (Mastronikola, 1991) 

The Bank of England yield curve model is primarily used to provide 

ad vice to  the Treasury on the level a t  which to set PWLB a nd NLF 

lending rates. Essentially, these are the respective rates a t  which local 

a u thorities a nd na tiona l ised ind ustries can borrow fund s from the 

Government, and are calculated by adding a margin to the yield curve 

in order to ensure they are dose to market rates. 

The curren t y ield curve model tackles the problem highl ighted by 

Schaefer by noting that this tax effect manifests itself entirely through 

the bond cou pons(38) and at tempts to correct for i t  by modelling the 

relationship between yield and coupon as well as that  between yield 

and maturi ty explici tly .  The Bank's model therefore estima tes a yield 

surface (yield as a function of coupon and maturi ty), thus allowing the 

size of the coupon effect to vary with matu ri ty .(39) The par yield curve 

can be obtained from such a surface by noting that the yield of a bond 

trading at  par must equal its coupon (the same condition used to derive 

equations (16) and (17) above); so the par yield curve can be thought of 

as  the intersection between the yield su rface and the "yield = coupon" 

plane (Masrronikola 1991 , Diagram A ). 

The Bank models the yield-coupon rela tionship for a given maturi ty 

using Capital-Income Cl/ rves that describe the trade-off between capi tal 

gain (assuming the bond is held to ma turity) and income. For a bond 

with coupon C a nd redemption payment R (equal to £1,  say) trading 

a t  price P, capi ta l  gain a nd income ( the lat ter bei ng d efined as the 

bond 's running yield - see Section 2 .4) are given by: 

(38) Assuming that investors are exempt from paying tax on capital gains. 

(39) Unl ike McCulloch (1975). 
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1 
cap i t a l  Ga i n  = - - 1 

p 
I n come = 

c 
p 

( l9) 

Note that, for a given maturity, describing the rela tionship between 

capital gai n  and i ncome is equi valent to describing the rela tionship 

between yield and coupon since the only variables in  (29) are coupon 

a nd price (which, if maturi ty is fixed, is a function of yield and coupon 

only).  So having model led the relationship between capital gain and 

income, this relationship can be transformed to provide the rela tionship 

between yield and coupon. 

For a particular (fixed) maturity 1n, a capital-income diagram describes 

the trade-off between capi tal gain and i ncome received on a bond . For 

a fixed yield (y), capital gain (CC in what follows) can be shown(40) to be 

a linear function of income (r): 

1 - - 1 A ( y - r )  ( 3 0) p 

where: 

[ 1  + � y ( 1 - f )  t - 1 
A = ________ _ (31 ) 

y 

This relationship is shown graphically in Figure 4 . 1 (a )  below. I t  can be 

interpreted as a n  ind i fference curve describing the various balances 

between capital gain and income to which an investor (facing tax rate T 
- sce below) is indi fferent. 

(40) See Mastroni kola ( 1 99 1 ). equat ions (3)  and (4)  on page 1 1 .  N ote  that r is the 
running y iel d here and has no connection w i t h  t he spot r ates r de fined 
previously. 

I 
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Figure 4.1(a) 

Capital Gain " Incom�1 Constant Yield 

Figure 4.1(b) 

Capital Gain " Income: Constant Coupon 
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N ote i n  Figure 4 . 1  the l ine CC = 0 i s  called the par line since a bond 

bought at par and held to maturity yield no capital gain. Figure 4.1 (b) 

shows the relationship between capital gain and income if the coupon C 
is fixed; clearly {from equation (29» as the price rises both income and 

capital gain fal l .  The relationship is linear with slope (1 IC) since, from 

the definition of income (r): 

C 
r = 

p 
1 r 

. .  - - 1 = - 1 ( H )  
p c 

For a fixed ma turity and yield,  the constant  term A in equa tion (30) 

depends only on the tax ra te T and therefore it is this income ta x rate 

alone tha t determines the slope of the indifference line in Figure 4 . 1 (a) .  

