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This paper revisits the size of the fiscal multiplier. The experiment is a fiscal expansion under the
assumption of a pegged nominal rate of interest in linearised sticky price model. We demonstrate that a
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than for the deterministic exit model. Thus, we conclude that the deterministic exit model should be
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Summary

By how much does economic activity increase when government spending goes up a little bit?
This is the marginal fiscal multiplier. In normal times, this multiplier is typically smaller than
one as private demand is partially crowded out by public demand. This occurs partly because
government spending raises inflation, to which central banks react by raising nominal interest
rates. However, it is well known that the multiplier can be larger than one when interest rates are
temporarily fixed at some level, for example at the zero lower bound. The lower bound simply
means that interest rates cannot become negative as people always have the option to hold cash,
which earns a zero rate of return. Intuitively, this larger multiplier occurs because with fixed
interest rates there is no crowding out of private demand. In fact, there is crowding in, because
higher expected inflation lowers real interest rates which stimulate private demand.

This paper revisits the size of the fiscal multiplier under these special circumstances. It contrasts
the usual assumption of an uncertain (stochastic) exit date from the fiscal expansion with a
certain (deterministic) exit. We show that the simple modelling choice of a stochastic exit
implies that the fiscal multiplier is substantially larger than that under a deterministic exit of
equal mean duration. This result is surprising as the expected fiscal stimulus is the same in both
cases. The explanation essentially follows from a mathematical relationship known as Jensen’s
inequality. When we take simple averages of two points on a straight line, the average lies
halfway between them on the line. But if the line is curved, then that average will lie above or
below the line (depending on whether it is curved outwards or inwards, known as convex or
concave respectively). In our case, the deterministic exit fiscal multiplier is a convex function
of the duration of the stimulus at constant interest rates. The fiscal multiplier under a stochastic
exit averages the deterministic multipliers across all possible durations. It then follows from
convexity and Jensen’s inequality that this mean multiplier is larger than the multiplier
evaluated at the mean duration. Overall, our findings suggest that the precise magnitude of the
fiscal multiplier is very sensitive to seemingly minor modelling assumptions, which should lead
to caution in the interpretation of results from similar models.

Fiscal multipliers are typically computed in linear approximations to non-linear models, because
it is easier to solve and understand economic mechanisms in linear models. But it is well known
that linear approximations can be inaccurate. We therefore check whether our key results also
hold in a non-linear model. Although we find that stochastic exit multipliers are again bigger
than the corresponding deterministic exit multipliers, the difference is much less pronounced.
This is because the errors from the linear approximation are much larger in the stochastic exit
model than in the deterministic exit model.

We note that our analysis assumes that the exit from the interest rate peg is exogenous. It is
unaffected by choices of firms, households and the government. In particular, it is assumed to be
invariant to the size of the increase in government spending. The results are therefore best
interpreted as the marginal multiplier for very small changes in spending. In practice when
monetary policy is constrained by the zero lower bound, large increases in spending would
generally make the exit from the bound more likely as they increase inflation. The average
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multiplier in this very different scenario is typically smaller than the marginal multiplier we
consider in this paper.

Finally, this paper and much of the related literature has assumed that there is no other monetary
policy tool that could be used to stabilise inflation when interest rates are constant at the zero
lower bound. In practice, central banks have used a range of tools to further loosen monetary
policy. Since these tools are likely to have significant effects on the economy, it is probable that
fiscal multipliers would be lower than those presented here. For that, and a host of other reasons
not examined in this paper, the multipliers analysed here should not be interpreted as the
author's best estimate of the fiscal multiplier for any specific country.
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1 Introduction

The size of the government spending multiplier when the central bank pegs the nom-
inal rate of interest has attracted some attention recently, as in the work by Chris-
tiano, Eichenbaum, and Rebelo (2011) and Woodford (2011). The policy experiment
is an increase in government spending, financed with lump-sum taxes, during a pe-
riod in which the nominal interest rate is held fixed and crucially there is no other
monetary policy instrument such as quantitative easing that can affect inflation. The
analysis is typically motivated by a ‘liquidity trap’scenario, but the key assumption
is that the nominal rate during this period is pegged, not necessarily zero. For ex-
ample, there are many historical periods in which the central bank accommodated a
fiscal expansion by moderating interest rate movements.

