Soft liquidity constraints and precautionary saving

Emilio Fernandez-Corugedo*

*  E-mail: emilio.fernandez-corugedo@bankofengland.co.uk

This paper represents the views and analysis of the author and should not be thought to represent
those of the Bank of England or Monetary Policy Committee members. Ideas for this paper
occurred during my PhD at Bristol University. | thank Nigel Duck, Cliff Attfield and David
Demery for helpful discussions. | am grateful to Chris Carroll and Miles Kimball for providing
me an early draft of their paper ‘Liquidity constraints and precautionary saving'. | am also
grateful to Jens Larsen, Enzo Cassino, Birone Lynch, seminar participants at the Bank of England
and the Royal Economic Society Annual Conference in Durham and especially to Roy Cromb,
Simon Price and two anonymous referees for helpful comments on previous drafts. The errorsin
this paper, of course, remain mine.

Copies of working papers may be obtained from Publications Group, Bank of England,
Threadneedle Street, London, EC2R 8AH; telephone 020 7601 4030, fax 020 7601 3298, e-mail
mapublications@bankofengland.co.uk

Working papers are also available at www.bankofengland.co.uk/wp/index.html

The Bank of England’s working paper seriesis externally refereed.

©Bank of England 2002
I SSN 1368-5562



Contents

Abstract

Summary

1 Introduction and motivation

2 Soft constraints and consumption: the framework

3 Theeffects of soft constraints: first-order conditions
4 Some preliminary definitions

5 The effect of soft constraints: the slope of the value function and the consumption rule
5.1 Why introducing soft constraints changes the slope of the marginal value function
5.2 Theeffect of the change in the slope of the marginal value function on consumption
5.3 Implicationsfor quadratic utility: the discontinuous case

5.4 Soft congraints, hard constraints and prudence for CRRA utility: the dis-
continuous case

5.5 When does adding a constraint to a nonquadratic problem increase precau-
tionary saving?: the discontinuous case

5.6 The effect of the change in the slope of the marginal value function on con-
sumption: the continuous case

6 Conclusions and future work
Appendix A: Characteristics of the value function

Appendix B: Soft constraints, the marginal propensity to consume and concavity in the
consumption function

References

12

14

15

20

24

25

29

31

35

37



Abstract

This paper considers the implications for consumption and saving behaviour when households are
alowed to borrow, but face penalties which increase with the amount borrowed. It shows that the
introduction of thistype of constraints (soft liquidity constraints) does not lead to consumers
behaving very differently from consumers who face constraints which prevent them from
borrowing at any time (hard liquidity constraints). However, when hard constraints are relaxed and
become soft, the amount of precautionary saving falls.

JEL classification: C6, D91, E21.



Summary

Miles Kimball defines a precautionary motive as ‘any aspect of an agent’s preferences which
causes arisk to affect decisions other than the decision of how strenuously to avoid the risk itself
and risks correlated with it (which is governed by risk aversion). A precautionary motive leads an
agent to respond to arisk by making adjustments that will help to reduce the expected cost of the
risk’. Thus, precautionary saving arises when forward-looking consumers accumul ate wealth
today for the purpose of reducing the impact of future uncertainty on future consumption
decisions. Liquidity constraints arise when consumers have difficulties to obtain credit. More
specifically, soft liquidity constraints represent the situation where consumers are able to borrow,
but incur penalties which increase with the amount borrowed. Hard liquidity constraints refer to
the unavailability of credit altogether.

The modern consumption literature has examined the problem of how much to consume and save
each period under two polar scenarios. One scenario considers perfect capital markets where no
barriers to borrowing exist and where interest rates are the same for savers and borrowers. The
other scenario assumes that consumers are not able to borrow at all. Both scenarios, however, do
not seem to match what is commonly observed in developed economies. consumers often borrow
and face interest rates that are higher for debt than for saving.

The theoretical implications for consumption arising from the two polar cases are summarised by
Carroll and Kimball in two papers. Carroll and Kimball (1996) ook at the case where consumers
are allowed to borrow, whereas Carroll and Kimball (2001) concentrate on the scenario where
consumers are not allowed to borrow at all. These two papers provide the conditions under which
the introduction of uncertainty and liquidity constraints leads to precautionary saving, and analyse
how precautionary saving falls when wealth is accumulated. Technically, these conditions require
the interaction of risk (either to labour income or to the rate of return) with liquidity constraints
and/or with certain functional formsfor the utility function.

Carroll and Kimball (2001) demonstrate three important implications of hard constraints for
consumption. First, hard constraints increase precautionary saving around levels of wealth where
the constraints bind. Second, if consumers face the possibility of becoming constrained at any
point in the future, they will behave as if they were constrained today, even in the absence of a
current liquidity constraint. Finally, the introduction of further borrowing constraints does not
necessarily lead to an increase in precautionary saving.

This paper considers the implications for consumption behaviour when households are alowed to
borrow, but face penalties that increase with the amount borrowed. The introduction of thistype
of constraint does not lead to consumers behaving very differently from consumers who face hard
constraints. A soft constraint increases precautionary saving and affects prior periods, although
the introduction of further soft constraints can lead to lower precautionary saving. However, a
new result is that the amount of precautionary saving is reduced when hard constraints are relaxed
and become soft. The intuition behind thisresult issimple: when consumers cannot borrow, they
must have savings to avoid shocks that could leave them with low levels of income. A relaxation
of the borrowing constraint means that consumers do not need to have these (high) savingsto



avoid adverse shocks to income. More technically, the paper shows the effects that soft liquidity
constraints have on the value, marginal value and consumption functionsin a dynamic
programme. The introduction of a soft constraint makes consumers more averse to risk (since the
value function becomes more concave) and also more prudent (since the marginal value function
becomes more convex). Animplication isthat the resulting consumption function becomes
concave with respect to wealth.



1 Introduction and motivation

Since the late 1970s (Grossman et al (1979)) and the early 1980s (Zeldes (1989b) (M), economists
have been aware that consumers who cannot borrow at any time (ie who face a hard borrowing
constraint) may engage in precautionary saving to protect themselves from those (bad) drawsin
income which would force them to borrow. Carroll and Kimball (2001) give the theoretical
reasons behind that effect: ‘when aliquidity constraint is added to the standard optimal
consumption problem, the resulting value function exhibits increased prudence’ @ (page 1).
Carroll and Kimball (2001) derive conditions under which hard constraints increase prudence (in
the value function) and therefore lead to increased precautionary saving for the class of utility
functions that exhibit hyperbolic absolute risk aversion (HARA).

Inasimilar vein to Zeldes (1989b) and Deaton (1991) who look at credit rationing, Scott (1996)
uses numerical simulations to examine the implications for consumption for agents who face
imperfect capital markets. Scott examines the ‘ consumption behaviour of risk-averse individuals
in the presence of an upward-sloping interest rate schedule’ (page 1). Hefindsthat ‘for even
moderate levels of risk aversion [...] the threat of having to pay high borrowing rates means that
consumers rarely borrow. Instead, they accumulate precautionary balances and so avoid the threat
of having to pay penal interest rates in bad-income states of the world’ (page 1). This paper
provides the theoretical reasons for Scott’s results by examining (a more general) consumption
optimisation problem with soft constraints. Soft constraints allow consumers to get into debt, at
the expense of having to pay penalties (such asinterest payments) which increase with the amount
borrowed. This paper also compares the behavioura differences that soft and hard constraints
induce to the consumption problem.® Finally, the paper considers what happens to the
consumption rule when soft constraints are introduced and compares results with Carroll and
Kimball’s (1996) consumption framework, which has no constraints of any type.

The introduction of soft constraints needs perhaps some motivation, which we obtain using the
same analysisasin Scott. He bases the increasing interest rate schedule on the observations that
in the United Kingdom ‘(a) consumers hold significant levels of debt and (b) there iswide
diversity in the interest rates charged on loans' (page 2). This evidence suggests that not only are
many individuals able to borrow, but also that they may use different sources of credit, starting
with those that offer the lowest (interest) payment and moving to other sources which incur a
higher (interest) payment when cheaper sources are no longer available. This appearsto be
consonant to a situation where consumers face soft liquidity constraints (with individuals facing
increasing interest rate schedules). @

(1) Partsof his1984 MIT PhD thesis were published in 1989 (see references).

