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Abstract

Recent studies illustrate that under some conditions dynamic stochastic general equilibrium models can

be expressed as structural vector autoregressive models of infinite order.  Based on this mapping and the

theoretical results about vector autoregressive models of infinite order this paper proposes a minimum

distance estimator that:  a) matches the k-period responses of the whole vector of the observable

variables described by the structural model — caused after a small perturbation to the entire vector of

the structural errors — with those observed in the historical data, which have been recovered through

the use of a structurally identified vector autoregressive model, and b) minimises the distance between

the reduced-form error covariance matrix implied by the structural model and the one estimated in the

data.  This estimator encompasses those in the literature, is asymptotically consistent, normally

distributed and efficient.  The J-type overidentifying restrictions statistic that results from this

methodology can be used for the evaluation of the structural model.  Finally, this study also develops

the theory of the bootstrapped version of the estimator and the statistic introduced here.  Monte Carlo

simulation evidences based on a medium-scale DSGE model reveal very encouraging results for the

proposed estimator when it is compared against modern — Bayesian maximum likelihood — and less

modern — maximum likelihood and non-efficient IR matching — DSGE estimators.
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Summary

Economic models are useful to economists and policymakers only if they are able to reproduce

important features of the observed data. This property depends crucially on the values attached to

model’s parameters, and one way to decide about them is through the ‘estimation’ of the model.

In essence, estimation is a mathematical procedure where the chosen parameter values minimise

an objective function. A well-known example is ‘least squares’, minimising the squared distance

between the actual data and the predicted values, which penalises large mistakes. Unfortunately,

the estimation of modern macroeconomic models that rely heavily on microeconomic economic

theory to explain the behaviour of economic agents and therefore the evolution of the economy

over time while subject to random (stochastic) shocks (known as dynamic stochastic general

equilibrium (DSGE) models) poses serious difficulties. This is due to the fact that theory imposes

on the data a large number of very severe restrictions, which are not always supported by the

latter.

Despite this, DSGE models are very useful. They are an abstraction of the economy that allows

economists and policymakers to think clearly about economic relationships and actual

developments, combining theory and data in a coherent way, and thus offering real insights. The

way to make this work is to keep the model simple, meaning that a large number of strong

restrictions need to be imposed on the data. This trade-off between the usefulness of the model

and its ability to replicate elements of the true world is what makes the estimation of

microeconomic theory founded models a challenging task.

The objective function used for the estimation of the model can be based on all available data

information (full information) or on a few selected features of it (limited information). Full

information sounds ideal, but in practice it makes large demands on the model. In the second

case, the estimated parameters are chosen to minimise some measure of the distance between key

characteristics of the data produced by the model and those observed in the data. One important

feature that reveals the dynamic properties of the model is the ‘impulse response function’. This

shows the effect over time on a variable – say, inflation – after a shock hits the economy. (Indeed,

many economists choose the parameters of their models judgementally in order to match the

cyclical patterns of the data as they are summarised by the impulse response function – a process
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not of estimation but ‘calibration’). An advantage is that the targets that the estimated model

aims to ‘hit’ are observed, meaning that failures to match these statistics of interest can be used

to infer what parts of the theory are still missing from the model and derive useful economic

conclusions. This is not true for full-information techniques where the estimated parameter

vector minimises the distance between the model and the true data generation process, which is

unknown and highly abstract.

At the heart of the problem is that we cannot hope to explain everything in economics. A

particular DSGE model is usually developed to explain only certain economic phenomena.

Limited information estimation techniques let the model reproduce these facts as closely as

possible. This increases the usefulness of the model since the user can immediately assesses how

well the model serves its purposes of creation and, consequently, to decide whether it can be used

to draw meaningful economic conclusions.

This study introduces an impulse response matching estimator that encompasses all the existing

ones. It relies on the maximum information set (it mimics full-information estimators under

some conditions), while existing methods utilise only a small part of the available set of

instruments. The statistical theory (assuming we have a very large sample) developed here covers

all the existing impulse response matching estimators and thus closes an important gap in the

literature. The (more realistic) small-sample behaviour is investigated through a simulation

exercise, where the proposed estimator is compared to other (modern and less modern)

estimators for theory driven models.

The measure that results from the estimation of the model can be used to assess whether a

model’s dynamic properties (as they are summarised by the impulse response functions) are

statistically different from those observed in the real world, meaning that it can serve as a device

to rank candidate economic theories that aim to explain the same features of the data. The work

in this paper uses a widely used model macroeconomic to assess the usefulness of the method.

The results are very promising. Now that the proof of concept has been established, the next step

will be to apply the method to real, rather than simulated, data.
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1 Motivation

An important step during the development and use of a dynamic stochastic general equilibrium

(DSGE) model is the decision about the value of the structural parameters. This can be done

using either calibration methods or/and estimation techniques. Full-information maximum

likelihood (ML) procedures require the structural model to be viewed as the true data generation

process (DGP) and the value of the parameter vector is obtained at the point where the likelihood

– a statistical fit criterion1 – of the model is minimised.

The properties of the ML estimator rely on the properties of the vector of the first derivatives of

the log-likelihood function with respect to the parameter vector – known as scores. Ideally, these

scores should be distributed as an identical independent (i.i.d) zero mean stochastic process,

indicating that the estimated model can be viewed as the true DGP (White (1994)). However, the

ones that result from the estimation of a DSGE model will display a significant structure,

implying severe misspecifications. These misspecifications arise from the fact that DSGE models

are parsimonious explanations of certain stylised economic phenomena and not devices aiming

to capture all the features of the observed data such as vector autoregressive (VAR) models. In

other words, DSGE models cannot be viewed as the true DGP (Canova (1995, 2005)). Even in

these cases, the asymptotic theory provides us with those tools – Law of Large Numbers, Central

Limit Theorems – that can be used to identify the properties of an estimator rising from a

sequence of scores that displays a significant level of memory – such as Near Epoch

Dependence.2 For instance, White (1994)’s Theorem 3.6 illustrates that the quasi-ML estimator

is a consistent estimate of the vector that ‘minimises our ignorance of the true state of the world’.

Although this may be a highly desired property from an econometric point of view given model’s

misspecifications, it contradicts with the DSGE philosophy. To be more explicit, DSGE models

should be viewed as tools through which certain stylised economic phenomena can be

decomposed into agents’ decision problems. Since these problems are expressed as functions of

the structural parameters, there is no doubt that their values significantly affect economists’

intuition and policymakers’ strategies. Choosing, therefore, an estimate that converges to a

vector that minimises the distance between the structural model and the true DGP when it is well

1Terminology used by Canova (2005, Chapter 6)
2See Definitions 17.1 and 17.2 of Davidson (1994, page 261).
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known that this gap is ‘bridgeless’ cannot easily reconcile with the above principle and, possibly,

leads to misleading economic inference.

According to Canova (1994, 2005), this is the reason why many DSGE economists prefer

estimates that minimise economic rather than statistical fit criteria. In this case, the structural

estimate delivers selected DSGE moments-statistics as close as possible to those observed in the

data. The attractiveness of this procedure is that the researcher actually assesses how well the

estimated model replicates these targets allowing her to identify possible modelling weaknesses

and to infer useful economic conclusions. For example, the failure of the estimated DSGE model

to reproduce the ‘hump’ shaped real variables responses after a monetary policy shock observed

in the VAR studies (see, Christiano, Eichenbaum and Evans (1998)) indicates the lack of certain

real rigidities – such as consumption habits (Christiano, Eichenbaum and Evans (2005)), or

information stickiness (Mankiw and Reis (2007)), or learning (Milani (2007)) – that magnify the

effectiveness of the monetary policy. This type of inference is not so obvious when the likelihood

of the model is used as the criterion to select the structural parameters.

Researchers and policymakers use DSGE models aiming to improve their intuition about certain

economic phenomena, which help them to draw economic conclusions and to form policy

decisions.3 Based on this logic, it seems legitimate to select those parameters that bring the

model close to the reality, summarised by stylised facts, maximising in this way the effectiveness

of the structural model. This can be done either informally – using calibration techniques

(Kydland and Prescott (1991, 1996); Laxton and Pesenti (2003)) – or formally through

estimation methods (Christiano and Eichenbaum (1992); Burnside, Eichenbaum and Rebelo

(1993); Fève and Langot (1994); Smith (1993)).

The present study falls into the second category and introduces a formal minimum distance

estimator that is asymptotically consistent, normally distributed and efficient without claiming

that the structural model is the true DGP process. This estimator matches the second moments of

the vector of the observable variables described by the model with those observed in the

3In our days DSGE models are heavily employed by central banks, however, the logic of their use remains the same. Theoretical models
help policymakers to think about economic phenomena facilitating their decision process. Central bank forecasting is a highly
complicated and long-lasting process that relies on a large and heavily dense set of – theoretical and less theoretical – models and an
enormous information set. Certainly, this process can only be replaced by a single DSGE model only if the latter is the true DGP,
however, I do not think that anyone believes that such model actually exists.

Working Paper No. 439 October 2011 6



historical data. To be precise, it minimises the Euclidean norm of the optimally weighted

difference between:

i) the k-period responses of the whole vector of the observable variables described by the

structural model – caused after a small perturbation to the entire vector of the structural errors

– and those observed in the historical data, which have been recovered through the use of a

structurally identified vector autoregressive (VAR(h)) model, and

ii) the reducedform error variance-covariance matrix implied by the structural model and the

one estimated in the data.

The selection of the above instruments is motivated by the outcome of the work of Canova and

Sala (2006, 2009) and the analysis of Iskrev (2010) who strongly recommend ‘to use as many

implications of the model as possible’ to avoid the presence of estimation identification failures.

This estimator uses all the available impulse response (IR) type information, which probably

explains why is characterised by Canova and Sala (2006, 2009) as ‘full information’.

The optimal weighting matrix is analytically derived, this closes a gap in the literature of IR

matching estimators (see the discussion in Jorda and Kozicki (2011)) and makes the one

introduced here efficient. The matrix used for the identification of the VAR shocks is the one

implied by the DSGE model and it enters into the calculation of the optimal weighting matrix

making the latter a continuously updating weighting matrix. This property combined with

Theorem 4.1 below, which allows the number of instruments to tend to infinity (k = h→ ∞), can

be used to develop an estimator that is robust to weak identification problems (Stock and Wright

(2000); Chao and Swanson (2005); Han and Phillips (2006); Newey and Windmeijer (2009)).

However, the theory developed in this study deals only with a finite set of moments-conditions

and leaves these issues for future research.

The consistency and normality properties of the discussed estimator rely on the properties of the

VAR(∞) estimated parameter vector (Lewis and Reinsel (1985); Lutkepohl (1988); Lutkepohl

and Poskitt (1991); Jorda (2009)), while its asymptotic efficiency arises from the choice of the

weighting matrix, which is in line with Hansen (1982). The present study goes a step further and
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based on the results of Paparoditis (1996) and Inoue and Lutz (2002) develops the bootstrapped

version of the proposed estimator. This implies that its small-sample distribution, which is

obtained through parametric resampling schemes (see, Paparoditis (1996); Inoue and Lutz

(2002)), can be used to derive the small-sample distribution of model’s moments and statistics of

interest. This is similar to Bayesian ML techniques, however, the bootstrapped estimator is free

of prior distribution selection issues (see, Canova and Sala (2006, 2009)).

Recently, Christiano, Trabandt and Walentin (2010b,a) have proposed a Laplace or

quasi-Bayesian IR minimum distance estimator. The results of this study combined with those

developed by Chernozhukov and Hong (2003) can be used to provide the theoretical validation of

this estimator.

Remark 4.2 – below – illustrates that the estimators used in previous studies – for instance,

Rotemberg and Woodford (1998), Edge (2000), Christiano et al (2005) and Altig, Christiano,

Eichenbaum and Linde (2005) – can be viewed as special cases of the one discussed here. They

usually rely only on small number of impulse responses4 and the weighting matrix is not the

optimal one in many cases. Consequently, the theoretical results derived here and the

small-sample Monte Carlo simulation exercises undertaken below apply to these estimators as

well. Jorda and Kozicki (2011) highlight that although minimum distance IR matching

estimation has extensively been used in the applied world, no formal study assesses the

theoretical properties of these estimators and from this perspective the present study closes

another gap in the literature.