The literature has typically considered two versions of the exit from the policy
expansion. First, a stochastic exit: in each period the continuation probability of the
fiscal expansion is constant so that there is an uncertain final date but a constant
mean duration of T periods. Second, a deterministic exit: the expansion continues
for a known duration of T periods. In both experiments the expected value of the fis-
cal expenditure is the same (from the vantage point of the initial period). Further the
analysis is conducted in a linear model. A priori one would thus anticipate that the
impact multiplier under a deterministic peg would be similar to that under a stochas-
tic peg with the same expected duration. For example, Christiano, Eichenbaum, and
Rebelo (2011) transition without comment from stochastic to deterministic exit as
they move from a labor-only model to a model that includes physical capital.

In contrast, the contribution of this paper is to demonstrate it matters quan-
titatively how the exit from the joint monetary fiscal expansion is modeled. For
example in a labor-only model and an expansion of duration T = 6, the stochastic
exit multiplier is 4.90, while the deterministic exit multiplier is 1.09. As we increase
T, the stochastic exit multiplier approaches an asymptote and becomes unbound-
edly positive, but then reverses to become unboundedly negative. In contrast, the
deterministic exit multiplier is a smooth and modestly increasing function of T. Sim-
ilar results arise in a model with physical capital. Using the parameterization in
Christiano, Eichenbaum, and Rebelo (2011) and with T = 4, the deterministic exit
multiplier is 2.3, while the stochastic exit multiplier is a remarkable 66.9 . Evidently,
the manner of exit from the expansion is of critical importance.

The explanation for our key finding is related to Jensen’s inequality. The deter-
ministic exit fiscal multiplier is a convex function of the duration of the stimulus at
constant interest rates. Intuitively, the fiscal multiplier under a stochastic exit aver-
ages the deterministic multipliers across all possible durations. It then follows from
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the strong convexity that this mean multiplier is much larger than the multiplier
evaluated at the mean.! Essentially, the stochastic exit multiplier can be strongly
influenced by the low probability event of the monetary-fiscal expansion lasting for
a very long time. In that event, the fiscal multiplier in the linearized model is ex-
tremely large. But the approximation error from a linearized solution is also large in
this event. In line with findings by Braun and Waki (2010), we document that the
linear stochastic exit multiplier can be very inaccurate when compared to the true
nonlinear multiplier, while the corresponding linear deterministic exit multiplier in
our model environment remains accurate.

We explore the distinction between the two exit strategies by analyzing a hybrid
exit in which there is a stochastic interest rate peg up until a maximum time period
after which exit is immediate. Surprisingly for even large values of this truncation
date, the hybrid multiplier is much closer to the corresponding deterministic multi-
plier than the stochastic multiplier. This suggests that the deterministic multiplier
is a preferred way of thinking about fiscal multipliers under an interest rate peg.

There is a rapidly growing literature on the fiscal multiplier at the zero bound.
The extant literature documents the sensitivity of the multiplier to parameter values
as in Christiano, Eichenbaum, and Rebelo (2011), lump-sum vs. distortionary taxes
as in Drautzenburg and Uhlig (2011), timing of spending vis-a-vis the exit from the
zero lower bound as emphasized by Woodford (2011) and Christiano, Eichenbaum,
and Rebelo (2011), linear vs. nonlinear solution technique as highlighted by Braun
and Waki (2010), and an open versus closed economy setting as in Fujiwara and
Ueda (2012) etc. Our results suggest that there is another important issue for the
size of the multiplier: how to model the exit from the fiscal-monetary expansion.

This paper and much of the related literature has assumed that there is no other
monetary policy tool that could be used to stabilize inflation when interest rates
are constant at the zero lower bound. In practice, central banks have used asset
purchases so that monetary policy is less constrained in its influence over inflation.
To the extent that these purchases achieve stable inflation, fiscal multipliers would
be affected, but this is not considered in the paper.

The paper begins with the results under a stochastic peg in a labor-only model.
One novelty is to demonstrate the link between the size of the multiplier and the
parameter border between equilibrium determinacy and indeterminacy. Because
this border is an asymptote, we also show that the fiscal multiplier is extremely
sensitive to small changes in either the mean duration or various parameter values.
Section 3 considers the complementary policy experiment in which the expansion

'We thank Jesper Linde for suggesting to frame our explanation in terms of this convexity
argument.
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is for a deterministic period of time. The key conclusion is that the size of the
multiplier is dramatically affected by this alternative statement of how the policy
expansion is expected to end. Section 4 investigates the hybrid peg. Section 5
provides some intuition for our main results. Section 6 provides some sensitivity
analysis by examining a model with physical capital, and the nonlinear baseline
model. Section 7 concludes.