Figure 4 .2 demonstrates this by displaying the indi fference lines for two 

categories of investors : gross investors (who are exempt from paying 

i ncome tax ,  ie .,=0) represen ted by the l ine  CC'  a nd a tax-paying 

i nvestor represented by the line HH' (defined by T>O). 
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Figure 4.2 

Ca pi tal G ain v I ncome : 
The effect of tax 

Capital 
Gain 

O +-------------�r_--� 
d 

- 1 

Since tax-paying investors pay tax on income but not on capital gain, 

they require a larger increase in income than gross investors to offset a 

unit  decrease in capi tal gain  - hence HH' is less steeply sloped than GG' 
in  Figure 4.2. 

Figure 4.3 il lustrates how two bonds (1 and 2) with the same maturity 

m bu t di fferent coupons (Cl and C2) are priced in a market with these 

two categories of investors. 
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Figure 4.3 

Capital Gain v Income 

CapilAl 
Gain 
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The s lopes o f  the co n s ta n t  cou pon l i nes represen t i n g  the bon d s  

( d e n o te d  C l a n d C2 i n  Fi g u r e  4 . 3 )  a re l / C 1 a n d  l / C2 ( fr o m  

equation (32) so, since the gradient o f  C2 is greater than the gradient o f  

Cl i n  Figure 4 .3, 1 I C2 > l /C I; i e  the coupon Cl must be larger than the 

cou pon C2 . This  il lustrates the general property of such diagrams that 

constan t  coupon l ines representing high coupon bonds a re less steep 

than those representing low coupon bonds . 

The i n tersections o f  C 1 and C2 with CC'  (deno ted ( PI (C)  and P2 (G» 

indica te how gross in vestors wil l  value the stream of cashflows from 

bonds 1 a nd 2 respectively .  Likewise, P1 (H) and P2(H) represent the 

valua tions of the same two bonds made by taxpayers. I t  has already 

been noted that  an increase in a bond's price moves i t  along i ts constant 

coupon line towards the origin on a capita l- i ncome d iagram (see 

Figure 4 . l (b», and so i t  is clear from Figure 3.3 tha t the gross investors 

wi l l  value bond 1 higher than the ta x-paying investors (s ince PI (C) is  

closer to the origin than P1 (H» , whereas bond 2 will be priced higher by 

the taxpayers. So, if investors are ra tional, the higher coupon bond's 

price wil l  be set by the ta x-exempt investor, whereas the lower coupon 

bond's  price wil l  be determined by the tax-paying i nvestor . Such a 
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speci fica tion models  a market assumed to be in "equi libri um u nder 

s wi tching" (Mastronikola 1 99 1 ,  page 1 0), i n  which no i n vestor can 

swi tch from one s tock to any combi nation of  other s tocks i f  such a 

switch results in: 

- higher capital gain and maintained income, or 

- higher income and maintained capital gain, or 

- higher income and higher capital gain. 

These conditions define an equilibrium equivalent to the "no arbi trage" 

equilibrium in Schaefer's model(4 1 )  - for each bond it is the category of 

taxpayer who values it  the highest who detennines i ts price. 

Figure 4 .4(a) shows the two extreme indi fference l ines, for the gross 

investors and 1 00% taxpayers. The l ine for an investor facing a 1 00% 

income tax rate is horizontal,  since such an investor will only invest i n  

bonds providing a pure capital gain. 

Figure 4.4(a) 

Capital Gain v Income : 
Extreme Cases 

Capital 
Gain 

H-tOO--..l..,,------- �oo 

� lneon .. 

- )  

Figure 4.4(b) 

Cupitul Guin v Income : 
Intermcdiute Cuscs 

� 
Capotal 
Gain 

- )  

(4 1 ) Therefore this model also depends on an assumption that short sales are restricted. 
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This model can easily be generalised to any n umber of  ca tegories of 

taxpayers, as illustra ted in Figure 4 .4(b) . All the intersections between 

indifference curves are assumed to occur above the par line, since all 

bonds trading below the par line are priced above par and therefore 

cause a capital /oss if held to redemption ( this loss being balanced by 

above par cou pon payments) .  Such bonds should therefore be held 

only by gross investors, and only bonds lying above the par line will be 

held by tax-paying investors of any kind.(42} (43) 