Similar to Hansen (1982) and Smith (1993) a J -type statistic is introduced here as well. This

relies on the fact that the number of time-series parameters is greater than the one of the

structural parameters, meaning that the DSGE model places a number of restrictions on the data.

These restrictions can form the basis of a ‘dynamic goodness of fit’5 test statistic of the structural

model. Recently, many DSGE models have been considered as successful because the responses

obtained by the structural model fit to the distribution bounds implied by an identified VAR

model (Christiano et al (2005)). In contrast to these studies, the metric that results from the

estimation of the DSGE model provides a quantitative measure of how well the structural model

4For instance, agents’ reactions after either a monetary policy or/and a technology productivity shock
5This terminology is used by Rivers and Vuong (2002).
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can reproduce actual dynamics, meaning that the proposed statistic formally assesses the ability

of the structural model to replicate features of the real world.

The paper is organised as follows. The notation needed for this study is developed next, the

mapping between the DSGE and VAR models is discussed in Section 3, the asymptotic

properties of the set of instruments used for the estimation of the structural model are derived in

Section 4, the asymptotic properties of the structural estimator are developed in Section 5 and the

statistic that assesses the dynamic properties of the structural model is introduced in Section 6.

The small-sample properties of the proposed estimators are investigated in Section 7 and the final

section concludes. All the proofs are provided in Appendix B.

2 Notation

The notation stays closely related to the one developed by Lewis and Reinsel (1985), Lutkepohl

(1988) and Paparoditis (1996). The DSGE and VAR models are denoted by M and T ,

respectively, θ is the structural parameter vector and θ̂ is its minimum distance estimated version,

while β stands for the reduced-form VAR parameter vector and β̂ is its least square (LS) estimate.

The vec and vech operators transform a matrix with dimensions m×m to an mm vector by

stacking the columns, and to an m(m+1)/2×1 vector by stacking the elements of and below the

main diagonal, respectively. The symbol ⊗ denotes the Kronecker product operator, while, rk(·)

indicates the rank of a matrix. ∇a f (a) is used for the first derivatives of the vector function f (α)

with respect to the vector a, while, ‖·‖ represents the Euclidean norm. Op (·), O(·), op (·) and

o(·) are standard order notation.6 da denotes the length of the vector a, Ida stands for the da×da

identity matrix, A+ represents the Moore-Penrose (MP) inverse of a matrix A, and diag(a) is a

da×da matrix where the vector a lies in the main diagonal and all other elements are equal to

zero. P→, D→ imply convergence in probability and distribution, respectively, η is a small positive

value, E is the expectation operator, R denotes the set of real numbers and Rda = R× ...×R is

the da−ary cartesian power of the real line. Ddm is a dm2×dm(dm+1)/2 duplication matrix

such that for any symmetric dm×dm matrix F , Ddmvech(F) = vec(F).

Let A(h)≡
[

A1 A2 · · · Ah

]
be the matrix of the first h autoregressive parameter matrices of

6See Davidson (1994)
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the following VAR(∞)

yt =
∞

∑
j=1

A jyt− j +ut (1)

where ut is a dy-dimensional sequence of i.i.d. random varaibles with distribution function

denoted by F . The companion matrix Πh is defined as

Πh ≡



A1 A2 · · · · · · Ah

Idy 0dy×dy · · ·
... 0dy×dy

0dy×dy Idy · · · ...
...

...
... . . . ...

...

0dy×dy 0dy×dy · · · Idy 0dy×dy



Let Â(h)≡
[

Â1,h Â2,h · · · Âh,h

]
= Γ̂′1,hΓ̂

−1
h be the Yule-Walker estimator of A(h), where

Γ̂′1,h ≡ (T −h)−1 T
∑

t=h+1
Yt−1,hy′t , Γ̂h ≡ (T −h)−1 T

∑
t=h+1

Yt−1,hYt−1,h and Yt,h =
(
y′t ,y

′
t−1..,y

′
t−h+1

)′. Let

Σ̂v ≡ (T −h)−1 v̂t v̂′t be the estimator of Σu ≡ E(utu′t), where

v̂t =
(

yt−∑
h
j=1 Â j,hyt− j

)
− (T −h)−1 T

∑
t=h+1

(
yt−∑

h
j=1 Â j,hyt− j

)
are the centred residuals. Let

B(k;h)≡
[

B1,h B2,h · · · Bk,h

]
be the matrix of the first k moving average parameter

matrices, where B j,h = JhΠhJ
′

h. Similarly, the matrices B̂(k;h)≡
[

B̂1,h B̂2,h · · · B̂k,h

]
and

B̂∗ (k;h)≡
[

B̂∗1,h B̂∗2,h · · · B̂∗k,h
]

are the OLS and bootstrapped estimates of B(k;h) where

B̂ j,h = JhΠ̂
j
hJ′h and B̂∗j,h = Jh

(
Π̂∗h

) j
J′h , respectively. The matrices Π̂h and Π̂∗h are the ones obtained

after replacing in the matrix Πh the unknown matrices A j by their estimators Â j and Â∗j ,

respectively. Furthermore, b(k;h) = vec(B(k;h)), b̂(k;h) = vec
(

B̂(k;h)
)

,

b̂∗ (k;h) = vec
(

B̂∗ (k;h)
)

, a(h) = vec(A(h)), â(h) = vec
(

Â(h)
)

, â∗ (h) = vec
(

Â∗ (h)
)

,

σ̂ = vech
(

Σ̂v

)
, σ̂
∗
= vech

(
Σ̂∗v

)
, β(h) =

(
a(h)′ ,σ′

)′, β̂(h) =
(
â(h)′ , σ̂′

)′
, β̂
∗
(h) =

(
â∗ (h)′ , σ̂∗′

)′
and

Ψ(k;h) =


Idy 0dy×dy · · · 0dy×dy

B1,h Idy · · · 0dy×dy
...

... . . . ...

Bk−1,h Bk−2,h · · · Idy

 (2)
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3 The mapping between DSGE and VAR models

The solution of any linearised DSGE model, like the one described in Section 7.1, can be written

in the following state-space format

yt = Ξ(θ)xt (3)

xt = Φ(θ)xt−1 +Λ(θ)ωt (4)

where equation (4) describes the evolution of the state vector
(
xt ∈ Rdx

)
, equation (3) relates the

vector of the observable variables
(
yt ∈ Rdy

)
with the states of the economy, and ωt ∈ Rdω

denotes the vector of the structural errors, which are normally distributed with zero mean and Idω

covariance matrix, ie ωt
D→ N (0dω, Idω). Finally, the elements of the matrices Ξ(θ), Φ(θ) and

Λ(θ) are non-linear functions of the structural parameter vector θ ∈Θ and Θ is a compact subset

of Rdθ.

Equations (3) and (4) can be used to analyse the effects of the shocks disturbing the economy, in

other words, to study agents’ optimal responses to small structural perturbations. This type of

analysis, which lies in the core of the DSGE modelling, reveals the dynamic properties of the

model and improves researchers’ intuition about the cyclical behaviour of the model. This

information is summarised by the following kdy2×1 vector valued function, which is known as

impulse response function (IRF)

R(k;θ)≡
(

vec
(

∂yt+1

∂ωt

)′
, ...,vec

(
∂yt+k

∂ωt

)′)′
=
(
Λ(θ)′⊗Ξ(θ)⊗ Ik

)
b(k;θ) (5)

where b(k;θ)≡
(
vec [Φ(θ)]′ , ...,vec

[
Φ(θ)k

])′. For example, the solid (blue) line in Chart 1

illustrates how agents of the economy described in Section 7.1 react to shocks hitting their

economy.

From the analysis of Fernandez-Villaverde, Rubio-Ramirez, Sargent and Watson (2007),

Christiano, Eichenbaum and Vigfusson (2006) and Ravenna (2007) it is known that when the

‘Poor Man’s Invertibility Condition’7 (PMIC) holds – the number of the structural errors

coincides with the number of the observable variables and the eigenvalues of matrix

M (θ)≡
[
Idx−Λ(θ) [Ξ(θ)Λ(θ)]−1

Ξ(θ)
]

Φ(θ) (6)

7Terminology used by Fernandez-Villaverde et al (2007).
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are less than one in absolute terms – then the model described by equations (3) and (4) has a

structural VAR (SVAR) representation of an infinite order

yt =
∞

∑
j=1

A j (θ)yt−i +ut (7)

where

A j (θ) ≡ Ξ(θ)Φ(θ)M (θ) j−1
Λ(θ)ϒ(θ)−1 (8)

ut ≡ Ξ(θ)Λ(θ)ωt = ϒ(θ)ωt (9)

Σu (θ) ≡ E(utu′t) = ϒ(θ)ϒ(θ)′ (10)

This implies that (5) can now re-expressed in terms of (7), namely

R(k;h;θ;M )≡ ∆(θ)b(k;h;θ;M ) (11)

where b(k;h;θ;M )≡ vec
([

B1,h (θ) · · · Bk,h (θ)
])

, B j,h (θ)≡ JhΠh (θ)
j J′h and

∆(θ)≡
(
ϒ(θ)′⊗ Ikdy

)
. The matrix Πh (θ) is the one obtained after replacing in the matrix Πh the

unknown matrices A j with the one implied by the structural model, A j (θ). It is not hard to see

that the limit of R(k;h;θ;M ) as h→ ∞ is R(k;θ)

lim
h→∞

R(k;h;θ;M ) = R(k;θ) (12)

The dashed (red) line in Chart 1 – all charts can be found in Appendix C – illustrates again

agents’ rational reactions to structural perturbations, however, this time the reduced-form model

(7) with twelve lags has been used and, as it can be seen, they coincide with the one obtained by

the state-space representation of the model.

Setting the number of VAR lags equal to the number of impulse response periods – k = h – is

driven by the work of Ravenna (2007, Section 3.3) who illustrates that in the absence of

small-sample and shock identification biases8 the SVAR model with maximum k lags exactly

reproduces the k-period impulse response derived by the DSGE model

R(k;k;θ;M ) = R(k;θ)

(see also, Lutkepohl (2007)). Chart 2 illustrates how the SVAR responses converge to the DSGE

ones as the lag order increases – h = 3 (triangle black line), 5 (star blue line), 8 (cross black line)

and 12 (red dashed line).

8Terminology used by Erceg, Guerrieri and Gust (2005), see also the discussion in Section 4.1 below.
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From (6) and (8) it is also clear that the exact number of VAR lags required to fully replicate the

DSGE responses depends on the maximum eigenvalue – in absolute terms – of M (θ). For

instance, if the demand side of the economy described in Section 7.1 consists of only

consumption and government spending, agents do not form consumption habits, firms and

households do not use indexation rules of thumb when they miss the signal to optimally reset

their prices and wages, then the maximum absolute eigenvalue of M(θ) is almost zero and one

lag is enough to exactly replicate the k-periods DSGE responses. In terms of the model used in

Section 7.1, Chart 2 shows that the differences between the DSGE and SVAR(8) are difficult to

be identified.

3.1 Poor Man’s Invertibility Condition

Before proceeding further into the analysis, it seems a good point to say a few words about the

PMIC and its importance in the applied work and policymaking. The analysis of

Fernandez-Villaverde et al (2007) illustrates that when the PMIC fails, the state vector of the

economy cannot be expressed as a linear function of the observable variables. In other words,

this property ensures that asymptotically econometrician’s information set coincides with the one

shared by the agents in the model. To be more explicit, given that a large part of the DSGE state

vector is usually unobserved – ie marginal utility of consumption, Tobin’s Q, rental rate of

capital, capital, output gap, exogenous driving forces, etc – the Kalman filter (KF) is required to

deliver estimates about these unobserved variables. However, when the structural model is not

‘invertible’ – the PMIC does not hold – these KF estimates do not converge to the true values,

meaning that the estimation errors do not vanish even asymptotically. Applied DSGE economists

use these filtered series either to analyse past episodes – historical decomposition – or to form

policy decisions – for instance, the output-gap is a ‘key’ macroeconomic policy variable. Given

their importance in the applied world, the question that immediately arises is how useful are

these estimates when they are produced by models that do not satisfy this principle.