(2) A ‘precautionary motive is any aspect of an agent’s preferences which causes arisk to affect decisions other than
the decision of how strenuously to avoid the risk itself and risks correlated with it (which is governed by risk
aversion). A precautionary motive leads an agent to respond to arisk by making adjustments that will help to reduce
the expected cost of the risk. Certainty equivalence, which is the absence of precautionary motives, arises when an
agent has no way to affect the expected cost of arisk’ (Kimball (1991)). Technically, for a given period utility
function, u, prudenceis given by %ﬁ > 0.

(3) Infactitis possibleto define the soft constraint in our problem in such amanner that the consumer is effectively
facing a hard constraint (ie consumers do not borrow at any time).

(4) These suggestions about soft constraints and Scott’s work appear to contradict Stiglitz and Weiss's (1981)



Numerical simulations show that precautionary saving occur in consumption problems where a
concave utility function has a positive third derivative. With a constant relative risk aversion
(CRRA) utility function, Zeldes (19894) finds that introducing uncertainty in labour income
makes the consumption rule concave with the marginal propensity to consume everywhere higher
than in the certainty case, and the level of consumption everywhere lower. The lower level of
consumption represents precautionary saving. The concave consumption function implies that the
marginal propensity to consume (the slope of the consumption function) decreases when wealth is
increased.® Thetheoretical literature explaining Zeldes's numerical results dates back to the
1960s. Leland (1968) and Sadmo (1970) prove that a higher level of risk induces more
precautionary saving for agiven level of wealth. More recently, Kimball (1990a, 1990b) provides
atheoretical explanation for the increase in the slope of the consumption function which income
uncertainty induces for agiven level of consumption. Carroll and Kimball (1996) complete the
picture when they derive the conditions under which concavity in the consumption rule is induced
by the introduction of risk. This paper uses their techniques to examine how the consumption rule
is affected by the introduction of soft constraints to the consumer’s problem. The resulting
consumption function® has a higher marginal propensity to consume out of total resources and it
is also more concave, compared with a problem where no constraints exist.

Apart from the differences in behaviour that may arise when agents facing hard and soft
constraints are compared with agents facing no constraints, the problem examined hereis
interesting for other reasons. The soft constraint can be defined as a function which represents
interest penalties charged by lending institutions to consumers. So interest rates may have arole
in the transmission mechanism of the consumption problem, in addition to the impact that they
have on the standard intertemporal budget constraint, which assumes that capital markets are
perfect (ie that borrowers and lenders face the same interest rate). This new role via the soft
constraint can introduce the interest rate differential faced by borrowers and lendersinto the
problem. Another reason why this problem may be interesting is that the same techniques used
here could easily address the effects that the introduction of (asymmetric) adjustment cost
functions have upon the solution path in problems that examine factor demands. An important
finding from this type of problem isthat even if the adjustment cost is not in place at the time an

well-known result that under adverse selection, banks do not raise borrowing rates but simply limit loan supply under
some circumstances. Stiglitz and Weiss's result has been used by various authors to motivate the introduction of hard
congtraints (for example Zeldes (1989b), Deaton (1991), Seater (1997), etc). However, Milde and Riley (1988)
provide atheoretical motivation for the introduction of soft constraints. They examine a more general version of the
problem considered by Stiglitz and Weiss where agents can choose the size of loan they wish. This extension enables
borrowers to use loan size to signal their characteristics to banks. Theresult isthat the more individual s borrow, the
higher the interest rate they face. At some point however, credit rationing may occur: at certain levels of debt a
consumer may be unable to obtain additional loans at any interest rate. The introduction of soft constraintsis
therefore not inconsistent with Milde and Riley’s arguments.

(5) More specifically, as wealth gets larger, the slope of the consumption function when there is uncertainty, gets
closer and closer to the slope of the consumption function when thereis no uncertainty. The intuition behind this
result isthat as wealth approaches infinity, the proportion of future consumption financed out of uncertain (future)
labour income approaches zero and labour income uncertainty becomes less relevant to consumption decisions (see
Carroll (20014a) for an excellent review of the modern literature on consumption).

(6) Inthis paper, likein Carroll and Kimball (1996, 2001) and others (for example Zeldes (1989a) and Carroll
(20014, 2001b)), the consumption function is defined as the expression that determines the level of consumption for a
given level of wealth. Wedlth isin turn defined as the sum of current assets and current labour income, or in Deaton’s
(1991) terms, ‘cash-on-hand’.
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agent makes her decision, the possibility that such adjustment cost may exist in the future induces
similar behaviour asif the constraint were in place at the point the optimisation decision is made.
(This highlights the importance of horizontal aggregation. ")

There are three important findings in this paper (the first two are similar to Carroll and Kimball’'s
problem with hard constraints). First, even if consumers are allowed to borrow at all times, the
introduction of soft constraints leads to precautionary saving behaviour when the period utility
function is quadratic. Second, the introduction of soft constraints does not necessarily lead to
increased precautionary saving behaviour if such behaviour is already present before the
constraint isintroduced. Third, precautionary saving behaviour is never higher in a problem with
soft constraints than in a problem with hard constraints.® What is the intuition behind this result?
Consumers want to avoid the possibility of facing a constraint today or in the future and therefore
save even if they can borrow. However, because they have the possibility of borrowing at their
disposal, they do not need to accumulate as much saving to buffer themselves against a bad shock
as consumers who are not able to borrow at all.©® A corollary of all these arguments is that with
the introduction of the soft constraint, the consumption rule will always be strictly concave with
respect to wealth even if the utility function is quadratic, in away that looks similar to that one
suggested by Zeldes (1989a).

There are at |east three important implications for the consumption/saving problem from the
model that we examine in this paper. First, thismodel isvery general and can represent problems
where either hard, soft or no constraints exist, provided the function that introduces soft
constraintsis specified appropriately. Second, (if the function that incorporates soft constraintsis
modelled appropriately) one can eliminate the discontinuities in the Euler equation which arise
from modelling hard constraints. This means that, in principle, it should be possible to solve the
consumption problem more easily and one could solve the consumption rule using Taylor series
approximationsin away which is similar to Skinner’s (1988) approach. Third, with our
consumption specification one is able to examine the effects that the soft constraint will have upon
vertical and horizontal aggregation and therefore examine the impact of soft liquidity constraints
on the consumption rule.

The structure of the paper isasfollows. Section 2 describes the problem and makes the
distinction between hard and soft constraints. Section 3 discusses the first-order condition for the
consumption problem under two different scenarios. the first scenario assumes that the soft
liquidity constraint kicks in at the point where the consumer begins to borrow, whereas the second
scenario assumes that there exists an asymmetric cost of holding debt (which can be viewed as an
asymmetric rate of return on net worth). Section 4 introduces some definitions which are useful to

(7) Theterms‘vertical’ and ‘horizontal aggregation’ were first defined in Carroll and Kimball (1996, page 983).
Because the value function is given by the maximised sum of all expected discounted utility functions, it isthe result
of two operations: first, the sum of discounted utility functions across states of nature at a given point in time and
second by maximising the sum of utility in one period and the value from all subsequent periods. Thefirst operation
refersto vertical aggregation whilst the second operation is horizontal aggregation.

(8) Thisisbecausethe marginal value function is more convex when hard constraints exist compared to a situation
where soft constraints exist.

(9) Toalow borrowing when the Inada condition applies, one needs to modify the nature of the income process; see
Ludvigson (1999, footnote 12, page 437) or Carroll (2001a, 2001b).
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examine the impact of soft constraints on consumption. Section 5 examines the impact of soft
constraints on consumption. Section 6 concludes.

2 Soft constraints and consumption: theframework

The standard consumption problem consists of a representative consumer who is maximising the
time-additive discounted value of utility from consumption u(c). If the consumer does not face
any future liquidity constraints, then denoting the (possibly stochastic) gross interest rate and time
preference factorsby R e (0, oo) and B, € (0, o) respectively, and labelling consumption c;,
stochastic labour income y; and gross wealth (inclusive of period-t labour income) w, the
consumer’s problem can be written as:

T 5
J(w) = maxu(c)+E D [] Fu(c (1)
@ s=t+1 j=t+1
st.wyyr = §{+1 [(w; — &)] + Viq1 a@nd terminal condition
Cr = wr

where w; = A + ¥; and A, denotes assets. Re-write the problem (using the value function) as:

J(w) = maxu (@) + Eifra g (i)
st.wyyr = §{+1 [(w; — &)] + Viy1 and terminal condition
Cr = wr

with u(c) satisfying Inada conditions:

limu'(c) » oo
c—0

CIimu/(c) - 0

For future purposes denote:

¢ (3) = EtEt+1Jt+1 (§t+1 () + Vt+1)

wheres = w; — ¢ vV t. Carroll and Kimball (2001) look at the implications for consumption and
savings behaviour associated with hard constraints or the condition that s, > O at all times. This
implies that consumers are not able to borrow at any point in their lifetime. In this paper we
examine soft constraints and to this effect we assume that consumers face the following

12



modification to the standard consumption problem: 9

T s

Vi(w) = maxu () + E > {H Z?J} u (Gs) (2

t s=t+1 | j=t+1
s.t.

