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Why do long-run interest rates respond to central bank communication? Whereas existing explanations 
imply a common set of signals drives short and long-run yields, we show that news on economic 
uncertainty can have increasingly large effects along the yield curve. To evaluate this channel, we use the 
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of long-run uncertainty.

Key words: Monetary policy, communication, machine learning.  

JEL classification: E52, E58, C55.   

(1)	 University of Oxford, Alan Turing Institute and CEPR. Email: stephen.hansen@economics.ox.ac.uk 
(2)	 University of Oxford, CEPR, CAGE (Warwick), CfM (LSE), and CAMA (ANU). Email: michael.mcmahon@economics.ox.ac.uk
(3)	 Bank of England. Email: matthew.tong@bankofengland.co.uk

Omiros Papaspiliopoulos and David Rossell provided numerous helpful suggestions on the statistical methodologies used in this 
paper. We would like to additionally thank, for comments, discussion and suggestions, Jan Marc Berk, Michael Ehrmann,  
Refet Gürkaynak, Emi Nakamura, Alessandro Riboni, Jon Steinsson, and Jonathan Talmi as well as seminar participants at the  
Banco do Brazil, Bank of Canada, Bank of England, Bilkent University, De Nederlandsche Bank, Durham, ECB, Empirical 
Macroeconomics Conference at Ghent University, Higher School of Economics, HKUST, New Economic School, Norges Bank, 
Oxford/NY Fed Conference, RCEA conference, University of Glasgow, and University of Pennsylvania. This paper has been prepared 
while McMahon was under the Lamfalussy Fellowship Program sponsored by the ECB. The views expressed here do not necessarily 
represent the views of the Bank of England, the Monetary Policy Committee, Financial Policy Committee, the ECB, the Eurosystem 
or anyone else other than the authors. Any errors remain ours alone.

The Bank’s working paper series can be found at www.bankofengland.co.uk/working-paper/staff-working-papers 

Bank of England, Threadneedle Street, London, EC2R 8AH  
Telephone +44 (0)20 3461 4030  email publications@bankofengland.co.uk 

© Bank of England 2019 
ISSN 1749-9135 (on-line)



R AMi`Q/m+iBQM
6Q` i?2 H�bi irQ /2+�/2b- +2Mi`�H #�MFb ?�p2 BM+`2�bBM;Hv mb2/ Tm#HB+ +QKKmMB+�iBQM iQ
bmTTQ`i i?2B` TQHB+v ;Q�Hb- �M/ KQ`2 bT2+B}+�HHv iQ K�M�;2 i?2 2tT2+i�iBQMb i?�i HBMF
i?2 TQHB+v `�i2b i?�i +2Mi`�H #�MFb +QMi`QH iQ i?2 K�`F2i BMi2`2bi `�i2b i?�i /2i2`KBM2
2+QMQKB+ /2+BbBQMb UqQQ/7Q`/ kyyR- "HBM/2` kyy3VX �b MQKBM�H TQHB+v `�i2b r2`2 +mi +HQb2
iQ +HQb2 iQ i?2 x2`Q HQr2` #QmM/- +QKKmMB+�iBQM #2+�K2 � TQHB+v iQQH BM Bib QrM `B;?iX
1p2M �b i?2 K�DQ` 2+QMQKB2b KQp2 iQr�`/b KQ`2 MQ`K�H +QM/BiBQMb- �+�/2KB+b U"HBM/2`
kyR3V �M/ TQHB+vK�F2`b U.`�;?B kyRdV 2tT2+i +QKKmMB+�iBQM iQ `2K�BM �M BKTQ`i�Mi
BMbi`mK2MiX lM/2`bi�M/BM; i?2 2z2+ib Q7 +QKKmMB+�iBQM Bb i?2`27Q`2 � F2v Bbbm2X