Chart 16 offers a graphical visualisation of this problem, where in this case the number of shocks

exceeds the number of the observable variables – only output, inflation and interest rate are

observed. As it can be seen, the KF estimated risk-premium, government spending and

investment shocks – black dashed lines – are very different from true ones – red solid lines. The

algorithm correctly identifies the productivity and interest rate shock – this is probably due to the

Working Paper No. 439 October 2011 13



fact that the observable series are directly related with these shocks – and selects significantly

less volatile shocks for the other free. It seems from this exercise that any structural model,

independently of whether it has been estimated using either limited or full-information

techniques, used to study data characteristics and draw policy conclusions should obey this

principle reducing the probability of reaching false inference.

On top of this, the PMIC offers a way to validate the structural model against less theoretical

models such as VARs, which is an exercise that you may wish to implement even if the model

has been estimated using (Bayesian) ML techniques. Impulse responses, forecast variances and

historical decompositions derived by DSGE models can be comparable with those obtained by

SVAR models if and only if the ‘invertibility’ condition holds – because only in this case the

structural shocks are free from the above KF estimation error.

In order to avoid these complications the PMIC needs to be imposed during the estimation of the

model, this is similar to Blanchard and Kahn (1980)’s conditions, which are enforced to ensure

unique and stable solution.

4 Impulse responses observed in the data

The Wold Decomposition Theorem

yt =
∞

∑
j=0

B jut− j (13)

states that any stationary time series – subject to the following condition det [B(z)] 6= 0, for

|z| ≤ 1 where B(z) = ∑
∞

j=0 B jz j – has an infinite VAR representation

yt =
∞

∑
j=1

A jyt− j +ut (14)

However, since data is not of infinite length, only a truncated version can be estimated

yt =
h

∑
j=1

A jyt− j + vt (15)

The study of Lewis and Reinsel (1985) illustrates that when the number of VAR lags tends to

infinity slower than the sample size – h3/T → 0 as h→ ∞ and T → ∞ –, then â(h) – obtained by

fitting the truncated VAR (15) to data generated by the infinity order VAR (14) – is a consistent

estimate of a(h) and normally distributed. Based on these results, Lutkepohl and Poskitt (1991),

Paparoditis (1996) and Inoue and Lutz (2002) show that σ̂v is also consistent and normally
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distributed. Additionally, Paparoditis (1996) and Inoue and Lutz (2002) prove that the

distributions of
√

T (â(h)−a(h)) and
√

T (σ̂v−σu) can be approximated using small-sample

bootstrapping techniques.

The model studied in this section is a reduced-form one, meaning that the effects of the structural

shocks – say risk premium, government spending, productivity and monetary policy shocks – to

the set of the observable series cannot be identified without further assumptions. This study

proceeds by adopting the mapping between structural and reduced-form errors implied by the

DSGE model (9) and the IRF in this case is given by

R(k;h;θ;T )≡
(

vec
(

∂yt+1

∂ut

∂ut

∂ωt

)′
, ...,vec

(
∂yt+k

∂ut

∂ut

∂ωt

)′)′
= ∆(θ)b(k;h) (16)

The structural identification of the VAR shocks is a highly controversial and unresolved issue

(see, Liu and Theodoridis (2010)) and the reasons why this approach is adopted here are

discussed in Section 4.1.

The following assumption – which is similar to Assumption 2 of Smith (1993) – translates the

PMIC in terms of moments-conditions.

Assumption 4.1 Assume that Θ is a compact subset of Rdθ and there exists a unique θ ∈Θ, such

that

1. DR(k;h;θ)≡ R(k;h;θ;T )−R(k;h;θ;M ) = 0kdy2×1

2. DV (θ)≡ σ−σ(θ) = 0(dy(dy+1)/2)×1 �

The first theorem defines the distribution of D̂R(k;h;θ)≡ R̂(k;h;θ;T )−R(k;h;θ;M ) and

D̂R
∗
(k;h;θ)≡ R̂∗ (k;h;θ;T )− R̂(k;h;θ;T ) when the number of the impulse response periods is

equal to the number of VAR lags and the latter tends to infinite. R̂(k;h;θ;T ) and R̂∗ (k;h;θ;T )

are defined as R(k;h;θ;T ) with b(k;h) replaced by b̂(k;h) and b̂∗ (k;h), respectively.

Theorem 4.1 Let Assumption 4.1 hold, l be an arbitrary
(
hdy2×1

)
vector satisfying the

condition 0 <CL ≤ ‖l‖ ≤CU < ∞, h→ ∞, ∑
∞

i=1 ‖Ai‖(1+η)i < ∞ and:

Working Paper No. 439 October 2011 15



1. if h3

T 1/2 → 0 then √
T
h

l′D̂R(h;θ)
D→ N

(
0,

l′ΣDR (h) l
h

)
(17)

2. if h4

T 1/2 → 0 then √
T
h

l′D̂R
∗
(h;θ)

D→ N
(

0,
l′ΣDR (h) l

h

)
(18)

where

ΣDR (h;θ)≡

(
Idy⊗

h−1

∑
j=0

B j,h(θ)Σu (θ)Bm−n+ j,h(θ)

)
n,m=1,2,...,h

(19)

�

From the work of Stock and Wright (2000), Chao and Swanson (2005), Han and Phillips (2006)

and Newey and Windmeijer (2009) it is known that there are several estimation advantages by

allowing the number of the instruments-moments to tend infinite even if they convey ‘weak’

information (see also the discussion in Canova and Sala (2006, 2009)). This is a fast-growing

research area and Theorem 4.1 can be used towards this direction, however, the estimation of the

structural parameter vector proposed in this study relies on a finite set of moments-conditions

with significant information.

The next lemma establishes the properties of D̂R(k;h;θ) and D̂R
∗
(k;h;θ) when the number of

impulse responses is fixed – k (1≤ k ≤ h) – and the number of VAR lags – h – tends to infinite

Lemma 4.1 Let Assumption 4.1 hold, k is fixed (1≤ k ≤ h), h→ ∞, ∑
∞

i=1 ‖Ai‖(1+η)i < ∞ and:

1. if h3/2

T 1/2 → 0 then
√

T PDR (k;h;θ)−1 D̂R(k;h;θ)
D→ N

(
0kdy2×1, Ikdy2

)
(20)

2. if h7/2

T 1/2 → 0 then
√

T PDR (k;h;θ)−1 D̂R
∗
(k;h;θ)

D→ N
(
0kdy2×1, Ikdy2

)
(21)

where PDR (k;h;θ)−1 ≡
(

Idy⊗
(

I⊗ϒ(θ)−1
)

Ψ(k;h;θ)−1
)

and Ψ(k;h;θ) is the one obtained after

replacing in Ψ(k;h) the matrices B j,h with B j,h (θ). �
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Remark 4.1 explains why the properties of D̂R(k;h;θ) and D̂R
∗
(k;h;θ) are neutral to the matrix

used to identify the VAR shocks

Remark 4.1 From the proof of Lemma 4.1 it is known that
√

T PDR (k;h;θ)−1 D̂R(k;h;θ) =
√

T PDR (k;h;θ)−1
[
b̂(k;h)−b(k;h)

]
√

T PDR (k;h;θ)−1 D̂R
∗
(k;h;θ) =

√
T PDR (k;h;θ)−1

[
b̂∗ (k;h)− b̂(k;h)

]
where

[
b̂(k;h)−b(k;h)

]
and

[
b̂∗ (k;h)− b̂(k;h)

]
are the reduced-form IRFs and

PDR (k;h;θ)−1 = O(1) is a constant matrix. The methodology used to identify the VAR shocks

does not affect the behaviour of D̂R(k;h;θ) and D̂R
∗
(k;h;θ) since they solely depend on the

properties of
√

T
[
b̂(k;h)−b(k;h)

]
and
√

T
[
b̂∗ (k;h)− b̂(k;h)

]
, respectively. This further

implies that the DSGE parameter vector estimates are unaffected by the matrix used to identify

the VAR shocks. �

This does not rule out the possibility that some schemes deliver less biased estimates than others.

Actually, the one proposed here – for reasons explained in the following section – aims to

eliminate the bias rising from the identification of the VAR shocks.

The distribution of the reduced-form error variance-covariance matrix under the working

hypothesis – Assumption 4.1 – is given by the following lemma

Lemma 4.2 Let Assumption 4.1 hold, h→ ∞, ∑
∞

i=1 ‖Ai‖(1+η)i < ∞ and:

1. if h3/2

T 1/2 → 0 then √
(T −h)P−1

Σ
D̂V (θ)

D→ N
(
0(dy(dy+1)/2)×1, Idy(dy+1)/2

)
(22)

2. if h7/2

T 1/2 → 0 then √
(T −h)P−1

Σ
D̂V

∗
(θ)

D→ N
(
0(dy(dy+1)/2)×1, Idy(dy+1)/2

)
(23)

where P−1
Σ
≡ 1√

2

(
D′dyDdy

)1/2 D+
dy

(
ϒ(θ)−1⊗ϒ(θ)−1

)
Ddy. �

The next theorem combines the previous two intermediate results – Lemmas 4.1 and 4.2– and

defines the properties of the entire set of moments-conditions

λ(k;h;θ)≡
(
DR(k;h;θ)′ ,DV (θ)′

)′
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used in the estimation of the structural parameter vector.

Theorem 4.2 Let Assumption 4.1 hold, k is fixed (1≤ k ≤ h), h→ ∞, ∑
∞

i=1 ‖Ai‖(1+η)i < ∞

and:

1. if h3/2

T 1/2 → 0 then
√

T Pλ (k;h;θ)−1
λ̂(k;h;θ)

D→ N
(
0(kdy2+(dy(dy+1)/2))×1, Ikdy2+(dy(dy+1)/2)

)
(24)

2. if h7/2

T 1/2 → 0 then
√

T Pλ (k;h;θ)−1
λ̂
∗
(k;h;θ)

D→ N
(
0(kdy2+(dy(dy+1)/2))×1, Ikdy2+(dy(dy+1)/2)

)
(25)

where Pλ (k;h;θ)−1 =

 PDR (k;h;θ)−1 0kdy2×(dy(dy+1)/2)

0(dy(dy+1)/2)×kdy2 P−1
Σ

,

λ̂(k;h;θ) =
(

D̂R(k;h;θ)′ , D̂V (θ)′
)′

and λ̂
∗
(k;h;θ) =

(
D̂R
∗
(k;h;θ)′ , D̂V

∗
(θ)′
)′

. �

The following remark explains why the IR matching estimators in the literature can be

considered as a special case of the one discussed here.

Remark 4.2 λ(k;h;θ) can be viewed as the maximum set of conditions that can be used for the

estimation of the DSGE parameter vector. Existing DSGE estimators usually rely on smaller

subset of moments, say Sλ(k;h;θ), where S is a constant selection matrix of ones and zeros. The

properties of Sλ̂(k;h;θ) and Sλ̂
∗
(k;h;θ) can be derived using Theorem 4.2, namely

√
T SPλ (k;h;θ)−1

λ̂(k;h;θ)
D→ N (0dS×1, IdS) (26)

√
T SPλ (k;h;θ)−1

λ̂
∗
(k;h;θ)

D→ N (0dS×1, IdS) (27)

Alternative VAR shock identification schemes can also be easily addressed in this set-up. The

only place where the identification matrix enters is

PDR (k;h;θ)−1 ≡
(

Idy⊗
(

I⊗ϒ(θ)−1
)

Ψ(k;h;θ)−1
)

(28)

meaning that the user just needs to replace ϒ(θ) with her preferred identification matrix and

Theorem 4.2 continues to hold. �

The reasons why the DSGE implied VAR shock identification matrix has been used in this study

are now going to be discussed.
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4.1 VAR shock identification

Although VAR shock identification is a highly controversial and unresolved issue, recent studies

seem to favour some schemes and to object others. The most popular way of recovering the

structural disturbances from the VAR residuals is through a set of recursive restrictions; known as

‘Cholesky’ identification. However, most of the DSGE models – like the one described in

Section 7.1 – are not consistent with these assumptions and from the work of Carlstrom, Fuerst

and Paustian (2009) it is known that these restrictions can severely distort the IRF if they are not

consistent with the true DGP. Some researchers go a step further and make additional timing

assumptions – consumption and pricing decisions are made prior to the realisation of the

monetary shock (Rotemberg and Woodford (1998); Christiano et al (2005)) – which are not only

ad hoc but also not enough to identify a large number of shocks.