2 The model with a stochastic interest rate peg

We examine the familiar DNK model with Calvo (1983) pricing and a linear labor-
only production technology. Our baseline preferences are given by

le(f N1+U
U(C, N,) =Lt — —p-t 1
( t? t) 1 _ 0_ 771 + U ( )

The linearized model is given by:

iy — Eymp1 = — o(ce — Eycyyn) (2)
e = BEm . + kmey (3)
me; =oc¢; + vy, (4)
Y= (1—5)ci + s (5)

where 7, y;, ¢, gi, mc;, and 7;, denote inflation, output, consumption, government
spending, marginal cost, and the nominal rate, respectively, all measured as devia-
tions from the steady state. The constant s = YQ is the share of government spending

EE}

in the steady state. Substituting (4)-(5) into (3) we have:
= BEm + klo + v (1 — 8)]e + Kusg,. (6)

The simple DNK model is thus given by (2), (6), and a description of monetary and
fiscal policy. We consider a coordinated policy experiment in which (i) government
spending is set above steady state g; = g > 0, and simultaneously (ii) the central
bank announces an interest rate peg i; = 0. Each period there is probability p that
this policy will continue so that the expected duration of the expansion is T = ﬁo.
With probability (1 — p) the expansion ends, at which point fiscal policy returns to

steady state, g; = 0, and monetary policy reverts to a typical Taylor rule:

Z.t = ¢7r7Tt + ¢yyt' (7)
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Under standard assumptions on ¢, and ¢, there is a unique equilibrium after the
period of the peg. Since there are no state variables nor exogenous shocks during
these subsequent periods, the unique equilibrium after the policy experiment is given
by m =y = 0.

The equilibrium is one in which all endogenous variables take on one value during
the experiment and then revert to steady state when the economy exits the experi-
ment. This equilibrium is given by:

m= |50 ©)
- (B 0
”y = [so [(1-p) (1A— Bp) — Hp]] " (10)
where _
A=o(l—p)(1=pp)—klo+v(l—s)p. (11)

But there are potentially other equilibria in this model. The general solution to
inflation is given by

o [fwsau —p)

A :| g: + cle’i + CQG; (12)

where e; and e, are the roots of:

h(q) = Bop’e® —{klo+v(1—s)+o(1+p)}pg+o=0 (13)

The constants ¢; and ¢y are potentially free variables as there is no terminal condition.
The equilibrium is unique (¢; = ¢y = 0) if and only if both roots of h are outside the
unit circle. The function h is convex, positive at zero, decreasing at zero, and the
product of the roots is 1/(3p?). This implies that both roots are outside the unit circle
if and only if h (1) = A > 0. Hence, under the assumption of A > 0 maintained in
Christiano, Eichenbaum, and Rebelo (2011), there is a unique stationary equilibrium.
But if A < 0, there are multiple stationary equilibria and thus sunspot equilibria.
A similar point has been made before by Eggertsson and Pugsley (2006), see their
assumption 1. In this case, increases in government spending may actually decrease
output. The case of A > 0, is the “normal” case so that increases in government
spending lead to increases in output.
The fiscal multiplier during the interest rate peg is given by:

% _ (%) Z_zz _ [U[(l —p) (1A— Pp) — kp) (14)
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Note that as kK — oo, the model approaches flexible prices and the multiplier con-

verges to
dy 1\ dy; o
dG (s) dgg o+v(l—s) (15)

Hence, in the model with flexible prices, the multiplier cannot exceed unity. A fis-
cal expansion leads to a fall in consumption, an increase in the real rate, and a
complementary decrease in expected inflation. But as emphasized by Christiano,
Eichenbaum, and Rebelo (2011), with sticky prices and a nominal rate peg, the mul-
tiplier can be significantly greater than unity. Assuming A > 0, the fiscal expansion
leads to an increase in consumption, and given the interest rate peg a decline in the
real rate, and a complementary increase in expected inflation.? Given the presence of
sticky prices, the higher inflation rate is associated with higher levels of output. The
potentially large multipliers with sticky prices and an interest rate peg has nothing
to do with government spending, per se. All shocks are potentially magnified in this
environment.