q?BH2 i?2 �+�/2KB+ HBi2`�im`2 ?�b 2bi�#HBb?2/ i?�i +2Mi`�H #�MF +QKKmMB+�iBQM KQp2b
K�`F2i BMi2`2bi `�i2b �i p�`BQmb K�im`BiB2b U:Ƀ`F�vM�F 2i �HX kyy8- "QmFmb �M/ _Qb2M#2`;
kyye- "HBM/2` 2i �HX kyy3- *�`p�H?Q 2i �HX kyRe- 7Q` 2t�KTH2V- i?2 +?�MM2Hb i?`Qm;? r?B+?
i?Bb Q++m`b �`2 Q7i2M mM+H2�`X AM T�`iB+mH�`- i?2`2 Bb �M QM;QBM; /2#�i2 �#Qmi r?v +2Mi`�H
#�MF +QKKmMB+�iBQM KQp2b HQM;@`mM BMi2`2bi `�i2b r2HH QmibB/2 i?2 rBM/Qr rBi?BM r?B+?
+2Mi`�H #�MFb b22F iQ Q#i�BM i?2B` TQHB+v ;Q�HbXR hrQ `2+2Mi �M/ BKTQ`i�Mi +QMi`B#miBQMb
T`2b2Mi /Bz2`2Mi 2tTH�M�iBQMbX 6B`bi- L�F�Km`� �M/ ai2BMbbQM UkyRdV �`;m2 i?�i i?Bb Bb
/m2 iQ KQM2i�`v TQHB+v b?Q+Fb i`�MbKBiiBM; BM7Q`K�iBQM �#Qmi 2+QMQKB+ 7mM/�K2Mi�Hb
i?�i �z2+ib HQM;@`mM K�`F2i 2tT2+i�iBQMb Q7 2+QMQKB+ +QM/BiBQMb- i2`K2/ i?2 BM7Q`K�@
iBQM 2z2+i #v _QK2` �M/ _QK2` UkyyyVX AM +QMi`�bi- >�MbQM �M/ ai2BM UkyR8V �`;m2 i?�i
M2rb �#Qmi b?Q`i@i2`K TQHB+v 2tT2+i�iBQMb Bb T`QT�;�i2/ iQ HQM;2`@K�im`Biv #QM/b #v
i?2 i`�/BM; �+iBpBiv Q7 vB2H/@Q`B2Mi2/ BMp2biQ`bX �++Q`/BM; iQ i?2B` KQ/2H- /2+`2�b2b UBM@
+`2�b2bV BM b?Q`i `�i2b BM/m+2 i?2b2 BMp2biQ`b iQ brBi+? iQ U7`QKV HQM;2`@K�im`Biv #QM/b-
/`BpBM; i?2 vB2H/b QM bm+? #QM/b /QrM UmTV i?`Qm;? +?�M;2b BM i?2 i2`K T`2KBmKX

h?2 }`bi +QMi`B#miBQM Q7 i?Bb T�T2` Bb iQ /`�r �ii2MiBQM iQ � i?B`/ +?�MM2H i?`Qm;?
r?B+? +2Mi`�H #�MF +QKKmMB+�iBQM +�M �z2+i HQM;@`mM BMi2`2bi `�i2b- #v T`QpB/BM; M2rb
QM `BbF �M/ mM+2`i�BMiv �`QmM/ 2+QMQKB+ +QM/BiBQMb- �M/ i?2`2#v ;2M2`�iBM; � +?�M;2 BM
i?2 HQM;@`mM i2`K T`2KBmKX h?Bb +?�MM2H QT2`�i2b MQi #v +?�M;BM; HQM;@`mM 2tT2+i�iBQMb
Q7 2+QMQKB+ +QM/BiBQMb- #mi #v +?�M;BM; i?2 T2`+2Bp2/ p�`B�M+2 Q7 i?Qb2 +QM/BiBQMbX q2
BMi`Q/m+2 � i?2Q`2iB+�H 7`�K2rQ`F BM r?B+? � +2Mi`�H #�MF i`�MbKBib BM7Q`K�iBQM QM #Qi?
i?2 H2p2H �M/ mM+2`i�BMiv Q7 b?Q`i@`mM 2+QMQKB+ +QM/BiBQMbX "Qi? FBM/b Q7 BM7Q`K�iBQM +�M
KQp2 HQM;@`mM BMi2`2bi `�i2b- #mi BM /Bz2`2Mi r�vbX AM7Q`K�iBQM QM H2p2Hb KQp2b HQM;@`mM
`�i2b r?2M 2+QMQKB+ +QM/BiBQMb �`2 bm{+B2MiHv T2`bBbi2Mi- BM r?B+? +�b2 i?2`2 Bb � bBKBH�`
KQp2 BM b?Q`i@ �M/ HQM;@`mM K�`F2i `�i2bX "v +QMi`�bi- BM7Q`K�iBQM QM mM+2`i�BMiv ?�b �
Km+? H�`;2` BKT�+i QM HQM;@`mM `�i2b i?�M b?Q`i@`mM `�i2b- �b i?2 BKT�+i Q7 mM+2`i�BMiv
�++mKmH�i2b Qp2` iBK2X