Recent applied studies seem to favour the identification scheme known as ‘sign restrictions’

(Uhlig (2005); Canova and Nicolo (2002)), where structural shocks are recovered using the sign

of the responses. For example, the monetary policy shock simultaneously rises the nominal

interest rate and lowers output and inflation. However, as it is illustrated by Uhlig (2005) and it is

further discussed by Fry and Pagan (2007), this matrix is not unique. Uhlig (2005) recommends

the use of a penalty function that delivers the unique matrix in the metric space defined by the

norm, however, the selection of this loss function remains arbitrary.

Liu and Theodoridis (2010) illustrate how this penalty function can be theoretically motivated.

They use both qualitative and quantitative DSGE restrictions to select the unique identification

matrix that minimises the distance between the VAR identified first period responses and the one

implied by the DSGE model. In the present study this matrix comes for free once a consistent

estimate of the structural parameter vector is obtained. To see this notice that for θ̂−θ
P→ 0dθ×1

and θ̂
∗
−θ

P→ 0dθ×1, the Continuous Mapping Theorem (Davidson (1994)) and Assumption 4.1

ensure that

ϒ

(
θ̂

)
−ϒ(θ)

P→ 0du×du =⇒ ϒ

(
θ̂

)
ϒ

(
θ̂

)′
−Σu

P→ 0du×du (29)

ϒ

(
θ̂
∗)
−ϒ(θ)

P→ 0du×du =⇒ ϒ

(
θ̂
∗)

ϒ

(
θ̂
∗)′
−Σu

P→ 0du×du (30)

This implies that the identification of the VAR shocks and the estimation of the DSGE model

take place simultaneously.
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Additionally, from the work of Erceg et al (2005) it is known that the IRF bias of the SVAR

model relative to the true DGP can be categorised into three components:

SVAR bias = R bias+A bias+Truncation bias (31)

The first part, the ‘R bias’ , reflects the small-sample error in estimating the reduced-form

moving average terms, the second part, referred to, as the ‘A bias’ reflects the error associated

with transforming the reduced-form into its structural form by imposing certain identifying

restrictions and, lastly, the ‘Truncation bias’ that arises because a finite-ordered VAR (h < ∞) is

chosen to approximate the true dynamics implied by the model. By imposing the structural

identification matrix the ‘A bias’ drops out from the above equation. To understand this, consider

the identification matrix ϒ, which has been derived using one of the standard methodologies

mentioned in this section. In this case ϒ is a function of the reduced-form error

variance-covariance matrix
ϒ = φ(Σv) (32)

However, this mapping is not unique, meaning that there exists an infinite number of such φ that

actually satisfies (32). Since there is no obvious way to choose the unique mapping that it is

consistent with the DSGE model, it is very likely to end up with non-zero ‘A bias’. Our

identification procedure goes around this problem as the shock loading matrix – ϒ(θ) – is

actually estimated under the constraint that ϒ(θ)ϒ(θ)′−Σu = 0du×du. Finally, Assumption 4.1

ensures that this matrix – indexed by θ – is unique.

5 Structural estimation

This section derives the asymptotic properties of the estimates θ̂ and θ̂
∗

of the structural

parameter vector θ that result from the following minimisation problems

θ̂ = argmin Q̂(k;h;θ)′ Q̂(k;h;θ) (33)

θ̂
∗

= arg
′

min Q̂∗ (k;h;θ) Q̂∗ (k;h;θ) (34)

where Q̂(k;h;θ) = Pλ (k;h;θ)−1
λ̂(k;h;θ) and Q̂∗ (k;h;θ) = Pλ (k;h;θ)−1

λ̂
∗
(k;h;θ).

The first theorem establishes that both estimates are consistent, in other words, θ̂ and θ̂
∗

converge

to the true limit θ.

Theorem 5.1 (Consistency) Assume that:
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1. The conditions of Theorem 4.2 are satisfied

2. Θ is a compact subspace of Rdθ

3. Q(k;h; ·) is continuous in a neighbourhood of θ ∈Θ

4. The rank of ∇θQ(k;h;θ) equals the dimension of θ and it is constant in a neighbourhood of θ

5. The dimension of Q(k;h;θ) is greater than or equal to the dimension of θ

6. There exists α > 0 and M̂ = OP (1) such that for all θ̃,θ′ ∈Θ∣∣∣∣∥∥∥Q̂
(
k;h; θ̃

)∥∥∥2
−
∥∥∥Q̂(k;h;θ

′)
∥∥∥2
∣∣∣∣ ≤ M̂

∥∥θ̃−θ
′∥∥α (35)∣∣∣∣∥∥∥Q̂∗

(
k;h; θ̃

)∥∥∥2
−
∥∥∥Q̂∗ (k;h;θ

′)
∥∥∥2
∣∣∣∣ ≤ M̂

∥∥θ̃−θ
′∥∥α (36)

• If h3/2

T 1/2 → 0 then

θ̂−θ
P→ 0dθ×1 (37)

• If h7/2

T 1/2 → 0 then

θ̂
∗
− θ̂

P→ 0dθ×1 (38)

�

As it is explained in Appendix B the proof is achieved by verifying the conditions of Theorem

2.1 of Newey and McFadden (1986, page 2,121). Briefly, Assumption 4.1 and the fourth

condition of Theorem 5.1 ensure that
∥∥∥Pλ (k;h; ·)−1

λ(k;h; ·)
∥∥∥2

has a unique zero minimum at θ.

The fourth condition implies that the eigenvalues of the ∇θQ(k;h;θ)′∇θQ(k;h;θ) matrix – the

inverse asymptotic variance-covariance matrix of θ̂ and θ̂
∗

– are positive and away from zero,

meaning that the moments used for the estimation convey significant information eliminating the

possibility of ‘weak instruments’ (Canova and Sala (2006, 2009)). The fifth requirement of

Theorem 5.1 is the identification condition, however, as it is discussed by Newey and McFadden

(1986) and Iskrev (2010), since Pλ (k;h; ·)−1
λ(k;h; ·) is a non-linear function of θ, this

requirement is only useful – necessary condition – for local identification and nothing can be said
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about global minimum. The second set of conditions – compactness of the structural parameter

space, continuity of objective function and the Lipstick Conditions ((35) and (36)) – are required

to ensure uniform convergence.

The next theorem defines the asymptotic distribution of
√

T
(

θ̂−θ

)
and
√

T
(

θ̂
∗
− θ̂

)
.

Theorem 5.2 (Normality) Assume that:

1. The conditions of Theorem 5.1 are satisfied

2. Q̂(k;h; ·) and Q̂∗ (k;h; ·) are continuously differentiable in a neighbourhood of θ ∈Θ

3. ∇θQ̂(k;h; ·) and ∇θQ̂∗ (k;h; ·) are continuous at θ and

sup
θ̃∈Θ

∥∥∥∇θQ̂
(
k;h; θ̃

)
−∇θQ

(
k;h; θ̃

)∥∥∥ P→ 0 (39)

sup
θ̃∈Θ

∥∥∥∇θQ̂∗
(
k;h; θ̃

)
−∇θQ∗

(
k;h; θ̃

)∥∥∥ P→ 0 (40)

4. ∇θQ(k;h;θ) has full column rank

• if h3/2

T 1/2 → 0 then
√

T
(

θ̂−θ

)
D→ N (0dθ,Σθ) (41)

• if h7/2

T 1/2 → 0 then
√

T
(

θ̂
∗
− θ̂

)
D→ N (0dθ,Σθ) (42)

�

From the work of Hansen (1982) and Newey and McFadden (1986) it is known that if the

weighting matrix is the inverse of the asymptotic variance-covariance matrix of the moment

vector then the resulting estimator is an optimal one.

Theorem 5.3 (Efficiency) Assume that the conditions of Theorem 5.2 are satisfied. Then θ̂ and

θ̂
∗

are asymptotically efficient. �
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5.1 Selecting k

Since only a finite set of moments is used for the estimation of the structural parameter vector,

the question that naturally arises is how the number of the IRF periods is selected. This choice

can be data driven, for instance, Hall, Inoue, Nason and Rossi (2007) propose a methodology

where the optimal k minimises the variance of the estimated vector (see Jorda and Kozicki (2011)

for an application), however, this is computationally demanding in our case.

We know from the discussion so far that k cannot exceed h, meaning that the number of IRF

periods can be simply set equal to the number of VAR lags and the question then becomes how h

is selected. Moreover, the choice of h must obey a certain rule – h = o
(

T
1
m

)
, where m = 3,7 – in

order to preserve the validity of the above results. A rule of thumb that satisfies this requirement

is to set h equal to T
1

m+η , where η is the smallest positive number that delivers the integer closest

to T
1
m .

According to Lutkepohl (2007, Section 15.3.2) the condition h = o
(

T
1
m

)
is an asymptotic one,

meaning that the actual choice of h in finite samples is still an open question. Lutkepohl relies on

the Akaike Information Criterion to decide about the order of the VAR and the study of

Kuersteiner (2005) provides the theoretical validation of this procedure.

Both approaches are implemented in the simulations below.

6 Model evaluation

A common DSGE evaluation exercise is to compare the structural responses with those obtained

by identified VAR models. The assessment is entirely subjective and it relies on qualitative

characteristics – sign, size and shape. Alternatively, researchers informally investigate whether

DSGE responses lie inside the 95% confidence interval of the SVAR estimated IRFs (Christiano

et al (2005, 2006, 2010b)).

The statistic proposed in this section goes beyond these approaches and formally assesses

whether the DSGE responses are statistically different from those observed in the data. Since

there is no shock identification bias – Section 4.1 – the statistic proposed here can be viewed as a
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dynamic fit criterion that takes into account the statistical variation (Vuong (1989); Rivers and

Vuong (2002)). In other words, given the shock identification matrix, R̂(h;θ;T ) captures the

dynamics on the data while R̂(k;h;θ;M ) illustrates what happens to these dynamics once

model’s cross-equation restrictions are imposed. In other words, the minimised norms∥∥∥Q̂
(

k;h; θ̂

)∥∥∥2
and

∥∥∥∥Q̂∗
(

k;h; θ̂
∗)2
∥∥∥∥2

illustrate the gap between the theory and the data and,

consequently, can be used to rank competing DSGE models.

The following theorem describes the asymptotic properties of these statistics

Theorem 6.1 Assume that the conditions of Theorem 5.2 are satisfied, then if:

• h3/2

T 1/2 → 0 then

T AV T
(

k;h; θ̂

)
D→ χ

2
(kdy2+0.5dy(dy+1)−dθ) (43)

• h7/2

T 1/2 → 0 then

T AV T
(

k;h; θ̂
∗) D→ χ

2
(kdy2+0.5dy(dy+1)−dθ) (44)

where AV T
(

k;h; θ̂

)
≡ Q̂

(
k;h; θ̂

)′
Q̂
(

k;h; θ̂

)
and

AV T
(

k;h; θ̂
∗)
≡ Q̂∗

(
k;h; θ̂

∗)′
Q̂∗
(

k;h; θ̂
∗)

. �

7 Monte Carlo simulations

For studying the small-sample properties of the quantities discussed in previous section, we need

a DGP. In order to be able to draw some confidence about the reality of these results we use a

medium-scale DSGE model developed by Smets and Wouters (2007).