Figure 1 graphs this sticky price multiplier as function of the expected duration
of the coordinated policy shock, T' = ﬁ. The Figure uses the following baseline
parameter values: 5 = 0.99, k = 0.028, v = 0.5, 0 = 2, s = 0.2. As a sensitivity
analysis, we use non-separable preferences given by

[C7(1— N7 —1
l—0

U (Cy, Ny) (16)
In this case our calibration again follows Christiano, Eichenbaum, and Rebelo (2011)
and we set k = 0.03 and v = 0.29. As Figure 1 shows, the fiscal multiplier increases
sharply as a function of the expected duration for both preference specifications.
The multiplier can easily exceed one, and approaches infinity as T increases and
A approaches zero. Hence, the borderline case of A= 0, coincides with the case of
an asymptotic multiplier and the existence of stationary sunspot equilibria. This
borderline case occurs with a relatively short policy experiment: T = 6.12 quarters.
Because of the asymptote, the multiplier is extremely sensitive to changes in
T, and k. Considering the baseline case of separable preferences, with the above
calibration, if T' = 6, the multiplier is 4.90. But with 7" = 5, the multiplier is only
1.3. With T' = 7, we are in the indeterminacy region and the multiplier is only 0.33.
Holding T fixed at T" = 6, very small changes in x can make a huge difference(x is

2The notable exception is the special case when the labor supply is infinitely elastic (i.e., linear
labor, v = 0). In this case, inflation, consumption, and marginal cost are constant and the multiplier
is always identically equal to one.
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(a) separable preferences as in (1)  (b) non-separable preferences as in (16)

Figure 1: Fiscal multipliers in the model without physical capital accumulation.

typically estimated between 0.005 and 0.03. For example, if k = 0.025 (versus 0.028
in the baseline) the multiplier drops from 4.89 to 2; for x = 0.029, the multiplier is
30. With x = 0.03 you are already in indeterminacy region and the multiplier is -5.

3 A deterministic interest rate peg

In this section we consider a modest change in the policy environment. The policy
experiment is no longer stochastic, continuing with probability p, but is instead
deterministic, ending for sure after T periods. The endogenous variables will of course
not be constant during this pegged experiment, but there is a unique equilibrium
because the end of the experiment coincides with a unique equilibrium, and thus
provides a terminal condition to the model.

It is convenient to express the equilibrium in terms of the path for inflation. The
remaining endogenous variables can then be inferred from (3)-(5). The fundamental
difference equation during the interest rate peg is given by:

fomps —{klo+v(1l—=38)]+o(1+4+5)}m +om+okvs(gr —ag) =0 (17)
The equilibrium behavior of inflation is given by
T = myel + maeh (18)
where the e’s are the roots to:

fla) = Boq® —{rlo+v(1—s)]+o(1+8)}g+0=0 (19)
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Note that f is convex, f(0) > 0, f(1) < 0, so that we have one root e; in (0,1), and
one root e; > 1. The constants m; and my are uniquely determined by the following
two terminal conditions

T = KUSG; (20)

mry={r |1+ = (1=35)| +(1+8) ) mr (21)

With time-varying inflation and thus output, it is not clear how to define the fiscal
multiplier in this case. But it is easy to show that the largest output effect occurs in
the very first period. Let y;(T") denote the level of output in the first period with a
peg that lasts T periods, so that the initial multiplier is defined as:

Figure 1 also graphs this multiplier as a function of 7. Remarkably, the size of the
multiplier is quite different. For example, with T" = 6, the stochastic exit multiplier
is 4.90, while the deterministic exit multiplier is 1.09. Although it is not a priori
obvious which policy experiment (stochastic peg vs. deterministic peg) is a better
description of reality, the explosive behavior under the stochastic peg seems quite
implausible.® Further, the extreme sensitivity to parameter values for the stochastic
peg is not evident for the deterministic peg. For example, as we increase x from k =
0.028, to Kk = 0.029, the deterministic multiplier increases only slightly from 1.0895
to 1.0930.

4 A hybrid interest rate peg

As a form of sensitivity analysis, we consider in this section a stochastic peg as in
section 2, but with a certain maximum truncation date as in section 3, i.e., there
is a constant probability of exit up until time 7', after which date exit is certain.
As with the deterministic peg, the certain maximum exit date implies that there is
equilibrium determinacy for all values of 7. We set the continuation probability to
p = 5/6. When the truncation date is small, this implies an anticipated duration
of somewhat less than 6 periods. The fundamental difference equation during the
interest rate peg is given by:

3A deterministic peg can deliver large multipliers if there are endogenous states such as lagged
inflation. In this case there can again be asymptotes and large multipliers for modest values of T
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Fiscal multiplier

T period truncation  separable as in (1) (p=5/6) non-separable as in (16) (p=4/5)

6 1.05 1.33

20 1.64 2.83

100 2.22 3.36

500 4.33 3.99

1,000 4.82 3.99

10,000 4.90 3.59

Infinity (stochastic exit) 4.90 3.59

Table 1: Fiscal multiplier in the hybrid model

p25U7Tt+2 —plrlo+v(1—=s)+o(1+p)}my +om + okvs (Pgt+1 - gt) =0
(23)
The two terminal conditions are given by (20) and
e =p{R (14 Q=9+ Q4B trs(-pla  (20)

For our benchmark parameter values, Table 1 reports the value of the multiplier for
this hybrid peg as a function of T

As a point of comparison, the deterministic peg with 7' = 6 has a multiplier of
1.09, while the stochastic peg with duration of 7" = 6, has a multiplier of 4.90. Table
1 suggests the peculiarity of the original stochastic peg. If the peg is stochastic up
to period 50 (over 12 years!), after which it is truncated, the fiscal multiplier is only
1.64, quite close to the deterministic peg. Even for a truncation of 100 periods, the
multiplier is 2.22, less than half of the pure stochastic counterpart.