Rh?Bb Bb T�`i Q7 � KQ`2 ;2M2`�H +QKQp2K2Mi Q7 b?Q`i@ �M/ HQM;@i2`K `�i2b BM `2bTQMb2 iQ Qi?2` M2rb
�b BM- 7Q` 2t�KTH2- :Ƀ`F�vM�F 2i �HX Ukyy8VX

R



AM i?2 2tBbiBM; BM7Q`K�iBQM 2z2+i HBi2`�im`2- i?2 7Q+mb Bb QM M2rb i?�i +?�M;2b K�`F2i
2tT2+i�iBQMb Q7 H2p2HbX h?2b2 bB;M�Hb b?QmH/ KQp2 b?Q`i@`mM BMi2`2bi `�i2b #v �b H2�bi �b
Km+? �b HQM;@`mM `�i2bX h?2 b�K2 Bb i`m2 7Q` i?2 +?�MM2H BM >�MbQM �M/ ai2BM UkyR8V-
bBM+2 i?2 HQM;@`mM i2`K T`2KBmK �/Dmbib /B`2+iHv BM `2bTQMb2 iQ i?2 M2rb i?�i +?�M;2b
b?Q`i@`mM 2tT2+i�iBQMbX AM +QMi`�bi- mM+2`i�BMiv bB;M�Hb +�M KQp2 HQM;@`mM BMi2`2bi `�i2b
#v KQ`2 i?�M b?Q`i@`mM `�i2bX

h?2 b2+QM/ +QMi`B#miBQM Q7 i?2 T�T2` Bb iQ +QMbi`m+i � MQp2H 7Q`K Q7 2p2Mi bim/v iQ
B/2MiB7v i?2 BKTQ`i�M+2 Q7 i?2b2 BM7Q`K�iBQM +?�MM2HbX AKTH2K2MiBM; i?Bb 2KTB`B+�H i2bi
`2[mB`2b }M/BM; �M 2MpB`QMK2Mi BM r?B+? +2Mi`�H #�MF +QKKmMB+�iBQM T`QpB/2b BM7Q`K�@
iBQM bQH2Hv QM 2+QMQKB+ +QM/BiBQMb `�i?2` i?�M TQHB+v bi�M+2b- bBM+2 i?Bb K�v +QM7QmM/
Q#b2`p2/ K�`F2i `2�+iBQMbX 6Q` i?Bb r2 mb2 i?2 Tm#HB+�iBQM Q7 i?2 "�MF Q7 1M;H�M/Ƕb
AM~�iBQM _2TQ`i UA_V 7`QK 62#`m�`v RNN3 i?`Qm;? J�v kyR8X h?2 A_ +QMi�BMb BM7Q`@
K�iBQM �#Qmi i?2 "�MF Q7 1M;H�M/Ƕb 2+QMQKB+ 7Q`2+�bib- #mi /Q2b MQi T`QpB/2 2tTHB+Bi
7Q`r�`/ ;mB/�M+2 QM 7mim`2 TQHB+vX JQ`2Qp2`- /m`BM; Qm` b�KTH2 T2`BQ/- i?2 A_ r�b
Tm#HBb?2/ �++Q`/BM; iQ � }t2/- [m�`i2`Hv b+?2/mH2 QM2 r22F �7i2` i?2 �MMQmM+2K2Mi Q7
i?2 +QMi2KTQ`�M2Qmb TQHB+v /2+BbBQMX Ai i?2`27Q`2 +QMbiBimi2b � TQHB+v@7`22 +2Mi`�H #�MF
BM7Q`K�iBQM b?Q+FX h?Bb �HHQrb mb iQ /B`2+iHv �bb2bb i?2 K�`F2i BKT�+i Q7 M2rb �#Qmi
i?2 "�MF Q7 1M;H�M/Ƕb T`Bp�i2 pB2rb rBi?Qmi ?�pBM; iQ /2+QKTQb2 � TQHB+v +?�M;2 BMiQ
b2T�`�i2 BM7Q`K�iBQM �M/ TQHB+v b?Q+F +QKTQM2MibXk