7.1 The model

To make the paper self-contained, this subsection briefly discusses some of the key linearised

equilibrium conditions.9 All the variables are expressed as log deviations from their steady-state

values, Et is the expectation formed at time t, ‘−’ denotes the steady-state values and shocks – ωi
t

– are assumed to be normally distributed with zero mean and unit standard deviation.

9Readers who are interested in agents’ decision problems are recommended to consult the references mentioned above directly.
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The demand side of the economy consists of consumption (ct), investment (it), capital utilisation

(zt) and government spending ε
g
t = ρgε

g
t−1 +σgω

g
t , which is assumed to be exogenous. The

market clearing condition is given by

yt = cyct + iyit + zyzt + ε
g
t (45)

where yt denotes the total output and Table A provides a full description of the model’s

parameters and their prior moments. The consumption Euler equation is given by

ct =
λ

1+λ
ct−1 +

1
1+λ

Etct+1 +
(1−σC)

(
W̄ hL̄|C̄

)
σC (1+λ)

(Et lt+1− lt)

− 1−λ

σC (1+λ)

(
rt−Etπt+1 + ε

b
t

)
(46)

where lt is the average hours worked, rt is the nominal interest rate, πt is the rate of inflation and

εb
t = ρgεb

t−1 +σgωb
t is the risk premium shock. If the degree of habits is zero (λ = 0), equation

(46) reduces to the standard forward-looking consumption Euler equation. The linearised

investment equation is given by

it =
1

1+β
it−1 +

β

1+β
Et it+1 +

1
(1+β)S′′

qt + ε
i
t (47)

where it denotes the investment and qt is the real value of existing capital stock (Tobin’s Q). The

sensitivity of investment to real value of the existing capital stock depends on the parameter S′′

(Christiano et al (2005)). The corresponding arbitrage equation for the value of capital is given

by

qt = β(1−δ)Etqt+1 +(1−β(1−δ))Etrk
t+1−

(
rt−Etπt+1 + ε

b
t

)
(48)

where rk
t =−(kt− lt)+wt denotes the real rental rate of capital and is negatively related to the

capital-labour ratio and positively to the real wage.

On the supply side of the economy, the aggregate production function is defined as

yt = φp (αks
t +(1−α) lt + ε

a
t ) (49)

where ks
t represents capital services which is a linear function of lagged installed capital (kt−1)

and the degree of capital utilisation, ks
t = kt−1 + zt . On the other hand, capital utilisation is

proportional to the real rental rate of capital, zt =
1−ψ

ψ
rk

t . The total factor of productivity follows

an AR(1) process, εa
t = ρgεa

t−1 +σgωa
t . The accumulation process of installed capital is simply

described as

kt = (1−δ)kt−1 +δit +(1+β)δS′′εi
t (50)
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where the investment shock, εi
t = ρiε

i
t−1 +σiω

i
t , increases the stock of capital in the economy

exogenously. Monopolistic competition within the production sector and Calvo-pricing

constraints gives the following New Keynesian Phillips Curve for inflation

πt =
ip

1+βip
πt−1 +

β

1+βip
Etπt+1 +

1
(1+βip)

(
1−βξp

)(
1−ξp

)(
ξp

((
φp−1

)
εp +1

))mct (51)

where mct = αrk
t +(1−a)wt −εa

t is the marginal cost of production. Monopolistic competition

in the labour market also gives rise to a similar wage New Keynesian Phillips Curve

wt =
1

1+β
wt−1 +

β

1+β
(Etwt+1 +Etπt+1)−

1+βiw

1+β
πt +

iw

1+β
πt−1

+
1

1+β

(1−βξw)(1−ξw)

(ξw ((φw−1)εw +1))
µw

t (52)

where µw
t =

(
σllt + 1

1−λ
(ct−λct−1)

)
−wt is the households’ marginal benefit of supplying an

extra unit of labour service.

Finally, the monetary authority is assumed to set the nominal interest rate according to the

following Taylor-type rule

rt = ρrt−1 +(1−ρ)(rππt + ryyt)+ ε
r
t (53)

where εr
t = ρrε

r
t−1 +σrω

r
t is the monetary policy shock.

In this economy it is assumed that only real output, real consumption, real investment, inflation

and nominal interest rates are observed.

7.2 VAR quantities

Using the model described in the previous section as the true DGP, this subsection investigates

the small-sample properties of
√

T D̂R(k;h;θ),
√

T D̂R
∗
(k;h;θ),

√
(T −h)D̂V (θ) and√

(T −h)D̂V
∗
(θ). The simulation details are provided in Section A.

The small-sample distribution of
√

T D̂R(k,h;θ) &
√

T D̂R
∗
(k,h;θ)

The size of the pseudo sample has been set equal to 200 observations, implying that h cannot

exceed 5. Charts 3–5 compare the small-sample distribution of
√

T D̂R(k;h;θ) (black lines) –
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summarised by the mean (solid line) and the 95% pointwise confidence interval10 (dashed lines)

– against the one implied by the asymptotic theory (red lines), as k approaches the upper limit –

k = 3,4 and 5. In absence of shock identification bias, the approximation provided by the

asymptotic theory in small-samples is highly accurate.

The next experiment investigates whether the asymptotic theory continues to perform so well in

small-samples when the lag limit – h = o
(

T
1
3

)
– is not preserved. Chart 6 illustrates that even

when k and h are set equal to twelve – well above the upper limit – the approximation remains

very precise.

When bootstrapping techniques are used to approximate the distribution of
√

T D̂R
∗
(k,h;θ) the

lag limit imposed by the theory is tighter, h≤ 2≈ T
1
7 . Charts 7 and 8 – where k = h = 2 and

k = h = 12, respectively – show again that the small-sample properties of
√

T D̂R
∗
(k,h;θ) are not

very different from those predicted by Lemma 4.1 and this seems to be independent from the lag

choice.

The small-sample distribution of
√
(T −h)D̂V (θ) &

√
(T −h)D̂V

∗
(θ)

Tables E and D report the small-sample moments – mean and standard deviation – of√
(T −h)D̂V (θ) and

√
(T −h)D̂V

∗
(θ), respectively, against those implied by the true DGP.

Both tables seem to indicate that a low order VAR – h = 1 or 2 – delivers fairly accurate

estimates about both moments. However, in contrast to the previous exercise, as h approaches the

upper limit the bias for both moments increases, meaning that these estimates are not robust to

different VAR order choices. For example, the rule of thumb discussed in Section 5.1 – h = T
1

m+η

– delivers the most biased estimates, while Chart 9 shows that after 5,000 replications the Akaike

Information Criterion unquestionably prefers the VAR specification that leads to the least biased

estimates.11

10See Jorda (2009) for a methodology of constructing multivariate impulse response confidence bands.
11Given Tables E and D and the formula for the Akaike Information Criterion – AIC (h) = log |Σv|+ 2hdy2

T – this should not surprise us.
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7.3 Structural estimation

We now investigate how the structural parameter estimates perform in samples with limited

number of observations. Making this exercise more interesting and, consequently, more

convincing, the proposed estimator – denoted as OMDE – is assessed against four widely used

DSGE estimators.

The first one – MDE – is the non-efficient version – Pλ (k;h;θ)−1 = Idλ – of OMDE, which is

perhaps the most common IR matching estimator in the literature. Motivated by the studies of

Canova and Sala (2006, 2009), OMDE is compared against three full-information estimators.

The classical maximum likelihood – MLE – and two Bayesian ML estimators, one with priors

centred around the true values – BE-I – and one with prior means different from θ – BE.12 BE

captures the recent trend in the DSGE modelling literature where structural models are

mechanically estimated using these techniques. On the contrary, BE-I is the limit case of the

situation where researchers do actually spend some time to think about these priors and carefully

calibrate their moments.

As it was discussed earlier the present study employs two approaches to decide about k, a rule of

thumb, k = h = T
1

m+η , and the Akaike Information Criterion. The following notation,

OMDE-AIC and MDE-AIC, is used to distinguish the IR matching estimators where k is selected

using the second approach from those – OMDE and MDE – that rely on the first one.

The full details of the simulations are described in Appendix A. Briefly, the model discussed in

Section 7.1 and the fifth column of Table A have been used as the true DGP. The structural model

is estimated using all five estimators 1,000 times and the tables discussed below capture the

information about these exercises. Every section – an area between two vertical lines – in these

tables consists of three columns:

• Median is the estimated vector θ̂ j, where j = 1, ...,1000, that it is closest to the mean of all

these 1000 estimated vectors, Median = min
∥∥∥θ̂ j− 1

1000 ∑
1000
j=1 θ̂ j

∥∥∥
12Their prior moments can be found in Table A
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• Bias is the absolute difference between the Median and the true parameter vector,

Bias = |Median−θ|

• STD is the standard deviations of the estimated parameters calculated using the sample of

these 1000 estimators, ST D = diag

([
1

1000 ∑
1000
j=1

(
θ̂ j− 1

1000 ∑
1000
j=1 θ̂ j

)(
θ̂ j− 1

1000 ∑
1000
j=1 θ̂ j

)′]1/2
)

.

This way of calculating estimation uncertainty is adopted in order to make these quantities

comparable across all estimates both classical and Bayesian.

Finally, the last two rows report the average and total bias as well as the average and total

uncertainty.

As it is explained by White (1994, Chapter 7) the mean squared error metric

E
(

θ̂−θ

)2
≈ E

(
θ̂−Median

)2
+E (Median−θ)2

≈ ST D2 +Bias2

can be used to measure the ‘goodness’ of each consistent estimator. The present study adopts this

criterion to assess the performance of the competing estimators.

Comparing estimators

Tables G-K illustrate what happens to all estimators as the sample size increases – T = 100,200

and 500 – and Charts 10 and 11 graphically summarise this excess information. Moreover, the

Akaike Information Criterion almost always – from 92% to 98% – chooses the VAR(2) as the

best time-series description of the data independently of the sample size.

MDE and MDE-AIC

Chart 10 reveals that MDE is the worst-performing estimator both in terms of bias and efficiency,

while the behaviour of MDE-AIC is much more acceptable. Moreover, for long samples,

MDE-AIC’s measure of goodness does not seem very different from those achieved by the

best-performing estimators. On the other hand, we see – Chart 11 – that OMDE and OMDE-AIC

display a very similar fit and the question that immediately arises is what makes OMDE (MDE)

estimator so robust (sensitive) to different k choices? The answer is the optimal weighting

Working Paper No. 439 October 2011 29



matrix. In the case of MDE the information of the additional instruments – 50, 75 and 125 –

employed for the estimation of θ is not properly weighted. Since OMDE and OMDE-AIC

perform remarkably well both in small and large samples and their overall measure of goodness

is not very different, we can draw our first conclusions:

1. The use of the optimal weighting matrix makes OMDE robust to different k choices

2. When MDE is used for the estimation of θ then a small number of instruments should be

preferred.

7.3.1 The finite sample estimate of the Cramer-Rao lower bound

From Tables G-I and the uncertainty subplot of Chart 10, we can see that the most efficient

estimator is MLE and this is true for all sample sizes. Since the sum of all parameters’ standard

deviations measures the trace of the estimated variance-covariance matrix of θ̂ and this does not

seem to vary with the sample size, it can be concluded that the latter estimate has converged to

the Fisher information matrix. On the other hand, it is also well known that, under some

regularity conditions, an estimator achieving the Cramer-Rao lower bound must be the ML

estimator (for instance, see the discussion in White (1994, Chapter 7)). Combining these two

features, we can loosely think the red line in this graph as the finite sample estimate of the above

bound. It appears from the same picture that all – both limited and full-information – estimators

converge, some of them faster than others, to this bound which seems to justify why Canova and

Sala (2006, 2009) call estimators like OMDE and MDE full-information ones.13

From Charts 10 and 11 we can see that:

1. The use of the optimal weighting matrix decreases the estimation uncertainty; OMDE and

OMDE-AIC are much more efficient than MDE and MDE-AIC

2. Although the additional instrument used for the estimation of θ are optimally weighted, they

do add some noise to the estimation. Similarly, the use of prior information increases the

estimation uncertainty.