I f  the market is in equilibrium u nder switching, the prices of bonds i n  

this diagram will be set along the heavy boundary (corresponding to a n  

"efficient frontier") .  However, a s  mentioned earlier (with reference to 

Sch aefer's  mod el ) ,  i t  i s  d i fficu l t  to speci fy a n u mber o f  d i s tinct 

categories of taxpayers since, apart from the four current personal rates 

in the UK (0%, 20%, 25% and 40%), t here are a number of institutions 

tha t have exemptions ( i nclu d i ng pension fu nd s and some foreign 

investors) whilst others pay at their corporation tax rate (currentl y  25% 

or 33% in the U K) and may be able to offset some income against other 

los ses for ta x pu rposes. For this rea son, therefore, the Bank model 

a l lows for a con tinuous spectrum of income ta xpayers between the 

g r o s s  i n v e s t o r  a nd 1 00 %  ta x r a t e  payer ,  a nd t h e  bou n d a ry i n  

F igure 4 .4(b)  becomes the capita l - i l lcome ClI rve i n  Figu re 4 . 5 .  So, 

al though the theory behind Schaefer's model and the Bank's model is 

the same, there is an important  di fference in implementation . Schaefer 

a priori determines the specific tax rates for which term structures are 

req u i red , w he rea s the B a nk' s model  d efines h o w  ca tegories o f  

(42) This assumption may be too restrictive since there may be other reasons why some 
ta xpayers might want to hold bonds that wil l  provide them with a capital loss. The 
model could be amended to rela x this assumption if it was felt unreasonable by (for 
e x a mpl e )  restrict i ng a l l  i n tersections to occur above t h e  constant coupon l i ne 
representing the highest coupon bond in the market. 

(43) The Bank model does not constrai n the gross investor' s tax rate to be 0% but i nstead 

a l l ow s  it to vary with maturi t y .  The est i mated value of this parameter at each 

mat urity perhaps gi ves an i ndication of whether or not bonds with that maturity and 

prices above par are i n  fact held by 0% taxpayers. 
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ta xpa yers i n tera c t  and thereby estima tes a si ngle term s tructure 

representative of the market as a whole. 

Figure 4.5 

Capital Income Curve 

CapiUlI 
Gain 

- 1  

Income 

The ca p i ta l - income cu rve is  defined i n  the Bank's  model b y  the 

following equation : 

cc = { at ( y (m) - r )  
6 

at (y (m) - r )  + }. (m)  (y (m)  - r )  

where(44 ) : 

[ 1  + � y (m) ( l - r (m » t - 1 
at 

y ( m )  

r � y (m)  
r < y (m)  ( 3 3 &) 

(3 3b) 

(44) Compare equation (33b) with equation (31). Note also that 6 here is not related to the 
discount function in Section 2. 
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and y(m )  i s  the (gi ven) par yield a t  maturi ty m .  Note from these 

equ a tions that the straight l ine segment of the capital-income curve 

(below the par l ine) is, for a given maturity m and associated par yield 

y(m), dependent on the value of T(m) ( the so-called effective tax rate at 
par at maturity m), whilst the segment above the par l ine is dependent 

on T(m), 'Mm) and 6.(45) Although T(m) represents the tax rate faced by 

gross investors a nd should therefore i n  theory equal zero, i t  is not 

constrained to be so in the Bank's model . Deviations from zero can to 

some extent be interpreted as a measure of the number of  taxpayers 

holding high coupon bonds that are trading above par, but  may also 

reflect u nderpricing in the market .  The model uses a l inear function 

(defined by two parameters) to specify how T(m) varies with maturity 

m .  