Wiy1 = §t+1 [(wy — &) — f(w — )] + Yy and terminal condition
Cr

IA

wT

We define savings as the difference between ‘ cash-in-hand’ or wealth and consumption

The difference between our problem and the standard one (examined by Carroll and Kimball
(1996)) isfound in the term f,(s), the function that introduces the costs of borrowing/soft
constraints. Weassumethat f'(.) <0, f”(.) > Oand f”(.) < 0. Thus, the costs of borrowing
increase as borrowing increases. Given that f (.) is(strictly) convex by definition but it is
preceded by a negative sign, we have that w1 = ﬁm [(wy — &) — f(wy — )] + V1 1S
(strictly) concavein w;. Notethat the function f (.) can be defined in such away that the problem
becomes one where consumers will never borrow. To do this, define alevel of wealth " such
that 3 w"® such that lim,,,me V{,; (w) = co. Thenif:

Sllrgrcl) firi(s) = wSVi=0,1,.. ©)

= V/ (w)=00Vi=0,1,..

the consumer would avoid getting into debt.

In the work that follows, we can either assume that the function ‘kicks in’ when savings are
negative (we term this case the discontinuous case), or that we can write a proper specification so
that the soft constraint function looks like Chart 1 (ie like an asymmetric adjustment cost function
which we term the continuous case). Either way, the three basic conclusions of this research
pointed in the introduction arise, but we require different methods to prove them. V) In this paper
we shall first prove the implications for the case where the constraints ‘kick in’ when savings are
not positive (Sections 5.3 to 5.5) and then examine the case when the soft constraint looks like an
asymmetric adjustment cost function (Section 5.6).

(10) For previous literature looking at the consumption problem see Miller (1974, 1976), Sibley (1975), Schechtman
(1976), Schechtman and Escudero (1977), Antzoulatos (1994) and Seater (1997).

(11) Essentialy, for the discontinuous case the methods required to arrive at the conclusions mentioned above are very
similar to Carroll and Kimball’s (2001) methods. For the continuous case one can use the methods in Carroll and
Kimball (1996) directly.

13



f(9

Chart 1: Asymmetric costs of borrowing

3 Theeffects of soft constraints; first-order conditions

The recursive nature of (2) allows usto write:

Vi) = maxu (@) + EifsaVie (w40) (4)

= nl?xu (c) + EtEt+1Vt+1 (§t+1 [(8) — ()] + Vira)

We define s (s) = Etfyi1Vert (Rya[(8) — fi(S)] + Viya) for future purposes and term it the
‘expected utility of saving’. Thefirst-order condition for the maximisation of the problem is:
/ 97 / D v B 0S: / 0%
C: 0= (&) + Etf V1 (R [(8) = T(8)] + $err) R [E — f (S)E} 5
Note the following envel ope condition between V, (w;) and u’ (¢;) along the optimal path:
consider the effect of asmall change in w; on both sides of (4):

/ 97 / D v B 0% / 0%
we VY (wr) = BtV (Rya [(8) = ()] 4 Vi) Ra [6—10t — f (St)a—wti| (6)
Note that g—usjl = —% — 1. Thuswe have:

0Ct
U (@) = V{ (w) ™

14



Using thisin (5) yields our modified Euler equation for consumption in the discontinuous case!?):

U (c) = MaX[Ecfyy 1 (Ceyn) Rea [1— F/(2)] Etfryald (Corn) Ryl (8)
For the continuous case the Euler equation is simply:
U (C) = Exfipal (Cra) Ryt [1— F/(s)] 9

What are the implications of (8) and (9)? In the standard consumption framework, the marginal
utility of consumption at timet is equated to the discounted marginal utility of consumption at
timet 4+ 1. Becauseinour case [1— f'(s)] > 1 (when the constraint bites), to equate the
discounted value of marginal utilities cannot be a solution to the consumption problem, for then
the right-hand side of (8) or (9) will be greater than the left-hand side. Becauseu’ > 0 and

u” < 0, to make both sides equal the left-hand side must increase; thisis achieved by reducing
consumption at timet and increasing it a timet + 1. Doing this means increasing the amount of
savings at timet, given our assumptions about f, this means that the term [1 — f’(st)] becomes
closer to 1.9 (4

4 Some preliminary definitions

In this paper we will be assuming that the consumption rule is drawn from HARA utility
functions, ie those functions that satisfy the condition:
u///u/
u//Z =

Fama (1970) proves that the value function inherits monotonicity and concavity from the utility
function if the budget constraint islinear.*> Since our budget constraint is strictly concave
(rather than linear) when the constraint bites, then the value function will inherit monotonicity and
strict concavity from the utility function and the budget constraint. Thus if we assume that the
utility function is of the HARA class, then value function will have the following characteristics:
V' > 0,V” <0. Giventheassumptionsabout f’ being non-concave, the marginal value function
will be strictly convex, ie V” > 0. Moreover, the more convex — f’ becomes, the more convex V’
will be. These claimsare proved in Appendix A.

We define E;f, V' (r31) Rija [1- f'(s)] = 1} (s1) asthe expected marginal utility of saving.
Note that from the first-order condition and the envelope relations we have u; () = U' (¢) =
V{ (wy). Denoting 4; = u; (S) we define the following inverses:

z()=u" () =g (10)

(12) Compareto Zeldes (1989b)’s Euler equation U’ (¢) = E; ﬁt+1u (ct+1) Rt+1 + At, where ¢ isthe Lagrange
multiplier associated with the hard constraint, or Deaton's U’ (¢t) = Max[Et By 11’ (Ct41) Riga, U (wp)].

(13) We require certain assumptions about the derivatives of the utility function and the cost of borrowing function to
avoid a corner solution where consumption will be zero at timet. (See Grossman et al (1979) for the conditionsin a
case where there are hard constraints.)

(14) Thisisthe result that will give us precautionary savings or prudence. Obviously, the more negative f’(s) isthe
higher precautionary savingswill be.

(15) Thisimplies that as wealth increasestotal utility increases but at a decreasing rate. Moreover, the value function
exhibits risk aversion.
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() =pu () =s (12)

he () = V¢ (Je) = wy (12)

We shall use these definitions to demonstrate that the introduction of the cost of borrowing term
will lead to precautionary saving. By definition we haves = w — cwhichimpliesthath =z+ g
Vi.

5 Theeffect of soft constraints. the slope of the value function and the consumption rule

This section examines the implications of the introduction of soft constraints on the value,
marginal value and consumption functions. The introduction of soft constraints convexifies the
marginal value function, leading to precautionary saving only when the convex marginal value
function interacts with risk. Sections 5.3 to 5.5 demonstrate for the discontinuous case, that soft
constraints induce precautionary saving when utility is quadratic, that the convex marginal value
function propagates back to previous periods and that prudence is not necessarily enhanced when
soft constraints are introduced to a problem where prudence already exists. Section 5.6 shows
similar implications for the continuous case.

5.1 Why introducing soft constraints changes the slope of the marginal value function

Carroll and Kimball (2001) prove that introducing the restriction that s > 0 at all times makes the
marginal value function V," convex at the point where the constraint begins to bind, even if utility
functions are quadratic. With quadratic utility, thisleads to precautionary saving behaviour in the
face of liquidity constraints because the expected marginal utility of savingsincreases. To prove
that the marginal value function becomes more convex, Carroll and Kimball show that introducing
the liquidity constraint leads to an increase in the slope of the marginal value function V' at the
points where the constraint isbinding. This creates akink in the marginal value function, making
it convex. If thiskink interacts with risks associated to either the labour income process, the rate
of return or both, then the expected marginal utility of savingswill increase. We shall prove that
our problem also introduces more convexity to the marginal value function and can therefore lead
to increased precautionary saving behaviour in the face of liquidity constraints as the expected
marginal utility of savings increases.