13OMDE-AIC appears in this graph to be more efficient than MLE, this is due to numerical reasons – 0.09.
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BE and BE-I

MLE and BE-I converge to θ monotonically, however, this happens much faster for MLE –

steeper slope – than BE-I. The following highly stylised example will help us to understand why

this is the case. Consider the following linear regression model

yt = γxt +σωωt (54)

where γ and σω have conjugate – normal-inverse gamma – priors, meaning that their posterior

distributions have analytic forms (Koop (2003, Chapters 2 and 3)). Focusing on γ, we know that

its posterior distribution is normal and the mean is given by

γ̃ =

1
σγ̄

1
σγ̄
+ 1

σ̂γ̂

γ̄+

1
σ̂γ̂

1
σγ̄
+ 1

σ̂γ̂

γ̂ (55)

where γ̄ is the prior mean, γ̂ is the MLE-OLS estimator, σγ̄ is the prior uncertainty regarding γ̄

and σ̂γ̂ is the estimation uncertainty about γ̂, which is function of T . Assume now that

γ̄ = γ+κ (56)

γ̂ = γ+δ(T ) (57)

The term δ(T ) denotes the MLE small-sample bias – a decreasing function of T –, while κ

captures the prior specification bias.

When κ is equal to zero – BE-I – the bias for the posterior mean is given by

γ̃− γ =

1
σ̂γ̂

1
σγ̄
+ 1

σ̂γ̂

δ(T ) (58)

Since 1
σγ̄

is greater than zero, the term
1

σ̂γ̂

1
σγ̄
+ 1

σ̂γ̂

is less than one, implying that γ̃ converges to γ

slower than γ̂ does
∂(γ̃− γ)

∂T
<

∂(γ̂− γ)

∂T
(59)

and this is true because the posterior estimator always attaches some weights to prior information.

When κ is different than zero – BE – then the bias is given by

γ̃− γ =

1
σγ̄

1
σγ̄
+ 1

σ̂γ̂

κ+

1
σ̂γ̂

1
σγ̄
+ 1

σ̂γ̂

δ(T ) (60)
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In this case there is an additional term
1

σγ̄

1
σγ̄
+ 1

σ̂γ̂

κ, although this disappears as the sample size

increases – T → ∞, 1
σ̂γ̂

→ ∞ and
1

σγ̄

1
σγ̄
+ 1

σ̂γ̂

→ 0 – this depends on how quickly
1

σγ̄

1
σγ̄
+ 1

σ̂γ̂

approaches to

zero.

Expression (60) is very interesting, since it illustrates how the priors can be used to ‘drive’ the

results. To be more explicit, the second right-hand term is almost out of modeller’s control,14

however, κ is directly selected by the econometrician, meaning that it can be used to deliver – in

small samples – the desired results. This conclusion, which also arises from the work of Canova

and Sala (2006, 2009), seems consistent with the first subplot of Chart 11, where the BE bias

(red) line appears to be almost parallel to the MLE (green) one.

One powerful feature of the Bayesian methodology is the ability to influence the results. Readers

should not forget that DSGE models are misspecified and pure ML techniques may either deliver

estimates that cannot be easily justified by the economic theory or even fail to produce them.

However, as is recommended by Canova and Sala (2006, 2009), users must always be in position

to know which part of the estimation outcome is due to data information and which one is due to

calibration. Unfortunately, θ is unknown, meaning that this decomposition is not an obvious task.

OMDE and OMDE-AIC

It was discussed above that priors are used either to deliver theory plausible estimates or to

smooth the likelihood function avoiding minimisation failures. However, Monte-Carlo evidences

illustrate that priors must be carefully calibrated to avoid influencing the results in a manner that

is not at all obvious. This would require an enormous amount of time and effort and the user

probably needs to study data characteristics – such as moments, impulse responses, etc. – in

order to decide about these hyperparameters.

Chart 11 illustrates that this would not be the optimal modelling strategy. Both OMDE and

OMDE-AIC deliver estimates with small-sample properties that are comparable – if not better –

with those obtained in the unrealistic situation where priors are centred around θ. For instance,

when T = 100 OMDE is only marginally more biased than BE-I, while this difference is greater

14σγ̄ is in principal a control variable, however, it would extremely hard in a multivariate framework to use the prior variance of the
parameter vector to ‘drive’ the results to certain directions.
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in the OMDE-AIC case. However, as the sample increases both efficient IR matching estimators

outperform BE-I. In terms of uncertainty, BE-I is always more efficient than OMDE, however,

OMDE-AIC seems to converge faster to the Cramer-Rao lower bound than BE-I does.

The question that arises is what makes OMDE and OMDE-AIC perform so well in small

samples? This does not have an easy answer and it definitely requires additional work, however,

the objective function could be a candidate explanation. From the proof of Theorem 5.2 we know

that √
T
(

θ̂−θ

)
=−

[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1
∇θQ(k;h;θ)′

√
T Q̂(k;h;θ)

while MLE is given by
√

T
(

θ̂
MLE
−θ

)
=−∇

2
θ
L(yt ;θ)−1√T ∇θL(yt ;θ)

where ∇
2
θ
L(yt ;θ) is the Hessian matrix of the likelihood and ∇θL(yt ;θ) denotes the scores

vector.15

It is not hard to see that
(

θ̂−θ

)
has a least square form and lower mean squared score – Chart

11 – implies that Q̂(k;h;θ) captures better-quality information – at least in small samples. If this

is the case then this superiority should be reflected on ∇θQ(k;h;θ)′∇θQ(k;h;θ) and comparing

this against ∇
2
θ
L(yt ;θ) we should be able to infer whether the IRF matching function more

accurately summarises data characteristics in small samples. The work of Iskrev (2010) offers an

informal way to assess this, however, no statistical procedures have been developed yet.

Bootstrapped OMDE

Another advantage of using Bayesian methods is the posterior – small-sample – distribution of

the structural parameter vector. This can be used to construct the posterior distribution of any

smooth function of θ – such as moments and statistics of interest – allowing researchers to make

probabilistic statements about these quantities. The bootstrapped IR matching estimator

proposed in this study can be used for the same purposes. For example, Charts 13-15 illustrate

the bootstrapped distributions – summarised by the mean and the 95% pointwise confidence

interval – of model’s responses to structural disturbances, observable vector’s correlation

moments and observable vector’s forecasts.

15These are the expressions used by the minimisation algorithm to deliver θ̂ and θ̂
MLE

.
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For this simulation the sample size has been set equal to 200 observations, the number of

bootstrap replications is equal to 499 and the whole exercise is repeated 1,000 times.16 Table F

summarises the small-sample properties of the bootstrapped structural estimates and, as it is

predicted by the theory, they are very similar with those discussed earlier. Further graphical

evidences in favourite of the proposed resampling estimator are provided by Charts 13 and 14,

where it can be seen that the bootstrapped estimated mean of model’s impulse responses and

correlation moments almost coincide with the population ones.

7.4 Model evaluation

The quality of the approximation provided by the asymptotic theory regarding the AV T -statistic

is evaluated by comparing the estimated size of the test statistic with the optimal one which is

equal to 0.05.

Table B reports these quantities – calculated using OMDE – for different sample sizes. Although,

there are some important distortions when the number of observations is small, these seem to

dissipate quickly and the estimated size converges to the optimal one. However, as it is illustrated

by the next table – Table C – these results are not robust to different k choices.

It is known from Theorem 6.1 that this difficulty – small-sample size distortions – can potentially

be overcome using resampling techniques – expression (44). Fortunately, the bootstrapping

exercise described earlier confirms this. Chart 12 shows that the bootstrapped critical value in

this case is significantly smaller than the one predicted by the asymptotic theory and the number

of times of incorrectly rejecting the null hypothesis approaches the optimal one.

8 Conclusion

This study develops and assesses the asymptotic properties of the existing IR matching DSGE

estimators. This is achieved by proposing an efficient minimum distance IR estimator that

encompasses those in the literature. Motivated by the work of Canova and Sala (2006, 2009), the

proposed estimator uses all the available moments instruments, is asymptotically consistent,

16This is an extremely computationally expensive exercise – the details can be found in Appendix A – and this is the reason why it has
not been repeated for different sample sizes and VAR lag orders.
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normally distributed, efficient and the optimal weighting matrix is analytically derived. The

identification of the VAR shocks and the estimation of the DSGE model take place

simultaneously and it is this feature that makes the weighting matrix continuously updating. The

latter property and Theorem 4.1, which allows the number of instruments to tend to infinity, can

be used to derive theoretical results for structural estimators that are robust to ‘weak’

identification issues. A formal J -type statistic that can be used to test whether DSGE responses

are statistically different from those observed in the data is also introduced here. The study

proceeds even further, it develops and tests the theory of the bootstrapped version of the proposed

estimator and statistic. Christiano et al (2010a,b) have recently introduced a Laplace or

quasi-Bayesian IR matching estimator and the results presented here combined with those

developed by Chernozhukov and Hong (2003) can be used to theoretically validate this estimator.

A medium-scale DSGE model – Smets and Wouters (2007) – has been used in the simulation

exercises and the proposed estimator is compared against modern – Bayesian maximum

likelihood – and less modern – maximum likelihood and non-efficient IR matching – DSGE

estimators. The Monte Carlo evidences are very encouraging for the estimator discussed here as

its performance in small samples is comparable – if not better – with that obtained using Bayesian

techniques with priors centred around the true parameter vector. It is also shown that as the

sample size increases the efficient IR matching estimator approaches the finite sample estimated

Cramer-Rao lower bound, justifying why Canova and Sala (2006, 2009) call these estimators that

use the entire set of impulse response instruments as full-information ones. The exercises also

reveal some difficulties that arise from the mechanical use of the Bayesian methodology and they

are further discussed in the text. Finally, the small-sample properties of the dynamical fit

criterion are not robust to different choices regarding the number of impulse response periods.

Fortunately, the correct critical value can be derived using resampling techniques.
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Appendix A: Details of Monte Carlo simulations

Exercise A: VAR quantities

• Standard case:

1. Data of length equal to 200 is generated by the model described in Section 7.1

2. A VAR(h) is fitted, the reduced-form error variance-covariance matrix and the IRF are

calculated

3. The whole exercise is repeated 5,000 time and the mean and the 95% (pointwise)

confidence interval (CI) are reported

• Bootstrapping case:

1. Data of length equal to 200 is generated by the model described in Section 7.1

2. A VAR(h) is fitted

3. Based on the VAR estimates and residuals, 499 pseudo samples are generated through

resampling (see Paparoditis, 1996)

4. For each pseudo set a VAR(h) is estimated and the reduced-form error variance-covariance

matrix and the IRF are calculated

5. The mean, the 2.5% and the 97.5% (pointwise) percentiles17 are stored

6. The whole exercise is repeated 5, 000 times and the means are reported

Exercise B: Structural estimation

• Standard case

1. Data of length equal to T is simulated by the model described in Section 7.1

17Jorda (2009) proposes a better way of constructing the confidence interval.
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2. A VAR(k) is estimated

3. The DSGE model is estimated using the OMDE, MDE, ML, BML and BML-I techniques

and estimated parameter vector is stored

4. The exercise is repeated 1,000 times

5. The median, bias and the numerical standard deviations are reported

• Bootstrapping case

1. Data of length equal to T is simulated by the model described in Section 7.1

2. A VAR(k) is estimated

3. The DSGE model is estimated using the OMDE techniques

4. Given the estimated parameter vector obtained from the previous step, 499 pseudo data

sets of length equal to T are generated by the DSGE model – εt
D→ N (0dε, Idε)

5. The bootstrapped median, numerical standard deviations, 95% limit of the bootstrapped

distribution of T AV T
(

k;h; θ̂
∗)

are stored

6. The bootstrapped mean, 2.5% and 97.5% bootstrapped limits of DSGE impulse responses,

correlation-moments and forecasts are stored

7. The exercise is repeated 1,000 times

8. The means of the above stored quantities are reported
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Appendix B: Proofs