5 Explaining the differences

What is the intuition for these striking differences between stochastic, deterministic
exit and hybrid exit multipliers of equal mean duration? Essentially, our explanation
rests on a Jensen inequality argument that we develop below. First we argue that
the stochastic exit multiplier averages the deterministic exit multipliers across all
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possible durations. Second, we show that this deterministic exit multiplier is a convex
function of the duration. It then follows from convexity and Jensen’s inequality that
this mean multiplier is much larger than the multiplier evaluated at the mean.

Initial output under a deterministic peg of exactly j > 1 periods, y&(j), can be
written from the Euler equation as

g

W) = s+ 25 S m() (25)

Thus, the growth of the fiscal multiplier as we extend the duration is proportional
to the initial expected inflation rate.

1—s

vo(7) = up (5 = 1) = ——m(j) (26)
One can show that 7(j) increases exponentially in the duration j so that the fiscal
multiplier is a convex function of the duration. Under a stochastic peg, households
attach probability (1—p)p’~! to the event that the peg lasts exactly j periods. Hence
initial output under a stochastic peg, y;, is given by

Yo = Z(l — )P’ 'ya(4) (27)

Figure 2(a) plots the multiplier in the benchmark model with separable prefer-
ences for durations d = 1, 2, ..., 30, which clearly shows the convexity. Convexity has
been pointed out before by Erceg and Linde (2010), but without connecting it to the
difference between stochastic and deterministic exit. Figure 2(b) plots an average of
the deterministic exit multipliers, each weighted by (1 — p)p’~!. The infinite sum in
(27) is truncated at K for the numerical implementation. Clearly, for high enough
truncation point K, the weighted sum of deterministic exit multipliers converges to
the stochastic exit multiplier.

Why does the stochastic exit multiplier become unboundedly large as the ex-
pected duration reaches some finite threshold value? Our intuition builds again on
the insight that the stochastic exit multiplier is a weighed average of the determin-
istic exit multipliers. There are two forces at work. As the duration increases, the
deterministic exit fiscal multiplier grows exponentially. But the weights attached
to each finite duration multiplier decay exponentially. As we outline below, there
always exists a critical value p < 1 such that the decay of the weights becomes ar-
bitrarily close to the growth of the finite duration multiplier. Hence, the stochastic
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Figure 2: Deterministic and approximated stochastic exit multipliers

exit multiplier asymptotes. Importantly, the stochastic exit model has a determinate
equilibrium as p approaches p from below.

To see this, we can run time backwards from the end of the fiscal expansion by
inverting expression (18), and thus express the initial inflation rate as a function
of T'. This initial inflation rate is exploding in 7" since 1/e; > 1. For large T', we
can ignore other terms involving the stable root so that this initial inflation rate
is roughly proportional to (1/e;)”. The stochastic multiplier with mean duration
1/(1 — p) periods is then roughly proportional to O, defined as

@:(1_p)§(£>k:(1_p) p (28)

e er —
1 \€1 1—p

The root e; is the stable root of (19) and thus independent of p. One can show
that the stochastic model has a unique stationary equilibrium if and only if p < e;.
There are two implications as p approaches e; from below. First, the stochastic-exit
multiplier becomes arbitrarily large. Second, the hybrid multiplier converges to the
stochastic multiplier very slowly as the truncation point is increased.

6 Sensitivity

We document sensitivity with respect to two aspects: Adding capital and solving a
nonlinear model.
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6.1 Capital

Capital accumulation is an important aspect for the fiscal multiplier. If fiscal policy
raises inflation expectations and thus lowers real interest rates due to the peg for
nominal rates, this now crowds in not only private consumption but also private
investment. Since investment is typically more interest sensitive than consumption,
this increases the constant rate fiscal multiplier. As Christiano, Eichenbaum, and
Rebelo (2011) and others have shown, the multiplier can be significantly larger than
unity with a deterministic peg in a model with capital. We revisit the model with
capital accumulation and contrast this with a stochastic peg.