In lemma 1 below we prove how the dlope of the marginal value function changes (it becomes
more convex) as the soft constraint binds. The proof isvalid for both the continuous and
discontinuous cases.1® In lemma 2 we explain how the change in the marginal value function has
to interact with risks to change the expected marginal value of savings and therefore change
prudence. Proving these two lemmas enables us to say that the introduction of the soft constraint
leads to precautionary saving when utility functions are quadratic (theorem 1).

Lemma 1. Theintroduction of the soft constraint for a given level of savings makes the marginal
value function more convex.

(16) One could use the same techniques as Carroll and Kimball (2001) for the discontinuous case to demonstrate how
the value function becomes strictly cornvex.

16



Proof: See Appendix A for a proof.

An important implication of thislemmais that the more convex — f’ is, the more convex the value
function will become and therefore the behaviour of the consumer who faces the soft constraint
will be closer to the behaviour of a consumer who faces a hard constraint.

5.2 Thegéeffect of the change in the slope of the marginal value function on consumption

To consider the effects that the introduction of the soft constraint has on the consumption/savings
decision consider Chart 2. With alinear marginal value function (and no constraints) there are
no precautionary saving. Aswe know from Appendix A, the introduction of the soft constraint
makes the value function strictly convex at the point where the constraint bites. Now consider a
situation without any uncertainty between periodst andt + 1, such that the optimal savings
decision would lead the consumer to be at point A. Now consider the effect of introducing atwo
point mean-zero risk €, which, if period t saving is held constant, leads to two possible outcomes,
A — € and A+ ¢, where A — € isto the right of the point at which the soft constraint beginsto bite.
In this case, the addition of the risk has no effect on the expected marginal value function.
Consider on the other hand, the introduction of alarger two point mean-zero risk 7 where > €
and where A— 7 isto the left of the point at which the soft constraints begin to bite. In this caseit
is easy to see that the introduction of the risk increases the expected margina value function,
which in turn will increase the marginal utility of savings and therefore increase the level of
savings. Thus, in this case, the risk 77 will induce precautionary saving. We seethat itis
important in this framework for the risk to interact with the point at which the soft constraint
beginsto bite. Thus, the requirements for precautionary saving when soft constraints exist and
utility is quadratic are the same as those required when there are hard constraints and utility is
quadratic (theorem 1).(8)

(17) Chart 2 depicts a situation where the utility function is quadratic and thus the marginal value functionislinear, in
the absence of any constraints, since the value function inherits the characteristics of the utility functions.
(18) In the proof we are assuming that the probability that future constraints will not bind is 1.
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)
Vi

EV w1 (0(A+7)-(1-p) (A-M)> V' 41 (A)

E:V t+1(p(A+€)-(1-p) (A-€))
=V'w1(A)

An Ae A Ate Arp

Chart 2: Convexity in the margina value function when utility is quadratic

We can express these arguments mathematically, using the same definitions and lemma 6 used by
Carroll and Kimball (2001). We use the concepts of a support to a mean-preserving spread. 9

Definition 1: Consider the interval [zi), w] such that F, (zg) =F (Li)) =0and

Fi (w) = F> (w) = 1, and let the distribution F, be a mean-preserving spread of Fy; that is,
G, (U)) > G, (U)) and G, (d)) =G, (d)) where G1 (U)) = ful)v F (U)) dw and

Gy (w) = f; F, (w) dw.

Definition 2: The open support of the mean-preserving spread isthe set {w | Ga(w) > Gi(w)}.
The support is the closure of the open support.

To illustrate these definitions, in Chart 2, the support of the mean-preserving spread € is the region
from A — € to A+ ¢, and the support for the mean-preserving spread 7 istheregion from A — 5
and A+ 5. The support of the mean-preserving spread caused by going from € to 7 is the union of
theregion from A — € to A — n and theregion from A + € to A + . With these two conceptsin
mind we are in a position to make the following lemmawhich is equivalent to Carroll and
Kimball’s (2001) Lemma 6.

(19) See Rothchild and Stiglitz (1970) for an early paper looking at the mean-preserving spread in consumption.
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Lemma 2: For a given level of saving s, let ¥ be the open support of a mean-preserving spread
in w1, and let " be the set of points at which V', ; (w,1) is strictly convex. Then the expected
marginal value of saving at § isincreased by the mean-preserving spread iff ¥ N T" # @.

Proof: Drop thet + 1 subscripts for clarity. The change in the expectation of next period's value
function as aresult of the mean-preserving spread is:

/w V'(w)dFy(w) — /w V'(w)dFi(w)

_ / " [Ga(w) — G (w)]dV” ()

The last integral demonstrates the proposition of the lemma because the integral will only be
positive if there is some set of points at which G,(w) — G1(w) > Oand dV”(w) > 0. Theseare
in fact the points at which the integral interacts with the convexity of the marginal value function
(see definitions 1 and 2) and imply ¥ N T" # 0.

The principal difference between a soft and hard constraint framework is that with soft constraints
(in the discontinuous case), the marginal value function is strictly convex at all points where
savings are negative rather than just at the kink.®? For the continuous case it is straightforward
to demonstrate that ¥ N T # @ by noting that dV”(w) > 0V w, a straightforward consequence of
the proofsin Appendix A.

Theorem 1: If " <0, f” > 0and f” < 0, then the introduction of the cost of borrowing
constraint can lead to precautionary saving when the utility function is quadratic, only under the
case where the introduction of a risk leads to a probability strictly between 0 and 1 that a soft
constraint will bind in period t + 1.

Proof: Given the last two lemmas, it istrivial to prove the theorem. The proof issimply to note
that lemma 1 makes the marginal value function more convex and that lemma 2 implies that the
introduction of the risk increases the expected marginal utility of saving, and that an increase in
the expected marginal utility of saving will induce the consumer to save more and therefore
consume less.

So far we have proved that the introduction of the liquidity constraint in the next time period leads
to precautionary saving this period. In the next four subsections we characterise the nature of the
consumption rule; the first three subsections examine the discontinuous case. We look at the
properties of vertical and horizontal aggregation, which allow us to determine whether the
convexity of the marginal value function is preserved when expectations are taken and also
whether the precautionary saving motive propagates back to prior periods, which will enable usto
see whether a consumer who faces the possibility of being constrained in the future (not just next
time period), engages in precautionary saving behaviour today.

(20) In Chart 2 these represent all points to the left of the point at which the constraints begin to bite.
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5.3 Implicationsfor quadratic utility: the discontinuous case

In this section we look at the quadratic utility function case in detail, since, in the absence of
borrowing constraints, it yields certainty equivalence. We show that with borrowing restrictions,
precautionary saving behaviour arises.

The imposition of the constraint in period t 4+ 1 makes the marginal value function more convex at
timet + 1. Given this observation, what are the implications for consumption behaviour in period
t? To address this question we look at the concepts of horizontal and vertical aggregation.

5.3.1 \ertical aggregation

Lemma 3a: u;(s) isstrictly convex at all values s such that there is a positive probability that
wealth in period t + 1 will be at alevel suchthat VY, , (wyy1) isstrictly convex.

Proof: Since taking expectationsis merely a weighted sum across convex (concave) states if
V{;1 (wi41) isconvex (concave), u;(s;) will also be convex since weighting does not affect
convexity.

5.3.2 Horizontal aggregation

Lemmada: If u;(s) isconvex after the introduction of the constraint, then V/ (w) will be convex.

Proof: Note that V/ (w) = u'(c;) + max[u;(s), ¢'(s)]. Since we know that summation preserves
convexity, we know that V; (w) will be convex iff u’(c;) and max[u;(s), ¢'(s)] are both convex.
Now, since we know that for quadratic utility functions u’(c;) is convex (not strictly convex) then
V{ (w) will be strictly convex iff max[u;(s), ¢'(s)] isstrictly convex. Because convexity is
preserved by the max operation if u;(s) isstrictly convex then V/ (w) will be strictly convex. As
we showed inlemma l, x;(s) isstrictly convex when the constraint bites and therefore V/ (w) is
strictly convex.

With lemmas 3a and 4a we can say something about the impact that soft constraints have on a
problem where utility is quadratic. Thisis summarised in theorem 2.