Proof of Theorem 4.1

Proof of (17):

From the expressions (11), (16) and the Assumption 4.1 it is clear that

D̂R(h;θ) = ∆(θ)
[
b̂(h)−b(h;θ;M )

]
= ∆(θ)

[
b̂(h)−b(h)

]
(B-1)

From the Theorem 3.5 of Paparoditis (1996, page 285) it is known that

√
T l (h)′

[
b̂(h)−b(h)

]
D→ N

(
0, l (h)′Σφ (h) l (h)

)
where Σφ (h)≡

(
Σ−1

u ⊗
h−1
∑
j=0

B j,hΣuB
′

m−n+ j,h

)
n,m=1,2,...,h

and l (h) is an arbitrary sequence of(
hdy2×1

)
vectors satisfying the condition 0 <C1 ≤ l (h)′ l (h)≤C2 < ∞. This implies that if

0 <C1 ≤
∥∥h−1/2l′∆(θ)

∥∥≤C2 < ∞ then√
T
k

l′D̂R(h;θ)
D→ N

(
0,k−1l′∆(θ)Σφ (h)∆(θ)′ l

)
(B-2)

In order to verify this we need the following matrix norm properties, ‖MN‖ ≤ ‖M‖‖N‖1 and

‖N‖1 ≤ ‖N‖ (see Paparoditis (1996, Appendix))∥∥h−1/2l′∆(θ)
∥∥ =

∥∥l′h−1/2 (
ϒ(θ)′⊗ Ikdy

)∥∥
≤ h−1/2 (l′l)1/2 (tr(ϒ(θ)ϒ(θ)′⊗ Ikdy

))1/2

≤ h−1/2CU
(
tr
(
ϒ(θ)ϒ(θ)′

))1/2
(tr (Ikdy))

1/2

= h−1/2CU
(
tr
(
ϒ(θ)ϒ(θ)′

))1/2
h1/2dy1/2

= CU
(
tr
(
ϒ(θ)ϒ(θ)′

))1/2
dy1/2

Clearly, 0 <CU
(
tr
(
ϒ(θ)ϒ(θ)′

))1/2
dy1/2 < ∞ meaning that (B-2) holds. Based on Jorda (2009)

Σφ (h) can be rewritten as

Σφ (h) =
(
Σ
−1
u ⊗Ψ(h)(Ih⊗Σu)Ψ(h)′

)
(B-3)

The use of the Assumption 4.1 implies that

Σφ (h) =
((

ϒ(θ)ϒ(θ)′
)−1⊗Ψ(h;θ)

(
Ih⊗ϒ(θ)ϒ(θ)′

)
Ψ(h;θ)′

)
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and the following product

∆(θ)Σφ (h)∆(θ)′ =
(
ϒ(θ)′⊗ Ihdy

)
Σφ (h)(ϒ(θ)⊗ Ihdy)

=
(
Idy⊗Ψ(h;θ)

(
Ik⊗ϒ(θ)ϒ(θ)′

)
Ψ(h;θ)′

)
=

(
Idy⊗

h−1

∑
j=0

B j,h(θ)Σu (θ)Bm−n+ j,h(θ)
′

)
n,m=1,2,...,h

delivers (19), which is identical to the expression (11) of Lutkepohl and Poskitt (1991, page

494), who have used an alternative identification scheme (known as recursive or Choleski

identification).

Proof of (18):

From the definition of D̂R
∗
(h;θ) it is clear that

D̂R
∗
(h;θ) = ∆(θ)

[
b̂∗ (h)− b̂(h)

]
(B-4)

The Theorem 3.4 of Paparoditis (1996, page 285) illustrates that
√

T l (h)′
[
b̂∗ (h)− b̂(h)

]
D→ N

(
0, l (h)′Σφ (h) l (h)

)
From this point the proof of (18) is identical to the proof of (17) and, therefore, it is not repeated.

�

Proof of Lemma 4.1

Proof of (20):

From the proof of (17) it is known that

D̂R(k;h;θ) = ∆(θ)
[
b̂(k;h)−b(k;h)

]
(B-5)

Additionally, the asymptotic properties of
√

T
(

b̂(k;h)−b(k;h)
)

D→ N (0,Σφ (k;h))

are given by the Theorem 1 of Lutkepohl (1988, page 79). Based on the Assumption 4.1 and the

expresion (B-3), (B-5) can be rewritten as
√

T D̂R(k;h;θ) =
(
ϒ(θ)′⊗ Ikdy

)((
ϒ(θ)′

)−1⊗Ψ(k;h;θ)(Ik⊗ϒ(θ))
)

(
ϒ(θ)′⊗

(
I⊗ϒ(θ)−1

)
Ψ(k;h;θ)−1

)√
T
[
b̂(k;h)−b(k;h)

]
Namely,

√
T PDR (k;h;θ)−1 D̂R(k;h;θ)

=
(

ϒ(θ)′⊗
(

I⊗ϒ(θ)−1
)

Ψ(k;h;θ)−1
)√

T
[
b̂(k;h)−b(k;h)

]
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This implies that (20) arises from the fact that

(
ϒ(θ)′⊗

(
I⊗ϒ(θ)−1

)
Ψ(k,h;θ)−1

)√
T
[
b̂(k;h)−b(k;h)

]
D→ N

(
0, Ikdy2

)
and Slutsky’s Theorem.

Proof of (21):

From the proof of (18) it is known that

D̂R
∗
(k;h;θ) = ∆(θ)

[
b̂∗ (k;h)− b̂(k;h)

]
while the asymptotic properties of

√
T
[
b̂∗ (k;h)− b̂(k;h)

]
D→ N (0,Σφ (k;h))

are provided by the Theorem 3.6 of Paparoditis (1996). From this point the proof of (21) is

identical to the proof of (20) and, therefore, is not repeated. �

Proof of Lemma 4.2

From the Theorem 1 of Inoue and Lutz (2002), the Lemma 2 of Lutkepohl and Poskitt (1991)

and the Assumption 4.1 it is clear that

√
(T −h)D̂V (θ)

D→ N
(
0,2D+

dy [Σu (θ)⊗Σu (θ)]D+′
dy

)
(B-6)√

(T −h)D̂V
∗
(θ)

D→ N
(
0,2D+

dy [Σu (θ)⊗Σu (θ)]D+′
dy

)
(B-7)

However, the covariance matrix can be re-expressed as

2D+
dy [Σu (θ)⊗Σu (θ)]D+′

dy =
√

2D+
dy (ϒ(θ)⊗ϒ(θ))

√
2(ϒ(θ)⊗ϒ(θ))′D+′

dy

=
√

2D+
dy (ϒ(θ)⊗ϒ(θ))Ddy

(
D′dyDdy

)−1

D′dy

√
2(ϒ(θ)⊗ϒ(θ))′D+′

dy

=
√

2D+
dy (ϒ(θ)⊗ϒ(θ))Ddy

(
D′dyDdy

)−1/2

√
2
(
D′dyDdy

)−1/2 D′dy (ϒ(θ)⊗ϒ(θ))′D+′
dy

= PΣP′
Σ

(B-8)
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Additionally,

P−1
Σ

=
[√

2
(
D′dyDdy

)−1 D′dy (ϒ(θ)⊗ϒ(θ))Ddy
(
D′dyDdy

)−1/2
]−1

=
1√
2

(
D′dyDdy

)1/2 (D′dy (ϒ(θ)⊗ϒ(θ))Ddy
)−1 (D′dyDdy

)
=

1√
2

(
D′dyDdy

)1/2 D+
dy

(
ϒ(θ)−1⊗ϒ(θ)−1

)
D+′

dy

(
D′dyDdy

)
=

1√
2

(
D′dyDdy

)1/2 D+
dy

(
ϒ(θ)−1⊗ϒ(θ)−1

)
Ddy (B-9)

The third equality is due to equation (17) of Lutkepohl (1993, page 467). �

Proof of Theorem 4.2

From the analysis of Lutkepohl and Poskitt (1991, proof of Theorem 1, page 495) it is known

that b̂(k;h) and Σ̂v are asymptotically independent. Additionally, the studies of Paparoditis

(1996) and Inoue and Lutz (2002, proof of Theorem 1, pages 326-27) illustrate that this is also

true for b̂∗ (k;h) and Σ̂∗v . This implies that (24) and (25) arise from the use of Theorem 4.1,

Lemma 4.2 and the Cramer-Wold Theorem (see Davidson (1994, page 405)). �

Proof of Theorem 5.1

Proof of (37):

The proof is obtained by verifying the conditions of Theorem 2.1 of Newey and McFadden

(1986, page 2,121). To be precise, the requirement that the parameter space is compact is

satisfied by the second assumption, while the continuity of ‖Q(k; ·)‖2 arises from the third

assumption and the fact that the norm is also a continuous function. From the discussion that

takes place in Sections 2.2.3 and 2.2.4 of Newey and McFadden (1986, pages 2,127 and 2,128,

respectively), it is clear that the fourth assumption ensures that ‖Q(k; ·)‖2 is uniquely minimised

at θ. Theorem 4.2 and the following inequality∣∣∣Q̂(k;h; ·)′ Q̂(k; ·)−Q(k;h; ·)′Q(k;h; ·)
∣∣∣

≤
∣∣∣∣[Q̂(k;h; ·)−Q(k;h; ·)

]′ [
Q̂(k;h; ·)−Q(k;h; ·)

]∣∣∣∣+ ∣∣∣2Q(k;h; ·)′
[
Q̂(k;h; ·)−Q(k;h; ·)

]∣∣∣
≤

∥∥∥Q̂(k;h; ·)−Q(k;h; ·)
∥∥∥2

+2‖Q(k;h; ·)‖
∥∥∥Q̂(k;h; ·)−Q(k;h; ·)

∥∥∥
imply that ∣∣∣Q̂(k;h; ·)′ Q̂(k;h; ·)−Q(k;h; ·)′Q(k;h; ·)

∣∣∣ P→ 0 (B-10)
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From the Lemma 2.9 of Newey and McFadden (1986) it is known that when the latter expression

holds, the parameter space is compact, the objective function is continuous and Q̂(k;h; ·) satisfies

the Lipschitz continuity condition then

sup
θ̃∈Θ

∣∣∣Q̂(k;h; θ̃
)′

Q
(
k;h; θ̃

)
−Q

(
k;h; θ̃

)′
Q
(
k;h; θ̃

)∣∣∣ P→ 0

which is the last requirement of the Theorem 2.1 of Newey and McFadden.