To specify the capital income curve completely, specifications o f  6 and 

'Mm) are required . The model assumes a priori that 6 is fixed, and also 

a ssumes two ex treme forms tha t the capital income cu rve can take 

(Figure 4 .6): 

Figure 4.6 

Extreme Capital Income Curves 
Capital 
Gain 
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(45 )  6 can be thought of as the "degree" of curvature of the capital-income curve above the 
par l ine (eg quadratic if 6=2. etc. ) whilst � (m)  can be thought of as a "weight" that 
specifies how m uch this curvature comes in to play at maturity m. 
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The u pper extreme curve corresponds to the case where a l l  bonds 

above the par line are held by gross investors, and can be represented 

by ).(m) = O. Conversely, the lower extreme curve represents the largest 

tax effects. I t  is constructed by assuming a 1 00% taxpayer is holding the 

lowest coupon bond in the market, so the capital income curve becomes 

horizontal as i t  crosses the constant coupon line representing the lowest 

coupon bond . ). (m) is then estimated to represent the true curve lying 

between these two extremes, and a l i nea r fu nction (defined by two 

parameters) i s  used to represen t  the rela tionship between ).(m) and 

maturity m (see Mastronikola ( 1991)  pages 9-1 8 for the full derivation). 

The four parameters that  specify the relationships between r(m) and m, 
and ).(m) and m (and hence how the yield-coupon relationship varies 

with maturi ty) are combined with six parameters to specify the yield

matu ri ty rela tionship y(m) .  A nonlinea r  estimation technique that 

minimi ses the sum of squared residuals between the observed and 

fi tted yields is  u sed to estimate the values of these ten  parameters 

(along with two others)(46) simultaneously. The Bank's model therefore 

uses a cu rve fi tting technique to estimate the tax ra te faced by the 

category of taxpayers who determine the price of each bond . In a sense 

this is the reverse of Schaefer's approach, which involves determining 

the optimal set of bonds tha t each ca tegory of  ta xpayer should hold 

then, from the prices of bonds in this subset, calculating the tax-specific 

term structure. 

(46) Two other effects are modelled using dummy variables to represent whether or not a 
bond is tradi ng ex-dividend (XD) and/or Free of Tax 10 Residents Abroad (FOTRA). 
See Mastronikola (199 1 ). pages 1 8-9. 

51 



5 A comparison of the three models 

Figu res 5 . 1  a n d  5 . 2  i l l u strate  zero cou pon c u r ves for the Bank, 

McCulloch and Schaefer methodologies. The Schaefer curve is for a 0% 
i ncome taxpayer and includes near efficient bonds.  Although the three 

curves are of broadly similar shape there are di fferences between them 

of u p  to 1 00  basis points. This is primarily due to the lack of constraints 

on long rates in the McCulloch/Schaefer methodology. 
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Figures 5.3 and 5 .4 show the forward rate curves corresponding to the 

zero coupon curves in Figures 5 . 1  and 5.2 .  These graphically il lustrate 

the sensi ti v i ty of the forward ra te curve - in particular to long end 

constraints and to the number and location of knot points. 
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Figure 5.3 
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Figure 5.4 
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The choice between fitting a par yield cu rve ( the Bank model ) a n d  

fitting a discount function (McCulloch 1971 , 1 975 and Schaefer 1 981 ) is 

to some extent  a matter of ta s te a n d  prior  bel ie fs a bo u t market  

behaviour. The discount function approach is  explicitly consistent with 

economic theory but can be very d i fficu lt  to estima te, leading to the 

sensi tiv i ty of the forward rate curve to small changes in the d iscount  

function. The approach of fi tting through yield s, whilst theoretical ly 

less a ttractive, appears more robust i n  pra ctice (particu la rly when 

prod ucing impl ied forwa rd ra te curves), and ca n be justi fied i f  i t  is  

bel ieved tha t i t  be t ter refl ects ma rke t prac t ice . This  choi ce is  

i nextricably linked with the choice of basis functions - the properties of 

the estimated term structure depend to a large degree on the properties 

of the chosen underlying basis functions. 

The choice of  model for the tax effects is a d i fferent  matter, a nd is  to 

some degree independent of the choice between fitting through yields 

or fi tting a discount function For example, there is no reason why the 

Bank's method for estima ting the cou pon effec t cannot be u sed i n  

conju nction with a mod el that fi ts a d i scou nt function .  McCul loch 
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( 1 975) i n trodu ced the methodology for adju sting yield curves for 

taxation, a nd he demonstrates in his paper that adjusting for tax using 

his technique is substantially better than not adjusti ng at  all . However, 

h i s  a pproach for handl i ng tax has  a number o f  d i sadvantages; i n  

p a r t i c u l a r, i t  i s  u nc l e a r  w h a t  the  "effec t i v e "  t a x  r a t e  a c t u al l y  

represents - and yet i t  i s  assumed consta n t  along the length of  the 

curve. 