Theorem 2: Adding a liquidity constraint to an optimisation problem with quadratic utility
induces precautionary saving at any level of wealth such that when the constraint is introduced
thereisa probability O < p < 1 that the constraint will bind in some future period.

Proof: Note that the introduction of the constraint in any future period t + n makes the margina
value function at that time period strictly convex. Using lemma 2 we know that the expected
marginal value function at the time the constraints are introduced (t + n) will be strictly convex.
Using lemma 4aimplies that the marginal value function the previous time period (t + n — 1) will
be strictly convex (even if the constraints do not bind at timet + n — 1). Continued iteration using
lemmas 3a and 4a means that the marginal value function at timet will be strictly convex.

5.4 Soft constraints, hard constraints and prudence for CRRA utility: the discontinuous case

Carroll and Kimball (2001) show that introducing a hard constraint into a previously
unconstrained problem with risky income does not necessarily increase the prudence of the value

20



function when the initial value function already exhibits positive prudence.®® The reason for the
result isthat the introduction of the constraint ‘can ‘hide’ certain points on the marginal value
function that are exposed if the congtraint is not present’ (page 34).

In this section we show that Carroll and Kimball’s proof has to be modified to show the same
conclusion when soft constraints are present and in doing so we demonstrate some of the
differences that exist between a framework where consumers are not able to borrow compared to a
scenario where consumers can but face increasing costs of borrowing.

54.1 A simple experiment

Consider a consumer with CRRA utility functions®® who faces income uncertainty but no
constraints of any type. Such a consumer is represented by problem (1), where the value function
satisfies the Inada condition at some point w such that

3 w such that Ii¢m Vi 1(w) = oo. (13)
For this proof we assume that R= B = 1for smplicity.

We consider three consumers. Consumer A faces a hard constraint of the type examined by
Carroll and Kimball (2001). Consumer B faces a soft constraint of the type examined in this
problem. For both A and B, incomein periodt + 1 is non-stochastically equal to'y and both have
an initial amount of wealth w; in period t. The maximisation problem for both types of
consumersis:

A o maxu(e) + V(s +Y) (14)
cf
st.g = w—¢*>0
B max ue?) + Ve (s® — f(£) +9) (15)

Consumer C isanon liquidity-constrained consumer with the same u(c;), Vi1 and initial wealth
as both A and B, but whose income has a small probability of going to w next period. If this
probability does not materialise, the consumer will have y next period. This consumer solves:

C: maxu(cy) + PVers(s” +w) + (1= P) Via(§ +Y) (16)
cf

We want to show that as the probability p of the bad shock approaches zero, the behaviour of the
unconstrained consumer facing the risk becomes arbitrarily closer to the behaviour of the

(21) For the continuous case equivalent see Section 5.6.
(22) A CRRA utility function is given by the following functional form:
1-9
c
uc) = ——
©=1—7
whereas a CARA utility function is commonly given by:

1
u(c) = —e“°¢
o
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consumer facing the hard constraint, but differs slightly from the consumer with the soft
constraint. Itisonly trivial to show that if one changes the nature of condition (13), one can show
that the behaviour of the unconstrained consumer becomes arbitrarily closer to the behaviour of
the consumer facing the soft constraint. Thiswill require that the probability of wealth falling to a
lower bound |eads to a situation where the Inada condition is avoided.

We consider two scenarios, one where the constrained consumers decide to save and one where
both the soft and hard constraints hold. If theinitial level of wealth is high enough, none of the
constrained consumers will be forced to borrow and therefore they will save. Their first-order
conditions are:

U (w — s =V 1(sS + V)
and

/

U — %) = V1 (88 +9)
The FOC for the unconstrained consumer is;

ucd) = PV (s +w) + (1= p) V1 (8" +Y)
Thus given the nature of the assumed risk,
PV (87 + ) + (L= P V& + 9] = V(& +7)
Since saving is determined by the FOCs, thisimplies that:
li C — A — B
F')[Q% S =S

thus, the behaviour of the unconstrained consumer becomes arbitrarily close to both constrained
consumers.

Now, consider a second scenario where both hard and soft constraints hold. The first-order
conditions for the two constrained consumers are;

u' () = V() + A 17
and

U —§) = Vi = T+ [1- F(87)] (18)
where 1, represents the Lagrange multiplier associated with the hard constraint. The difference
between A and B, isthat A cannot borrow and is forced to consume al itsinitial wealth, ¢* = w.
For A, the marginal utility of spending in period t exceeds the marginal utility of having more
income in the next period. On the other hand, because consumer B is allowed to borrow, it can
therefore increase its consumption above the initial level of wealth but in doing so it incurs a cost
when borrowing. This means that:

/

U(we) > U'(we — &) > V18" = F(&0) +Y) > V1 (D)
(where the second inequality comes from [1 — f/(s[B)] > 1). Thustheintroduction of both
constraints results in behaviour which differs for the two types of constrained agents. The
consumer with soft borrowing restrictions consumes more and therefore has alower level of
precautionary saving compared to a consumer with hard constraints. To compl ete the argument
we set out to prove, consider the unconstrained consumer C. Clearly if C wereto save 0 and then
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experience the bad shock, the Inada condition would hold and then the marginal value function
would be oco. Thus, dissaving isruled out for this consumer given the nature of the bad
shock. (23 (29

Given the nature of the bad shock and the fact that consumer C will not save, we now need to
show that if C were to choose any amount greater than 0, say 6 > 0, then as p approaches 0, there
will always be some point where C could improve its utility by saving less. If consumer C saves
0 > Othenitsmarginad utility in period t will be u’(w; — d). Thefirst-order condition for the
problem will be:

U w =) > Im[pV10 + 0) + A= P V0 + )] = Va6 +9)
thisis because
W (w —8) > U(wy) > V\y(Y) > Viy (V +0)

by the concavities of the utility and value functions. Hence, as p |, 0, C will be able to improve
total utility by saving less and therefore consuming moreatt but lessatt + 1. Sincethisistrue
for any 0 > 0, thisargument showsthat as p goesto zero, there is no positive level of saving at
which C will be better off. Hence saving goesto zero. Thus given these two examples, the
behaviour of A and C becomes arbitrarily so close that the type of risk examined above is
indistinguishable from a hard liquidity constraint. We can modify these arguments for a scenario
where consumer B will behave like C, and in that case, the behaviour of a consumer with soft
constraints will be very similar to a consumer that faces no constraints. To do this take equation
(3) and apply the same proofs as above.

54.2 Implications

The implications of these arguments are twofold:

1) For different (income) risk specifications (given by different experiments of the type considered
by (13)), the behaviour of constrained individuals becomes indistinguishable from that one of a
consumer without constraints. Carroll and Kimball prove this for the case of hard constraints.

2) The difference between the two constrained individuals has implications for the level of
precautionary saving associated with the two types of constraints. It shows that individual s that
face soft constraints do not have a higher level of precautionary saving than individuals with hard
constraints.

The implications of 1) above for any type of constraints, result in conclusions that are equal to
those obtained by Carroll and Kimball. We know that the introduction of a constraint (hard or
soft) induces a change of curvature in the marginal value function at the point where the constraint
beginsto bind. This means that prudence in the value function, defined as —\\’,—((;‘j)l will be affected
by the introduction of the constraint at the level of wealth which activates the constraint (ie at the

kink). Thisjump at the kink leads to infinite prudence at that point (since we are differentiating

(23) Thisisthe result that drives Carroll’s buffer-stock framework of consumption.
(24) One can revisit the nature of the bad shock and make it such that the individual dissaves an amount that is
equivalent to that consumed by consumer B in our work.
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the value function at that point of jump). What does this mean if we consider the argumentsin
Subsection 5.4.1?

Inthelimitas p | 0, afuturerisk (which hasto be different for C to mimic the behaviour of
consumers A and B) like (13) becomes indistinguishable from a (hard) liquidity constraint. Thus,
introducing liquidity constraints (soft or hard) in period t where thereis a pre-existing risk of this
kind isin principle not distinguishable from introducing a second liquidity constraint. Another
way to seethisisto note that a point which was akink point before the new liquidity constraint is
imposed will not necessarily remain akink point after the new constraint isimposed. Since the
prudence of the value function at the kink point was infinite before the constraint was imposed and
may be finite after the constraint is introduced, the introduction of the constraint could reduce the
level of precautionary saving at the level of wealth corresponding to the kink point. Thus, this
period’s constraints can hide the effects of future risk by making the consumer save so much that
those future risks are less consequential than before the liquidity constraint was introduced.