We follow Christiano, Eichenbaum, and Rebelo (2011), and use the preference
specification given by (16). The model is then given by the following linearized
equilibrium conditions.

T = Kkmcy + B (29)
¢t +vong =mey + alki—1 — ny) (30)
it = m1 =[y(1 = o) = (s = cip1) = (L =)L = o)v(ne —neqa) (31
i — M1 = (1 — €)((1 — @) (nes1 — ki) + mega)

+ GO'I(lft+1 — (2 — 6)]@) — O'[(kt — (2 — 6)I€t_1) (32)
ki1 + (1 —a) —g +i(k—(1—5)k: )+€ (33)

QR —1 Q)T —YCt ve "t t—1 Ygt
Here, v = ﬁ Physical capital is denoted by k; with depreciation rate 6. The

constant € is given by (1 — ). We use a capital adjustment cost specification
used in Christiano, Eichenbaum, and Rebelo (2011), see their equation (40) with
coefficient o;. The calibration is the same as before, except 6 = 0.02, v = 0.29,
or =17, and a = 0.345.

Because of the presence of an endogenous state variable we cannot obtain an
analytical solution for the stochastic exit fiscal multiplier as in section 2. Instead,
we employ a two-stage procedure. In matrix form, the system in (29)-(33) can be
expressed as

0= AEtY;H_l + BY, +CY;_1+ D. (34)

Here, the matrix D captures terms involving the constant value of government spend-
ing prior to the exit. In the first stage, we close the above model with a Taylor rule
that is in place after the exit and compute its solution via standard methods. The
post exit decision rules for the vector of endogenous variables Y; can be expressed
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Figure 3: Fiscal multipliers in the model with physical capital accumulation

in matrix form as Y; = F'Y;_;. In a second step, we consider the model prior to the
exit that we close with i, = 0. That system can be written as

0=pAY,1 +[(1 —p)AF + B]Y; +CY, 1+ D, (35)

and solved via standard methods.

Figure 3 compares the multipliers under a deterministic peg with that from a
stochastic peg with equal mean duration. Note that the stochastic peg in the baseline
calibration results in indeterminacy when the continuation probability exceeds p =
0.75 (corresponding to mean duration of T' = 4).

Under the baseline calibration with v = 0.29, the multiplier under a stochas-
tic exit is substantially larger than its deterministic exit counterpart. For T = 4
the deterministic exit multiplier is 2.3 vs. 66.87 for the stochastic exit. The large
stochastic-exit multiplier arises because we are on the indeterminacy boundary. We
can once again consider the hybrid model and increase the truncation point. As
expected, when the stochastic exit multiplier is substantially larger than its deter-
ministic exit counterpart, it is driven considerably by stimulus in the very distant
future and the hybrid multiplier converges to the stochastic counterpart very slowly.
In this regard, capital accumulation does not affect our main result.

The baseline calibration used in Figure 3(a) suggests that the fiscal multiplier
under a stochastic exit can be an order of magnitude bigger than deterministic exit
multiplier for modest durations of around 4 quarters. However, this finding may
be sensitive to the particular parameterization. We therefore conduct sensitivity
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Fiscal multiplier

T' period truncation v=029 =1

) 2.06 1.2
50 14.43 241
100 22.37 2.46
200 52.83 2.47

1,000 63.55 2.47
5,000 66.87 2.47

Infinity (stochastic exit)  66.87 2.47

Table 2: Fiscal multiplier in the hybrid model with p = 3/4

analysis. Conditioning on a mean duration of the monetary-fiscal expansion of 4
quarters, we draw parameters from a narrow range of a priori reasonable values of
the models structural parameters.* For each draw, we compute the ratio of the fiscal
multiplier under a stochastic exit to the multiplier under a deterministic exit. The
median ratio is 3.3 with a standard deviation of 7.3. After removing outliers in the
right tail, Figure 4 shows the plot of the kernel density of this ratio.

Clearly, the extremely large discrepancy between the stochastic and deterministic
exit multiplier evident in Figure 3(a) for T = 4 is an outlier. Nevertheless, across a
wide range of reasonable parameters, the stochastic exit multiplier is substantially
bigger than its deterministic exit counterpart.