Schaefer ( 1 98 1 )  notes that there are in fact multiple term structures, one 

for each d istinct category of tax-paying investors - highlighting the 

dra wback with McCulloch's approach. Schaefer's suggested approach 

of estimating a separate term structure for each category of taxpayer is 

u seful for an individual institu tion a ttempting to decide which bonds 

a re efficient to hold a nd thereby assessing i ts own term structure of 

i n terest rates, but  causes problems when trying to estimate a single 

"market" yield curve.  I t  is necessa ry ei ther to identify all d is tinct  

categories of  taxpayer, something that  could easily change on a daily 

basi s, or to a ssume tha t one particular term structure i s  somehow 

represen ta tive of the market and, in the process, discard information 

from a l l  bonds  that  are i nefficient  for tha t particular  ca tegory o f  

i nvestor. TIle assumption that no bond i s  underpriced also leaves open 

the possibil ity that the estimated term structure is biased. 

The curren t Bank model (Mastronikola, 1 991 ) a ttempts to model both 

the yiel d-ma tu ri ty a nd the yield-coupon rela tionships of the bond 

market and,  in  a way d i fferent  from tha t  adopted by Schaefer, a lso 

models which bonds are held by which ca tegory of investor. Despite 

the (possibly restrictive) assumption that all  bonds trading above par 

are held by gross investors(47) the Bank's model effectively estimates the 

gross investors' par yield curve using information from all bonds in the 

m a rket, ra ther tha n just  the efficient subset.  A l though the Bank's 

(47)  Al though.  as e x pl ai ned previously ,  this  assumption is not as restricti ve as i t  first 
a ppears s i n ce a " gross" i n vestor as defi ned by the  Ban k ' s  model  can face a n  
(estimated) tax rate T > O. 
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model will not produce tax-specific term structures, i t  is possible for 

each bond to measu re the tax ra te o f  the i n vestor d eterm i n i ng i ts 

price.(48) 

Schaefer's model is therefore theoretically superior, since it precisely 

models the behav iour of a set of ra tional investors facing different tax 

ra tes . However, i t  has a n umber of d ra wbacks from a pract ical  

v i ew po i n t  - particu lar ly  w hen a represen ta t i v e  ma rket c u r ve i s  

required: 

(i) A fu nction defi n i ng the size a nd t iming of requi red fu t u re 

cash flows need s to be specified . This is  essentially an arbi trary 

choice and i t  i s  no t clear what  effect  this  choice has o n  the 

derived term structures. 

(ii) The assumption that no bond is underpriced may lead to bias in 

the estimated term structures. 

(iii) I f  a represen ta t ive market cu rve is required , then ei ther a l l  

d ist inct ca tegories of ta xpayers need to b e  identi fied, or the 

assumption tha t o ne ca tegory is "representa tive" need s to be 

made. 

The B a n k  mod el a voids  these d ra wbacks,  b u t  a t  the ex pense o f  

theoretical preci sion . For these rea sons, Schaefer's model seems 

pre ferable when a t tempting to est i ma te the term s tructure for a 

particular category of investor bu t is less suitable for estimating a term 

structure that is intended to be representa tive of the market as a whole. 

(48) This is done by calculat ing the slope of the capital-i ncome curve (for the bond' s  
m at u r i t y )  w he re i t  crosses t h e  appropr ia te constant  coupon l i ne ,  and  u s i n g  
equation (31 ) to determine T .  
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6 Conclusion 

This study has investigated the properties of three models that estimate 

the term structu re of in terest rates - two prominent models from the 

l itera ture due to McCulloch (1975) and Schacfcr ( 1981 ), a nd the model 

u sed currently by the Bank.  The three models were compared (on 

theoretical grounds :  their methodologies for handling ta x effects i n  

p a r t i c u l a r .  E x a m p l e s  o f  c u r v e s  p ro d u ced u s i n g  ea c h  o f  t he 

methodologies were also presented . 