5.5 When does adding a constraint to a nonquadratic problem increase precautionary
saving?: the discontinuous case

As discussed above, adding a hard or soft constraint to a consumption problem where
precautionary saving behaviour is already observed does not necessarily lead to increased
precautionary saving behaviour. The reason for thisis that introducing any constraint can hide
certain points on the marginal value function that are exposed if the constraint is not present. To
examine the conditions which would induce precautionary saving When aconstraint is introduced,
one has to look at the definition of prudence in the value function, =~ V,, . If we start with the
envelope condition and differentiate it three times one can obtain an expression of prudence in
terms of the consumption rule and the period utility function:

u'(clw])) = V'(w) (19)
u’(c[w])cw] = V'(w)
u”(clw])(CTw])® + u'(c[w]) = V"(w)
V///(w) ( ///(C[w]) //[w]

Vi - o) M Sl

Denote the value function and consumption function after the introduction of the constraint as V
and C[w]. What we want to show is that:

V) 3w _ LIS ()
V' () J"(w) u”(c[w]) c'[w]
which will hold if:
W] g Slel | urelw]) _ ¢'[w]
o) 1 Tl T Cwie) M

In Appendix B we show that ©'[w] < ¢’[w], or —C'[w] > —c”[w] and that for agiven level of
wealth that [w] > ¢/[w]. Thusintroducing the constraints in the problem makesit difficult to
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say something about — —H compared to — —H unless we look at certain scenarios or make
assumptions about thisratio. Carroll and Kimball consider the cases where in the unconstrained
problem c’[w] = 0. Thisoccursin cases where utility is quadratic, where utility is of the CARA
form and the only future risk is additive (labour income risk) and when utility is CRRA and the
only future risk is multiplicative (rate of return risk). If these aforementioned scenarios apply we
know that — ?H > ?[U = 0. Thisleads usto investigate the conditions by which

(— %g%]l})é’[w] > (— l;%((g[%]l)l)c’[w] For this condition to hold we have to observe that the

marginal propensity to consume out of wealth does not fall ®® and that either 1) the utility function
exhibits decreasing absol ute prudence (which implies that (=% Cely 5 (—L2Cwlyy or ) that the

u” (clw]) u”(c[w])
utility function exhibits constant absolute prudence (which impliesthat (—{rtdl) = (—i7duly).

Thus, the conditions needed to prove that more prudence is induced when the soft constraint is
introduced are the same as the conditions examined in Carroll and Kimball (2001). In that paper
it was proved that when the consumption function is concavified (or that the marginal propensity
to consume out of wealth decreases with wealth at an increasing rate), either by the introduction of
hard constraints or uncertainty, prudence then increases compared to a situation where there was
no concavity in the consumption function (either because there was no uncertainty or liquidity
constraints). But in our case, as the preceding arguments suggest, the introduction of the soft
constraint concavifies the consumption function compared to a situation where the consumption
function waslinear (iec’[w] = 0). Thisincreases prudence. So the answer to the question we
set out to proveisthat a soft constraint will increase prudence if the consumption function was not
concave prior to the introduction of the soft constraint.

5.6 Theeffect of the changein the slope of the marginal value function on consumption: the
continuous case

Having proved in Sections 5.1 and 5.2 that for the continuous case the introduction of soft
constraints leads to precautionary saving, we now characterise the nature of the consumption rule.

5.6.1 \ertical aggregation

Our next lemma, the continuous version of lemma 3a, states that convexity of the marginal value
function is preserved when expectations are taken (ie when aggregating across states of nature)
provided some conditions are met. Thislemma gives an intuition for the way in which Chart 2
was drawn where there is precautionary saving behaviour.

Lemma 3b: Vertical aggregation: if t(/l,,z‘“ >k, k < 3/2and EF25=12 > k then when the soft

constraint bindsint + 1, % > x > k.
L

Proof: The expression "/L—’g‘ will be > kif 4’ u; — kui? isnon-negative. This expressionisthe
t
determinant of the following matrix:

(Dt _ ﬂ{” \/E,Lt{/
\/_,Ut M

(25) But we know from Appendix B that thiswill not happen.
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Therefore % > k if @y is positive semidefinite. Note that we have:
t

W = Efua W (Rafi- f))
+3V(1 R [1- @] [~ /9] + Wi R [- 17 ®)]}

1 = Eifiys {Vt”+1 (Rua[1= &) + ViR [- f//(s‘)]}

e = EtEt+1 {Vt/+1§t+1 [1 - f/(s[)]}
Since Vi'/; = 0, Wi, < 0and Vi, = 0, and (1~ (%)) > 1, (= (%)) < 0and (~ (=) > 0
then:

wy > EtBt+1 {Vt/-/iil (§{+1 [1_ f/(st)])s} >0

" 7 4 R / 2
uy < BBy {Vt+1(RH‘1 [1_ f (S[)]) } <0
and
M > EtEHl {V{+1§{+1 [1_ f/(st)]} >0
Thisimpliesthat for the following conditions to be true:
e S Vt/ilvt/+1 > k

/"2 12 -
My Vi

we require as a sufficient condition that:

ViV R [1= P [~ /9] 3~ 24
+VER [T @] [ - f®)] -k [-f"®]} >0

since we have assumed that “2¥1 > k. To guarantee that this last expression is non-negative, we

V//2
require:

(—f"()A - ()
[f(s)]?

k
k 6 3/2

This guarantees that the determinant of @, is positive semidefinite for all positive realisations of
R, g and y since u ui, 4 — kuy?, € [0, 00) and thus:
n .,/ V/// V/
My /gt S t+1//2t+1 > K
Ky Vi
The implication of thislemmais that the expected marginal value function will be more convex

than the marginal value function itself under certain circumstances. Note that if % =k=0
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and soft constraints exist such that W > 0, then "‘,,2 > 0 and therefore precautionary

saving will occur. Obviously, the greater the ratio CrEa-fan is the greater the difference

[f7(s)]?
between £C ’2“ and Y1Via gnd k.

"2
Vt +1

5.6.2 Horizontal aggregation

Our next lemma uses the results from the last lemmato prove that introducing the cost of
borrowing term at any time propagates back to prior periods and thus increases the convexity of
the marginal value function across all states. Thus, if consumersfaceaconstraintatt + i,

i =1,2,..., their behaviour at timet may be equivalent to one where the constraint wasfaced at t.
Again, our framework has the advantage that it is able to make statements about the impact that
horizontal aggregation will have on the problem.

Lemma 4b: Horizontal aggregation: If "t,,’ét > x > kand ©¥ =k then V\‘/t\z/t k.

Proof: We drop the time subscripts from z, g and h for convenience. We have:

1
Z, == —J,
Zl/ _ u/// , _ u///
u//2 u//3
thus
iz// u///u/
- Z - u”2
Similarly,
_ lg” Iu{// ﬂ{
g/ /‘{/2
and
_ Ih B Vt///Vt/
- 2
h' Vt//

buth=z+g N =7z+gadh” =2 +g", 0

l h// Z/ ( l Z// ) g/ ( l g// )
J— — — + _
h/ Z/ + g/ Z/ Z/ + g/ g/

_2z _&
since we have, Z,+g,, Z,+g > 0, > k and —*2- > x then we have:
V///V/
t—//zt = d > k
Vt

What thislemmaimpliesisthat the introduction of the soft constraint which makes the marginal
value function more convex at timet + 1, will make the marginal value function more convex at
timet. Using the same principles, if the marginal value function is more convex at timet, it will
then be more convex at timet — 1 and so on. Moreover, note that the greater the ratio
CMENA-T) jg the greater the difference between x and k and therefore the greater the

[f"(s0)]?
difference between d and k.
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5.6.3 Consumption rule

Our next lemma states that the optimal consumption ruleis (strictly) concave.

"

Lemma5: If V\t/,,\zl‘ =d > kand L% =k, then the optimal consumption policy ruleis (strictly)

concave, Cj” (wt ) < 0.