We have also explored fiscal multipliers in the medium-scale model of Smets and
Wouters (2007) using the same computational approach as outlined for the capital
model above. Our key result also holds in this model, stochastic exit multipliers
are larger than the corresponding deterministic exit multipliers. An additional twist
is brought about by the presence of strong endogenous propagation mechanisms
via habit, price and wage indexation and investment adjustment costs specified in
growth rates. As is discussed in detail in a companion paper, such endogenous
propagation mechanisms can result in extremely large multipliers in response to
any stimulus at constant interest rates even under a deterministic exit assumption,
see Carlstrom, Fuerst, and Paustian (2012). In particular, multipliers appear to

1k € 10.01,0.05], a € [0.3,0.4], o € [1,3], v € [0.1,0.9], or € [10,20], N € [0.3,0.5], and
T € [1.5,2]. Parameters are uniformly distributed in these ranges. We draw until we have 10,000
parameters sets that deliver a determinate equilibrium under a stochastic exit with p = 3/4.
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Figure 4: Density of relative fiscal multipliers (stochastic vis a vis deterministic exit)

‘asymptote’once the duration approaches a critical value 7% under deterministic exit.
However, multipliers in the stochastic exit model also asymptote and do so at smaller
critical mean duration 7% < T9. Furthermore, the stochastic exit model becomes
indeterminate for 7" > T®. Confining the comparison to the determinacy region in
the stochastic exit world, we have found stochastic exit multipliers to be larger than
the deterministic exit multipliers in the Smets and Wouters model. As an example,
at the parameter values estimated by Smets and Wouters (2007), the stochastic exit
model with mean duration of 4 quarters results in a fiscal multiplier of 12, while the
corresponding deterministic exit multiplier is 1.6. But as in our earlier analysis, the
stochastic exit multiplier is extremely sensitive to parameter values because we are
close to an asymptote.

6.2 Nonlinear solution

As emphasized by Braun and Waki (2010), the large inflation responses associated
with large fiscal multipliers suggest that the linear approximation may be inaccurate.
As a form of sensitivity analysis, we thus consider the underlying nonlinear system.
We consider Rotemberg quadratic costs of price adjustment with adjustment cost
parameter ¢. As is well known, the linearized Rotemberg and Calvo models are
isomorphic. We choose to work with Rotemberg because using the Calvo model
would introduce an endogenous state variable to the nonlinear specification. For the
case of a stochastic exit, the model is given by the following equations representing
market clearing for the final good, the Phillips curve and the Euler equation for bond
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holdings:

C+G=Y(1—§(H—1)2) (36)

(e — 1)1 =+ €Y?C7 — ¢(IT — DI + pBD@(IT — 1)II (37)
—o —URL _—URL

C™7 =psDC i + (1 —-p)BDC T (38)

Here D > 1 is an exogenous discount factor shock that persists with probability p
and R”* = 1 is the value of the nominal interest rate at the lower bound. The discount
shock is often employed as the rationale for the interest rate peg, ie., the discount
rate shock pushes the nominal rate to zero. In the linearized models considered
above, the discount shock has no effect on the fiscal multiplier. But this may not be
the case in the nonlinear model as the discount shock pushes the economy far from
the steady state before the fiscal expansion is considered. Upon exit, the economy
reverts to the zero net-inflation steady state, whose values are denoted with a bar.
We assume a sales-subsidy 7 that makes the steady state efficient. The parameter €
is the price elasticity of demand and ¢ is the curvature of labor supply. Equilibrium
is given by values for {Y, C,II} that solve (36) - (38) for given steady state values
{Y,C, 11} and exogenous values for G. We set ¢ = 0.5,¢ = 11 and set ¢ such that
linearizing this model about a zero inflation steady state gives the same slope of the
Phillips curve as in our previous analysis.

This stochastic-exit model can have multiple solutions, but as in Christiano and
Eichenbaum (2012), some are not E-stable and we discard these. We also solve the
deterministic exit model nonlinearly. Backing up from the last period, the deter-
ministic model has two solutions with identical private consumption values, but low
or high inflation. Conditional on choosing the low inflation equilibrium in the last
period, the previous period problem again has two solutions of the same type. Re-
peatedly conditioning on the low inflation equilibrium, we compute the initial period
fiscal multiplier.®

Table 3 summarizes our results. Since the size of the discount factor shock affects
the fiscal multiplier in the nonlinear model (unlike in the linear world), we need to
take a stand on the size of the shock. We consider two cases. For D = 1 there
is no discount factor shock and the interest rate is held constant at steady state
exogenously. When D = 1.02, the economy reaches the zero lower bound and the
interest rate is held fixed at that bound endogenously. As noted earlier, the fiscal

5Conditional on the high inflation equilibrium in the last period, the previous period problem
has no solution, so this conditioning is natural.
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stochastic exit

deterministic exit

linear

nonlinear

linear

nonlinear

model without discount factor shock

T=3 1.04 1.04 1.02 1.02
T=4 111 1.11 1.03 1.03
T=5 1.30 1.31 1.06 1.06
T=6 490 3.75* 1.09 1.09

model with discount factor shock
T=3 1.04 1.04 1.02 1.02
T=4 111 1.10 1.03 1.03
T=5 1.30 1.18 1.06 1.06
T=6 490 1.24 1.09 1.08