There are (a t  least) three aspects to the esti mation problem that are 

more or less distinct. These are: 

(a) Which curve should be estimated first? McCulloch developed the 

methodology for fitting the discount function (and Schaefer also 

u ses this approach), which is theoretical ly a ttractive bu t can be 

difficul t  to estimate in practice. In particular it can prove difficult 

to derive sensible forward curves from an estima ted discount  

fu nction.  Al ternatively, the approach of simply fi tting a curve 

throu gh redemption yields to obta i n  a pa r yield curve (as the 

B a n k ' s  mod el  d o e s )  c a n  be u sed . T h i s  i s  l e s s  a t tr a c t i v e  

theoretical ly (al though i t  may be justifiable i f  i t  is common market 

practice), bu t more robust i n  practice. Until satisfactory curves 

can be deri ved from an estimated discou n t  function it seems 

sensible to continue fitting a par yield curve.(49) 

(b) What  basis functions should be used to define the shape of the 

estimated discoun t  function / par yield curve? This is a separate 

choice to (a), a l though many a pplica tions use variations on the 

cubic spl ine for estimation, and depends to a large extent on the 

required flexibi l i ty of the derived curves.  The choice of basis 

functions may be critical  to the shape of the curves produced by 

(49) The approach d ue to Nelson and  S iege l (1987) . and aug me nted b y  Svensson 
( 1994) . may prove useful in  this respect. 
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ei ther method i n  ( a ) ,  b u t  a p pe a rs to be a more i m po r t a n t  

consideration when the discount function approach i s  used . The 

consensus v iew in the l i terature appears to be a choice between 

using B-spl ines (most recently endorsed by Steeley, 1 99 1 ) or a 
more restrictive functional form of the kind suggested by Nelson 

and Siegel . 

(c) How should ta x effects be accounted for? McCulloch produced 

the first solu tion to this problem, which is probably a l i ttle too 

restricti ve. Schaefer highlighted tha t there a re i n  fact as man y  

separate term structures a s  there are distinct ca tegories of  tax

paying investors, and his approach is well suited for a n  individual 

or institution to estimate the tax-specific term s tructure that they 

face. However, there are drawbacks to this methodology when 

a ttempting to estimate a single "market" term structure of interest 

ra tes, an area where the current Bank tax model has practical 

a d v a n tages o v er Schaefer' s model ,  b u t  a t  the e x pe n s e  o f  

theoretical rigour. 

Final ly, it is worth rei terating that the choice of tax model is a separate 

issue from the choice of methodology for estimating the term structure .  

For example, an approach based on fitting the discount function and 

modelling tax effects using the Bank's technique might be desirable. 
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Appendix A: Deriving the McCulloch Equations 

Using continuous compounding 

To est imate the d i scoun t  function 6(m) from observed prices of  n 
bonds, the discount function is written as a l inear combination of basis 

functions: 

5 ( m ) = 

k 
1 + E 

j =l 
a f ( m) 

j j (101 ) 

w here f/m) i s  the rh basis  fu nction,  and aj i s  the correspond in g  

coefficient (j=l ,  . . .  ,k). 

The price of the jth bond is given by: 

m 
i 

P = C , I 5 ( � )  d� + R 6 ( m ) 
i 1 i i o 

( AJ )  

where P" C" R ;  and m ;  are the price, coupon, redemption payment and 

maturi ty of the l'th bond.  