Proof of (38):

Based on the same arguments it can be seen that∣∣∣Q̂∗ (k;h; ·)′ Q̂(k;h; ·)−Q(k;h; ·)′Q(k;h; ·)
∣∣∣ P→ 0

Again from Lemma 2.9 of Newey and McFadden (1986) it is known that when the conditions 2,

3 and (36) hold then

sup
θ̃∈Θ

∣∣∣Q̂∗ (k;h; θ̃
)′

Q̂∗
(
k;h; θ̃

)
−Q

(
k;h; θ̃

)′
Q
(
k;h; θ̃

)∣∣∣ P→ 0

which implies that θ̂
∗ P→ θ, however, it was shown above that θ̂

P→ θ and, consequently,

θ̂
∗
− θ̂

P→ 0dθ×1. �

Proof of Theorem 5.2

Proof of (41):

The compactness of the parameter space, the continuity property of the Q̂(k;h; ·) and Theorem

5.1 imply that with probability approaching one the first-order conditions

∇θQ̂
(

k;h; θ̂

)′
Q̂
(

k;h; θ̂

)
= 0dθ×1 (B-11)

Expanding Q̂
(

k;h; θ̂

)
around θ gives

0 = ∇θQ̂
(

k;h; θ̂

)′
Q̂(k;h;θ)+∇θQ̂

(
k;h; θ̂

)′
∇θQ

(
k;h; θ̄

)(
θ̂−θ

)
√

T
(

θ̂−θ

)
= −

[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1
∇θQ(k;h;θ)′

√
T Q̂(k;θ)

−


[

∇θQ̂
(

k;h; θ̂

)′
∇θQ̂

(
k; θ̄
)]−1

∇θQ̂
(

k;h; θ̂

)′
−
[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1
∇θQ(k;h;θ)′

√T Q̂(k;h;θ) (B-12)

where θ̄ is a mean value. From (39) it can be seen that∥∥∥∇θQ̂
(

k;h; θ̂

)
−∇θQ(k;h;θ)

∥∥∥≤ sup
θ∈Θ

∥∥∥∇θQ̂
(
k;h; θ̃

)
−∇θQ

(
k;h; θ̃

)∥∥∥ P→ 0

Similarly ∥∥∥∇θQ̂
(
k;h; θ̄

)
−∇θQ(k;h;θ)

∥∥∥≤ sup
θ∈Θ

∥∥∥∇θQ̂
(
k;h; θ̃

)
−∇θQ

(
k;h; θ̃

)∥∥∥ P→ 0
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The fourth requirement ensures that
[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1 is non-singular, which implies

that
[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1
∇θQ(k;h;θ)′ is a continuous function and from the continuous

function theorem it is obtained

√
T
(

θ̂−θ

)
=−

[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1
∇θQ(k;h;θ)′

√
T Q̂(k;h;θ)+oP (1) (B-13)

Finally, (41) arises from the fact that
[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1
∇θQ(k;h;θ)′ is O(1) ,

Theorem 5.2 and Slutsky’s Theorem.

Proof of (42):

Again the compactness of the parameter space, the continuity property of the Q̂∗ (k;h; ·) and

Theorem 5.1 imply that with probability approaching one the first-order conditions

∇θQ̂∗
(

k;h; θ̂
∗)′

Q̂∗
(

k;h; θ̂
∗)

= 0dθ×1 (B-14)

Using (40) and condition 4 it can be seen that the mean value expansion of Q̂∗
(

k;h; θ̂
∗)

around θ̂

gives

0 = ∇θQ̂∗
(

k;h; θ̂
∗)′

Q̂∗
(

k;h; θ̂

)
+∇θQ̂∗

(
k;h; θ̂

∗)′
∇θQ

(
k;h; θ̈

)(
θ̂
∗
− θ̂

)
(B-15)

where θ̈ lies in the segment between θ̂
∗

and θ̂.(
θ̂
∗
− θ̂

)
=

[
∇θQ̂∗

(
k;h; θ̂

∗)′
∇θQ

(
k;h; θ̈

)]−1

∇θQ̂∗
(

k;h; θ̂
∗)′

Q̂∗
(

k;h; θ̂

)
=

[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1
∇θQ(k;h;θ)′ Q̂∗ (k;h;θ)

+

[
∇θQ̂∗

(
k;h; θ̂

∗)′
∇θQ

(
k;h; θ̈

)]−1

∇θQ̂∗
(

k;h; θ̂
∗)′ [

Q̂∗
(

k;h; θ̂

)
− Q̂∗ (k;h;θ)

]

+


[
∇θQ(k;h;θ)′∇θQ(k;θ)

]−1
∇θQ(k;h;θ)′

−
[

∇θQ̂∗
(

k;h; θ̂
∗)′

∇θQ
(
k;h; θ̈

)]−1

∇θQ̂∗
(

k;h; θ̂
∗)
 Q̂∗ (k;h;θ)

Conditions (36) and (40) are used to show that

√
T
(

θ̂
∗
− θ̂

)
=
[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1
∇θQ(k;h;θ)′

√
T Q̂∗ (k;h;θ)+oP (1) (B-16)

From this point the rest of the proof is similar to the proof of (41). �

Proof of Theorem 5.3

This arises from Theorem 5.2 of Newey and McFadden (1986, page 2,165). �
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Proof of Theorem 6.1

Proof of (43):

Expanding
√

T Q̂
(

k;h; θ̂

)
around θ

√
T Q̂
(

k;h; θ̂

)
=
√

T Q̂(k;h;θ)+∇θQ(k;h;θ)
√

T
(

θ̂−θ

)
+oP (1)

=
√

T Q̂(k;h;θ)−∇θQ(k;h;θ)
[
∇θQ(k;h;θ)′∇θQ(k;h;θ)

]−1

∇θQ(k;h;θ)′
√

T Q̂(k;h;θ)+oP (1)
√

T Q̂
(

k;h; θ̂

)
=

(
I−∇θQ(k;h;θ)∇θQ(k;h;θ)+

)√
T Q̂(k;h;θ)+oP (1)

It is not hard to see that the matrix inside the brackets is an idempotent matrix of rank kdy2−dθ,

additionally, for Theorem 4.2 and Slutsky’s Theorem we know that
√

T Q̂
(

k;h; θ̂

)
D→ N

(
0hdy2,W

)
where

W = I−∇θQ(k;h;θ)∇θQ(k;h;θ)+

Using now the Proposition C.15(6) of Lutkepohl (2007, page 693) we obtain (43).

Proof of (44):

Similarly, first-order expansion of
√

T Q̂∗
(

k;h; θ̂
∗)

around θ

√
T Q̂∗

(
k;h; θ̂

∗)
=
(
I−∇θQ(k;h;θ)∇θQ(k;h;θ)+

)√
T Q̂∗ (k;h;θ)+oP (1)

From this point the rest of the proof is identical to (43). �
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Appendix C: Charts

Chart 1: DSGE & SVAR(12) IRFs
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Chart 2: DSGE & SVAR(h) IRFs, where h = 3, 5, 8 and 12
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Chart 3: Asymptotic distribution of D̂R(k;θ), k = 3
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Chart 4: Asymptotic distribution of D̂R(k;θ), k = 4
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Chart 5: Asymptotic distribution of D̂R(k;θ), k = 5
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Chart 6: Asymptotic distribution of D̂R(k;θ), k = 12
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Chart 7: Asymptotic distribution of D̂R
∗
(k;θ), k = 2
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Chart 8: Asymptotic distribution of D̂R
∗
(k;θ), k = 12
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Chart 9: Akaike’s Information Criterion T = 200
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Chart 10: Measures of parameters goodness: A
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Chart 11: Measures of parameters goodness: B
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Chart 12: DSGE bootstrapped T AV T 95% Critical Value, T = 200, k = 2
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Chart 13: DSGE bootstrapped IRF distribution
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Chart 14: DSGE bootstrapped correlation distribution
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Chart 15: DSGE bootstrapped forecast density distribution
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Chart 16: KF estimated structural shocks when PMIC does not hold
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Appendix D: Tables

Table A: Parameter description and prior distribution moments

Symbols Parameter Description BE BE-I
MEAN STD MEAN STD

σa Productivity Shock Uncertainty 0.750 0.250 1.070 0.250
σb Risk Premium Shock Uncertainty 0.750 0.250 0.423 0.250
σg Government Spending Shock Uncertainty 0.750 0.250 0.659 0.250
σr Policy Shock Uncertainty 0.750 0.250 0.660 0.250
σq Investment Shock Uncertainty 0.750 0.250 0.254 0.250
ρa Productivity Shock Persistence 0.500 0.200 0.836 0.200
ρb Premium Shock Shock Persistence 0.500 0.200 0.077 0.200
ρg Government Spending Shock Persistence 0.500 0.200 0.695 0.200
ρq Investment Shock Persistence 0.500 0.200 0.494 0.200
ρm Monetary Policy Shock Persistence 0.500 0.200 0.435 0.200
S′ Steady State Capital Adjustment Cost Elasticity 4.000 1.500 7.383 1.500
σ Intertemporal Substitution 1.500 0.375 1.018 0.375
h Habit Persistence 0.700 0.100 0.883 0.100
ξw Wages Calvo Parameter 0.500 0.100 0.641 0.100
σl Labour Supply Elasticity 2.000 0.750 2.709 0.750
ξp Prices Calvo Parameter 0.500 0.100 0.544 0.100
iw Wage Indexation 0.500 0.150 0.608 0.150
ip Price Indexation 0.500 0.150 0.094 0.150
z Capital Utilisation Adjustment Cost 0.500 0.150 0.801 0.150
B Fixed Cost 1.250 0.125 1.184 0.125
φπ Taylor Inflation Parameter 1.500 0.250 1.175 0.250
φr Taylor Inertia Parameter 0.750 0.100 0.775 0.100
φy Taylor Output Gap Parameter 0.125 0.050 0.215 0.050
ρga Correlation Parameter between gt and αt 0.500 0.250 0.159 0.250
α Capital Production Share 0.300 0.050 0.176 0.050
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Table B: T AV T (k; θ̂) distribution

k = h = 4, T = 100 k = h = 5, T = 200 k = h = 7, T = 500
Size 0.137 0.041 0.034

Table C: T AV T (k; θ̂) distribution

k = h = 1 k = h = 2 k = h = 3 k = h = 4
T = 100 0.011 0.005 0.037 0.117
T = 200 0.006 0.001 0.003 0.019
T = 500 0.019 0.000 0.003 0.009

Table D: Asymptotic distribution of D̂V
∗
(θ) T = 200, B = 499

Mean STD
h = 1 h = 2 True h = 1 h = 2 True

E(ωb
t ωb

t ) 0.954 0.890 0.985 1.348 1.258 1.393
E(ωb

t ω
g
t ) 0.495 0.471 0.523 0.921 0.869 0.962

E(ωb
t ωi

t) 1.036 0.879 0.960 2.337 2.013 2.206
E(ωb

t ωa
t ) 0.037 0.033 0.035 0.603 0.567 0.625

E(ωb
t ωm

t ) 0.012 0.015 0.017 0.265 0.239 0.263
E(ωg

t ω
g
t ) 0.635 0.601 0.662 0.897 0.850 0.937

E(ωg
t ωi

t) 0.459 0.453 0.508 1.771 1.558 1.706
E(ωg

t ωa
t ) 0.123 0.117 0.131 0.506 0.479 0.528

E(ωg
t ωm

t ) 0.016 0.019 0.022 0.216 0.197 0.216
E(ωi

tω
i
t) 4.620 3.699 4.003 6.534 5.232 5.661

E(ωi
tω

a
t ) -0.012 -0.020 -0.031 1.324 1.154 1.259

E(ωi
tω

m
t ) -0.047 -0.041 -0.046 0.584 0.489 0.531

E(ωa
t ωa

t ) 0.379 0.360 0.396 0.537 0.509 0.559
E(ωa

t ωm
t ) 0.063 0.060 0.066 0.178 0.163 0.179

E(ωm
t ωm

t ) 0.073 0.064 0.070 0.104 0.091 0.099
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Table F:
√

T
(

θ̂
∗
− θ̂

)
distribution, k = 2, T = 200, B = 499

Median Bias STD True
σa 1.016 0.050 0.375 1.070
σb 0.416 0.016 0.031 0.423
σg 0.612 0.071 0.024 0.659
σr 0.660 0.000 0.045 0.660
σq 0.244 0.038 0.023 0.254
ρa 0.833 0.004 0.177 0.836
ρb 0.083 0.075 0.247 0.077
ρg 0.649 0.066 0.040 0.695
ρq 0.487 0.015 0.028 0.494
ρm 0.369 0.151 0.062 0.435
S′ 6.423 0.130 0.086 7.383
σ 1.006 0.012 0.033 1.018
h 0.859 0.027 0.017 0.883
ξw 0.550 0.141 0.070 0.641
σl 2.726 0.006 0.108 2.709
ξp 0.473 0.131 0.021 0.544
iw 0.583 0.041 0.009 0.608
ip 0.136 0.445 0.011 0.094
z 0.754 0.060 0.006 0.801
B 1.302 0.099 0.004 1.184
φπ 1.336 0.137 0.004 1.175
φr 0.796 0.026 0.006 0.775
φy 0.291 0.352 0.004 0.215
ρga 0.191 0.207 0.019 0.159
α 0.182 0.035 0.018 0.176
Mean 0.093 0.059
Sum 2.336 1.469
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