Proof: Define afunction that yields the amount of saving corresponding to any optimally chosen
level of consumption: 0; (¢;) = w; (&) — ¢ where w; (¢;) isthe inverse of the optimal
consumption rule. 1f we can provethat 95 (¢;) is convex and thus w;* (c;), then we will have
shown that the consumption rule must be concave since it is the inverse of w;" (c;). Note that we
canwrite 0; (¢;) = g(z*(cy)). Differentiate this expression with respect to c; :
: gz ()
M =—
T )
9" () Z(Z M) — g (@M e))Z (z7H(w)] /Z(Z (@)
[z(z )]
_d(7TWw) [v (7 w) 7 (7iw)
[z@ X)) L9 (M) Z(zH)

which from the last lemma,

07" (@) =

_ g (4 1 [ —AZ" (L) _ — 49" (lt)i|
[ (A0)]? At z (lt) g (4v)
thusweha\/e’z‘,#(ftl K, %&(L)“ > X > k, £ > 0. Thismeansthat
1
sign (0} (¢)) = —sign (g’ (4 =—sin( )>O
gn (6" (cv) g (g(t)) Ul by

since 1! = Etfi1 {V{il (Re1 [1- ft’(s)]) + Vt+1R{+1[ ”(st)]} < 0. Thus®;” (c,) isstrictly
convex implying that the optimal consumption ruleis (strictly) concave.

This lemma shows the effect that the concavity/convexity of the utility, marginal utility, expected
utility of saving and marginal expected utility of saving functions have on the consumption rule.
Such concavity/convexity determines the level of precautionary saving and the marginal
propensity to consume out of wealth.

5.6.4 Consumption rule across periods

We are now ready to prove the following theorem:

Theorem 3: For utility functions of the HARA class, for any permissible income process, % if

u'(c) > 0,u”(c) <0, and u”(c) > 0, the introduction of a borrowing constraint induces a

strictly concave consumption rule.

Proof: Inthelast period of life, cr = wt and Vy (wy) = U (wy) , SO [V”\i/ = “u—g = k. Therefore,
T

by lemma 3b, “I- ,1,§’T = > x > kand by lemmadb x > Y=L > d > k. Continuous iteration

//2
Hrlg V

(26) A permissible income process is defined as any income process ‘which permits the agent to ensure that
consumption remains within the domain over which u(c) is defined’ (Carroll and Kimball (1996, page 984)).
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using lemmas 3b and 4b demonstratesthat foranyt < T, V,,\z/‘ > d > k. Thenlemma5 shows

that the consumption ruleis strictly concavein al time perlodst

Corollary 1: When utility is quadratic and soft constraints bite at some point in the future, the
consumption ruleis strictly concave.

Proof: Substitute k = 0 in the theorem and use lemmas 3b, 4b and 5 to prove that the
consumption ruleis strictly concave.

To reconcile this corollary to theorem 3 note that when the consumption rule across periodsis
strictly concave, precautionary saving exist. Thistheorem with corollary 1 represents the first
result of our paper which implies that the introduction of soft constraints induces precautionary
saving in a problem where the utility function is quadratic.

Corollary 2: The greater theratio W is, the more concave the consumption function
will be.

Proof: The proof is obvious, the greater the ratio W is, x will be greater.

Corollary 3: If prudence already exists, we cannot say whether the consumption rule will be more
concave than what it already is.

Proof: With CARA and CRRA utility functions, we do not know whether ‘(})ﬁ“ =k < 3/2and
thus we cannot make exact statements the convexity of the expected marginal alue functi on,ie
the condition ”;{fz‘t > k. Thus, when prudence already exists in the value function, either through
CARA, CRRA or because a soft constraint bites in the future when utility is quadratic, then we
cannot say definite statements about whether prudence increases after the introduction of the

constraint. Thisis consistent with the results we found in Section 5.4.

6 Conclusonsand futurework

In this paper we have shown that the introduction of soft constraints does not lead to behaviour
that isfundamentally different to that under hard constraints. But consumers who face soft
constraints have lower levels of precautionary saving than those who face hard constraints. An
important aspect of this framework isthat we have been able to make exact statements about
vertical and horizontal aggregation and therefore about the nature of the consumption rule. We
have shown that consumption rules that originate from this type of problem are strictly concave
and will therefore look like Zeldes's (1989a) and Scott’s (1996) solutions obtained using
numerical methods. Thisimplies that precautionary saving behaviour existsin this framework.
Finally, we have shown that the more constrained the individual becomes (ie as the consumer
moves from a situation with soft constraints to a situation with hard constraints), the more concave
the consumption rule will be.

This framework has important implications for problems other than the traditional
consumption/saving decision. A natural extension for the problem examined in this paper would
be to apply the same principles to problems where decision-makers (for instance, firms and
governments) face a constraint (soft or hard) in their borrowing. The results of our work suggest
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that even if they do not face constraints today, but face the possibility of constraintsin the future,
agents may engage in precautionary behaviour today (thisisthe implication of horizontal

aggregation).

These results also have important implications for models other than those which consider
borrowing decisions. First, our model suggests that the introduction of adjustment costs, either
today or in the future (for instance, adjustment costs that are asymmetric, like firing and hiring
costsin labour demand), should have the same effect on optimal intertemporal decisions as the
effect the function f hason our problem. Thismeansthat it is possible to gain information about
the effects of adjustment costs in intertemporal optimisation decisions by looking at the first-order
conditions rather than requiring a solution to the problem, which is often impossible to solve
anaytically.

Second, if the f function is defined appropriately, it could be possible to examine the effects of the
credit channel on consumption/saving decisions. This may allow usto examine ways in which the
policy-maker can affect the shape of f today or in the future and thus see how consumption
decisions change. For instance one could consider the implications of increased competition in
the credit market by reducing the slope of the soft constraint, making the soft constraint less
convex, etc.

Finally, Skinner (1988) solves the consumption problem (2) with CRRA utility and without
constraints using Taylor approximations and obtained a solution for the consumption rule.
Skinner identifies the effect of risks (to income) on consumption and showed how precautionary
saving enters the problem. In an extension to this paper, we could check the accuracy of the
Taylor series approximation when soft constraints are introduced to the consumption problem and
examine their implications for precautionary saving.
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Appendix A: Characteristics of the value function

In this section we prove the assertion that the value function inherits the characteristics of the
one-period utility function. 9

Lemma 6: If the one-period utility function is monotone increasing and strictly concave (m.i.s.c.)
then the value function V (w) will be m.i.s.c..

Proof: (By induction.) Inthelast period, wt = ¢t thus V1 (w) = ur(c) = ur(w) ism..s.c.. We
now prove that the value function ism.i.. Noting that ¢,(w + ¢) need not be the same as
¢ (w) + J0,we have that

Vi(w +9) = max[u (¢ (w +9))

+E S Virt (Rt [(r — €& (w + ) — f (w — & (0 + 0))] + Ferr)]
> [u(c () +9)

+EtEt+1Vt+1(§t+1 (wt + 6 — ¢ (w) —9)

—Rea f (0 + 6 — & (W) + 9) + Vera)]
> [u(c (w))

+E S Virt (Rt [(wr — & () — (w0 — & (0))] + Vera)
= Vi(w)

30 Vi (w) ism.i.. Thisproof holdsevenif f(s) = 0. Concavity isalso proved by induction. We
have already proved that V1 (w) = ut(C) = ur(w) ism.i.s.c.. Now we need to provethat V;(w) is
concave. Assumethat V;,1(w) isconcave although not necessarily strictly concave. Then, the
function ¢1(w) = Vey1 [R[(w — ©) — f (w — ©)] + ] isstrictly concaveif f # 0and
guasi-concaveif f = 0. Asthe sum of concave functionsisitself concave,

EtfisiVers (R[w —c— f (w —©)] + ) isconcavein w and cif f, = 0.and strictly concave if

fy # 0. The same appliesto 9 (w) = u(c) + Efy, Vo1 (R[w — ¢ — f (w — ©)] + ) whichis
strictly concave by the nature of u(c). By nature of the strict concavity of ¥ (w), we have
Y1(Awy + (1 — D) wy) = I (w) > A9(w1) + (1 — ) ¥¢(wp) where Aw; + (1 — A) w, = w and
w, wy and w, are different levels of wealth. Thus we have:

Vi (w) = mCaXﬁt(w) > j-mCaXﬁt(wl) +A-4) mCaXﬁt(wz)
= AVi(w1) + (1= 2) Vi(w2)

which completes the proof.

(27) See Benveniste and Scheinkman (1979) and Lippman (1987) for more on the value function when there are no
borrowing constraints.
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Corollary 4: The introduction of the soft constraint makes the value function more concave for a
level of savings that warrants the introduction of the constraint.