Substi tu ti ng the expression for the discoun t  function (At ) into the ith 
price equation gi ves: 
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p 
i 

C 
i 

J 
m 

i 

o 

1 + � a , f .  ( jl ) ] djl + R 
) ) i 

j = 1  

b m k d.] i 
. .  p = C + J t a f . ( jl )  + R + 

i i j ) i 
0 j = 1  

k m k 
i 

. .  p = C m + R + t a C J f . ( jl )  djl + t 
i i i i j i ) 

j = 1 0 j = 1  

k l ej m 
i 

. .  p C m R 1: a J f . ( jl ) djl + 
i i i i ) 

j = 1  j 0 

which can be written: 

k 
Y .  = t a x 

1 j i j 
j = l 

where : Y . = P - C m - R 
1 i i i i 

m i 
x C J { ( jl ) djl + R { . (m . J  

i j i j i J 1 
0 

R 
i 

a f 
j j 

k 
t a 

j = 1 
j 

f . (m 
) 

R a f . (m . J  
i j ) 1 

R//m/ ] 

) 
i 

( A3 ) 

Equation (A3) can then be used to obtain least-squares estimates ajl and 

the estimate of the discount function 6(m) is then given by: 

6 (m) 1 + 

k 
1: 

j = 1  

a { (m)  
j j 
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Using discrete compounding 

The analogy of (A2) using discrete compounding is: 

c 
i n 

P + a i  t 6 ( 1) + R 6 ( n )  
i i 2" 1 = 1  i 

( AS ) 

where Pjl aij and 7J are the clean price, accrued interest and the number 

of outstanding (semi-a nnual) coupon payments of s ize c ;l2  of the jth 
bond. 

Substitut ing the expression for the d iscount  function (At) into the ith 
price equation gi ves: 

c 
i n 

� k 
p + a i  = t [ 1 + a . t . ( 1 ) ) + R [ 1 + t a f . I n )  ) 

i i -2 1 = 1 j = l ] ] i j = l j ] 

c c 
i � i n � . .  p + a i  n + R + a t f ( 1 )  + a R f In )  

i i 
- i j = l j 1 = 1  j j = l j i j 2 2 

ci 
k c i n 

. .  p + a i  - n R t a t f ( 1 )  + R f In )  
i i i j j i j 

2 j= l 2 1 = 1  

which can be written : 
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where: 

ci 
x 

i j 2 

k 
Y = 1: a x 

i j = l  j i j 

y p + a i  
i i i 

n 

1: f ( 1 ) + R 
j i 

1 = 1  

( 1.6 ) 

c 
i - R 

2 i 

f (n ) 
j 

As with the case of continuous compounding, (A6) can then be used to 

obtai n  least-squares estima tes Qj, a nd the es timate of the d iscoun t  

function 6m i s  then given by: 

k 
6 ( m)  1 + 1: a ( ( m ) 

j = l  j j 

Tax-adjusted d iscrete compound ing formulae 

Using the formulae in the previous section ignores a ny effects ca used 

by ta xation of coupon payments. In this section we list the analogous 

formulae allowing for taxation of  income at  some rate T .  I ncorporating 

the Accrued I n terest Ta xation Scheme the rela tionsh ip between the 

price of the ith bond and the discount function is now given by : 

P + a i  = a i  T 6 ( t
j

) + 
i i i 2 

( l - T )  
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Following the same process as in the previous section leads to the result 

that :  

Jc 

Y .  = t a x 
1 1 = 1 j i j 

w here: 

Y . = P + ( a i  . n 
1 i 1 

x = a i  T f  ( t 1 )  + 
i j i j 

C i ) 
2 

2 

( 1 - T )  - R 

n 
( 1 - r )  t 

1 = 1  

i 

f ( 1 )  + R f (n ) 
j i j 

I t  is  also possible to derive analogous equations for the rela tionships 

between the d iscount  function a nd the par yield, zero coupon yield  

and forward rate curves derived in Section 2.  

The equation rela ting the forward rate curve to the discoun t  function 

[ the analogy of equation (11)] is: 

f = i 

-tld i 

The zero coupon curve can be deri ved from the d iscou n t  fu nction 

[analogous to equation (15» using the equation: 

r 
i 

1 

1 - T  

1 

d 
i 

- 1  
1 / i 1 
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Final ly,  the equ a tion l inking the pa r y ield curve to the disco u n t  

function [analogous to equation (16») is :  

y = R ( l - dm) 
m m 

( l - T )  t d i = l  i 
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Appendix B: McCulloch's cubic spline specification 

Assume k knots " I ' . . .  , "k where " I = 0 and "k = maturity of the longest 

e x i s t i n g  b o n d ,  t h e  o t h e r  k n o t s  p o s i t i o n e d  so t h a t t h e r e  i s  

approximately the same number of bonds between each pair of knots. 