Table 3: Fiscal multipliers: linear vs. nonlinear solution. Asterisks denotes that
for the non-linear stochastic exit model without discount factor shock we consider
T = 5.85, because for higher T there is no solution.

multiplier in the linear economy is unaffected by the value for D. We consider an
increase in government spending of 1% about a steady state share in GDP of 0.2.
The government spending multiplier reported below is defined in terms of changes in
consumption plus government spending, i.e. changes in output purely due to changes
in costs of price adjustment costs are ignored.®

Turning to the case without a discount factor shock, we find that the stochastic
exit multiplier is larger than the deterministic exit multiplier of equal mean dura-
tion also in the nonlinear model. Furthermore, the linear approximation gives very
accurate fiscal multipliers for all durations considered in the table. However, we
are unable to find a solution for the nonlinear stochastic exit model for 7" > 5.85,
while the linear approximation results in very large multipliers in the range between
T = 5.85 and the slightly larger indeterminacy border.

When a discount factor shock is present we again find that the stochastic exit

6The presence of a discount factor shock generally results in a fall in inflation which generates
adjustment costs that are part of aggregate demand. To the extent that government spending
mitigates this fall in inflation, it reduces price adjustment costs which in itself reduces output.
From a welfare perspective, there is nothing detrimental per-se about reducing price adjustment
costs and our definition of the fiscal multiplier reflects this.
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multiplier is larger than its deterministic exit counterpart. However, the difference
between the two is now much less pronounced. The underlying reason is that the
system is displaced from the point around which the model is linearly approximated.
We would therefore expect the local linear approximation to perform worse. This
approximation error kicks in much more strongly for the stochastic exit model at
modest expected durations. The reason is closely related to our intuition for why
the stochastic exit multiplier is so big in the first place. It is strongly influenced by
the low probability event of the expansion lasting a very long time. In this event, the
linear multiplier is extremely large and the linear approximation is particularly bad.
Our intuition highlighted that the linear deterministic exit multiplier is a convex
function of the duration and the linear stochastic exit multiplier averages across
these durations. However, the deterministic exit multiplier in the nonlinear model
is no longer convex over all durations. For instance, in the baseline model with a
discount factor shock, this multiplier rises to 1.66 for a duration of T' = 23, but
then falls for longer durations. At T" = 50 the nonlinear multiplier is only 1.23. For
comparison, the linear multipliers at these two durations are 5.56 and 585!

7 Conclusion

This paper has shown that the size of the fiscal multiplier under an interest rate peg
depends crucially on the probability distribution of the exit date, holding constant
the mean duration of the peg. Larger multipliers occur when the distribution of
possible exit dates has wide support as in a stochastic exit model. This implies that
the simple modeling choice of endowing agents with a known exit date from the fiscal
monetary regime can result in much smaller multipliers than stochastic exit assump-
tions of same durations. This paper has also shown that the stochastic exit multiplier
computed via a local linear approximation around the zero inflation steady state is
much more prone to approximation error at modest mean durations. Approximation
errors for the corresponding deterministic exit model are much smaller.

Which modeling approach should be employed? When studying the effects of
fiscal policy in certain historical episodes, the interest rate is typically fixed because
particular shocks push it to the zero lower bound. It is hard to assess what people
expect about the probability distribution of these shocks. But we think it is a
priori unreasonable to attach a non-zero probability to the central bank keeping the
interest rate pegged for say, 25 years, after a one-time exogenous event. Our results
on the hybrid multiplier then imply that the deterministic multiplier is a much more
reasonable estimate of the true multiplier than the pure stochastic multiplier. Hence
we conclude that for policy analyses of this type the deterministic approach should be
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preferred. In line with this view, Christiano, Eichenbaum, and Rebelo (2011) employ
the deterministic exit assumption when aiming to quantify the fiscal multiplier in a
medium scale macro model designed to fit macro data.

We conclude by noting that this paper and much of the related literature has
assumed that there is no other monetary policy tool that could be used to stabilize
inflation when interest rates are constant at the zero lower bound. In practice, central
banks have used asset purchases so that monetary policy is less constrained in its
influence over inflation. To the extent that these purchases achieve stable inflation,
fiscal multipliers would be affected. Extending the analysis of fiscal multipliers when
assset purchases are an additional central bank tool would seem worthwhile.
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