Proof: Note that when the soft constraint binds, 9,1 (w) is strictly concaveif f; # 0and
quasi-concaveif f, = 0.

A direct implication of corollary 4 isthat the introduction of the soft constraint increases risk
aversion.

Lemma 7: If the one-period marginal utility function is convex, then the marginal value function
will be convex.

Proof: (By induction.) Consider the FOCs:

Vi (w) = U[c(w)] (A-1)
and
W [e(w)] = B7Rrv (er) [1 = f'(sr-0)] (A-2)
Let w = Aw;y + (1 — 1) wy and ¢ (w1) # € (wy); thenif:
c[iwr+ (1 — A wy] > Ac[wi] + (1 — A) clwy] (A-3)
it follows that:

U{c[iwi+ (1= ws]} < U[ic[wi] + (1—4)c[we]]

< A [c(w1)] + (1= ) U [c(w)]

where the last inequality arisesif u’ isstrictly convex. Hence, if (A-3) holds, (A-1) implies that:

Vi[dws+ (L= wa] < AVE[wd] + 1 — 1) Vi [ws] (A-4)
< AVE[wd] + (1= 2) V4 [wa] (A-5)

On the other hand, suppose that:

Cl[Awi+ (L= D) wy] < Ac[wq] + (1 = 1) cw2] (A-6)

Then
w1+ (1= A) wp — C[Awg + (1— A) ws] (A-7)
> Awq+ (l - /1) wy — AC [u)]_] - (l - i) C[IU2] (A'8)

Now to prove convexity in (A-2) we have to proveit in two parts. We look at ET Rru/ (cr) first.
Note that by the convexity of f and (A-6) we have:

f (Awy+ (1= D w2 — c[iwy + (1= 1) wz]) (A-9)
< Af (w1 —clwi]) + A= 2) f (w2 —clwz]) (A-10)
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thus:

—f (Aw+ (1 — },) Wy — C[iw1—|— 1- i) u)z]) (A-ll)
> —Af (w1 —clwi]) = (1= 2) f (w2 — cw]) (A-12)

Note that because we assume that in the last period everything is consumed, then:

Cr =wt = ﬁT [(U)T_l - CT—l) - fT—l(w - C)] + VT

Thus

BrRru’ (cr) = B Rru’ (Rr [(wr-1 —crop) — [1— f'(sr-0)] (w — ©)] + ¥r)
from (A-7) and (A-11), we have:

BrRru (R [(Awg + (1 — 2) wz — c[Aws + (1 — 2) wa])]
—Rr f(Awy + (L= ) wp — c[Aws + (1= 1) w2]) + Fr)
< BrRru(Rr [(Awy+ (1= A) wp — c[Awy + (1 = 2) wo))]
Rr [~ (w1 — c[wi]) — (1= 2) f (w2 — c[wa])] + ¥r)
< BrRrU(Rr [4 (w1 — c[wi] = f (w1 — c[wi]))]
+ (1= 2) Ry (w2 — c[wz] — f(wp — c[wy])) + ¥r)
= BT ﬁTU/([/1 (ﬁT [w1— C[wi] — f(w1—clwi])] + VT)]
+@-2) [ﬁT (w2 — c[wy] — f (w2 —clwa])) + ¥r])
< BrReiu (ﬁT (w1 — c[wq] — (w1 — clwi])) + ¥r)
+B1RrAU (Rr (w2 — c[wy] — f(wy — c[wy])) + Vr)

where the first inequality comes from (A-11), the second one from (A-6) and the final one from
the convexity of the marginal utility function. It isthe first inequality which arises from the
impact that the binding constraints have, that makes the value function more convex and aso what
makes the value function convex even when marginal utility islinear. To complete the proof we
need to prove that since [1 — f/(s)] > 1, then

— ' (Aw1 + (A=) wy — c[lw1 + (1 = 1) wo])
< —Af" (w1 —clwi]) — (1= 1) f' (w2 — c[wy])

and so

1 < [1-f(Awi+ 1A= wz—cl[iwg+ (11— 1) wy])]
< [1= 21" (w1 —clwi]) = 1= 2) f (w2 = c[wa])]
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which istrue given the quasi-concavity of the f’ function. Hence

Vi[lwi+ (1 - w;y] = uer(Awr+ (1 —2) wy)]
< U[cr(wy)] + (1 — ) U[cr(wo)]
= AVy[wi] + (1= 1) V7 [w2]

Thus, in either case V{[Aw1 + (1 — A) wa] < AVf [w1] + (1 — 1) V{ [w2]. Also, the general case
issimilar. Now supposethat V{/,, (w) is convex. Then the following equations must be satisfied:
V{ (w) = U'[ci(w)]

and

U [c(w)] = Etfrya Vi (R [(8) — fu(9] + Fern) Rua [1— /(9)]
hence since u’ and V/, , (w) are convex, it follows that V' (w) is convex by exactly the same
argument as above.

Corollary 5: Theintroduction of the f function makes the marginal value function more * convex’
even if the one-period utility function is quadratic.

Proof: It isobvious that the introduction of the f function has made the value function more
COnvex.

This proof is equivalent to Carroll and Kimball’s (2001) Lemma 5, thus showing that the
introduction of the constraint makes the marginal value function more convex.



Appendix B: Soft constraints, the marginal propensity to consume and concavity in the
consumption function

Lemma 8: The level of consumption islower in the case where there are constraints compared to
the case where there are no constraints.

Proof: Note that from the first-order condition

U@ (w)) = V(w)
MaX[Efiy1V (wis1) Ryt [1— T/(8)], EfaV (wes1) Rl
V' (wy) = U (G (wy))

IA

where the inequality comes from the proofsin Appendix A which demonstrate that the
introduction of the soft constraint convexifies the marginal value function. Thus, from concavity
of u then C[(wt) > G (u)t)

For the continuous case note

U @ (w)) = V(w)=Ef1V (wi1) Rya[1— F(9)]
< V' (wy) = U(c(wy))

so that again concavity in u leads to ¢, (wy) > C;(wy).

Lemma 9: Introducing a soft constraint means that the marginal propensity to consume out of
wealth is higher than a case where there are no constraints for a given level of consumption.

Proof: Begin with the function 07 (c;) = w; (¢;) — ¢ Where w; (¢;) is the inverse of the optimal
consumption rule. Write the last expression asd; (¢;) + ¢ = w;" (¢;). All the variables that
represent the introduction of the constraint are termed 5: (), Ct and wy (c;). Thusif we can
provethat w* (¢;) = 0y (&) + 1> 5;* (@) +1=w (), thenC[w] > ¢[w]. Notethat we can
write 07 (¢;) = g(z7(cy)). Differentiate this expression with respect to ¢; :

gz i) U@

= i) T o

now,
gz ') LAY

7@ M) M®

We know that 1 (S) < @7 (s) < 0, thus —u{(S) > —¢7(s) > 0. Thusfor agiven level of
consumption, Gt*/ (&) <6 (cr). Thismeansthat wi" (¢;) < w;* (¢;). Thisimplies that
C[w] > ¢[w]. Thusthe marginal propensity to consume out of wealth increases when the
constraint is introduced.

0, (c) =
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Another way to prove thislemmais to note that the marginal propensity to consume can be
defined as

0c _ V{'(w) U (wy))
owy VY (w) u”(Ci(wr))

thus for the same utility function in the unconstrained and constrained cases, if the risk aversion of
the value function is greater when soft constraints are introduced compared to the case where there
are not constraints, then the marginal propensity to consume will be higher in the constrained case.
But aswe saw in Appendix A, thisis true since introducing the soft constraint concavifies the
value function. ®®

Lemma 10: At a given level of consumption, the consumption function is more concave when soft
constraints exist than when they are absent.

Proof: The introduction of the soft constraint convexifies the marginal value function. Using the
first-order condition

U @ () =V (wr) < V' (wy) = U (wy))

thisimplies that in the constrained case, the marginal utility function is more convex than in the
case where there are no constraints. This can only happen if the consumption function has been
concavified.®

(28) See Carroll and Kimball (2001, footnote 17) for an anal ogous statement about prudence and concavity of the
consumption function.

(29) Again, this proof is closein spirit to Pratt (1964), Carroll and Kimball (1996) and Carroll and Kimball (2001), see
their footnote 17, or page 24 in that paper.
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