The functions used are (for j < k) 

for m < " .  1 }-

Jpn) = 0 

for " . 1 S m < " .  )- ) 

( m- I( ) 
j - 1  

3 

t (m) 
j 6 ( 1( - 1( ) j j - 1  

for " . S m < " . 1 ) )+ 

2 
c 

[ (m) = + j 6 

c e  

2 

where: c = "( "� 1  
e = m- "j 

2 
e 

+ 

2 6 ( 1( 

3 
e 

- I( . )  
j + 1  ) 
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for Kj+ l  ::s; m 

f (m)  
j 

for j = k 

1 21( - 1( - 1( 
j + l j j - l 

- I(
j

_ l } ----
6 

A nd :  f/m) = m for all m .  
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Appendix C: D e riving an Implied Forward Rate Curve 
from a Par Yield Curve 

The price equation for an n-period is: 

c c c 
p = --- + + . . . . . .  + ---

n ( 1 + r n ) 

where: 

P = price of bond (per £1  nominal) 

C = coupon (per £1 nominal) 

rj = i year spot/zero coupon rate 

Let: 

Yj = i year par yield 

1 
+ 

---n 
( 1  + r n ) 

I, = 1 year forward rate from period a i-I to period i 

d .  , 
= 

= 

ith discount factor 

(1 +r .)-i , 

Note: YJ = r1 = I1 

so P = d1 C + d 2 C + • • • • •  + 

n 
:. P = C E 

1 = 1  
d + d 

i n 

(Cl) 

d C + d 
n n 

66 



The par yield curve is constructed from notional bond s sel ling a t  par .  

Hence P= l a nd the 1 1  year par yield y"  = C, the coupon on the notional 

n year par bond: 

n 
1 = y l: d + d 

n 1 = 1  1 n 

n 
i e  y 

n 
( 1 - d ) / l: d 

n 1 = 1  1 

n 
Now get an express i o n  f o r  l: d in t e rms 

1 = 1  1 
o f  t h e  pa r y i e lds ( y ; s ) : 

S i nce dn 

i t  f o l l ows 

y = 
n 

n 
. .  y 1: 

n 1 = 1  

n 
. . 1: d 

1 = 1  1 

n n - l 
l: d J 

1 = 1  1 = 1  

t h a t 

d J 

[ 1 
n " - , 

I 
" 

- ( . l: d 
- 1 � 1

d
1

) l i � 1
d

i 1 = 1  i 

n n - l 
d + 1: d = 1 + 1: 

i 1 = 1  i 1 = 1  

n- l 
( 1  + 1: d . )  / ( 1  + Yn ) i = l  1 
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From equa t i on ( C 3 ) : 
1 

n = l :  1: d 
i = 1  1 

2 
n = 2 : 1: 

i = 1  

) 
n = 3 : 1: 

i = 1  

n 
1: 

i = 1  

But d 

. .  d n 

S i n c e  

n 

1 

d 
n 

r 
n 

d = 1 

d, = 

d = 
i 

= 1 -

- Yn 

= ( 1 

1 
= 

( I t y1 ) 

1 1 2 1 
t = 1: 

j = 1  
( 1 + Y2 ) ( I t y1 ) ( l + Y2 ) 2 ( l + y, ) 

n 
i = j 

1 1 1 
t t 

( l + y, ) ( l t Y2 ) ( 1 t y) ( I + Yl ) ( l t y2 ) ( l t y) 

n 1 
1: 

j = 1  n ( l t Y, ) n 
i =  j 

n 
Yn 1: d 

i = 1  i 
( f rom equa t ion ( C2 )  

n n 1 
1: n 

j = 1 i = j 
( I t y, ) 

- n  
t r ) n 

(:,y , 1 
]- l / n  

- 1 

3 
= 1: 

j = 1 

The implied forward rates can then be calculated from equation (Cl). 
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