� bi�M/�`/ �TT`Q�+? BM i?2 HBi2`�im`2 U*QQF �M/ >�?M RN3N- EmiiM2` kyyR- "2`M�MF2
�M/ EmiiM2` kyy8- �KQM; K�Mv Qi?2`bV Bb iQ mb2 K�`F2i `�i2 `2�+iBQMb �`QmM/ +2Mi`�H
#�MF �MMQmM+2K2Mib iQ BM72` i?2B` BM7Q`K�iBQM +QMi2MiX q2 BMbi2�/ /B`2+iHv K2�bm`2 �
?B;?@/BK2MbBQM�H b2i Q7 bB;M�Hb i?�i i?2 A_ +QMi�BMb �M/ mb2 KQ/2`M K�+?BM2 H�`MBM;
K2i?Q/b iQ �M�Hvx2 r?B+? Q7 i?2b2 bB;M�Hb �`2 `2bTQMbB#H2 7Q` /`BpBM; `�i2 `2bTQMb2b �i
/Bz2`2Mi K�im`BiB2bX q2 �HbQ /Q i?2 b�K2 7Q` b2T�`�i2 2tT2+i�iBQM �M/ i2`K T`2KBmK
+QKTQM2Mib Q7 i?2b2 vB2H/bX h?2 +QMbi`m+iBQM Q7 � b2i Q7 /2i�BH2/- ;`�MmH�` bB;M�Hb i`�Mb@
KBii2/ #v i?2 +2Mi`�H #�MF �HHQrb mb iQ QT2M mT i?2 ǵ#H�+F #QtǶ Q7 r?�i T`2+Bb2Hv /`Bp2b
K�`F2i `2bTQMb2b- �M/ iQ /BbiBM;mBb? i?2 mM+2`i�BMiv +?�MM2H �++Q`/BM; iQ r?2i?2` � b2i
Q7 bB;M�Hb /`Bp2b HQM;@`mM `�i2 `2�+iBQMb /BbiBM+i Q7 b?Q`i@`mM `�i2bX

h?2 A_ +QMi�BMb MmK2`B+�H BM7Q`K�iBQM BM i?2 7Q`K Q7 i?2 +2Mi`�H #�MFǶb BM~�iBQM
�M/ :.S 7Q`2+�bib- �b r2HH �b /Bbi`B#miBQM�H BM7Q`K�iBQM �`QmM/ i?Qb2 7Q`2+�bib Up�`B�M+2
�M/ bF2rVX Ai �HbQ +QMi�BMb M�``�iBp2 BM7Q`K�iBQM BM i?2 7Q`K Q7 2ti2MbBp2 i2ti- r?B+?
r2 [m�MiB7v mbBM; H�i2Mi .B`B+?H2i �HHQ+�iBQM UG.�V- � TQTmH�` T`Q#�#BHBbiB+ iQTB+ KQ/2H
U"H2B 2i �HX kyyjV T`2pBQmbHv �TTHB2/ BM KQM2i�`v 2+QMQKB+b #v >�Mb2M �M/ J+J�?QM
UkyReV �M/ >�Mb2M 2i �HX UkyR3VX G.� `2T`2b2Mib 2�+? A_ �b � /Bbi`B#miBQM Qp2` � }MBi2 b2i
Q7 iQTB+b i?�i +�Tim`2 +QKKQM i?2K2b BM i?2 /�i�X 6Q` 2t�KTH2- � T�`iB+mH�` A_ KB;?i
/2pQi2 kyW Q7 Bib bT�+2 iQ BM~�iBQMc R8W Q7 Bib bT�+2 iQ }M�M+B�H K�`F2i +QM/BiBQMbc �M/

ka22 JB`�M/�@�;`BTTBMQ �M/ _B++Q UkyR8V 7Q` �M 2t�KTH2 Q7 i?2 H�ii2`X

k



bQ QMX AM �HH- r2 Q#i�BM d8 Q7 /BK2MbBQMb Q7 p�`B�iBQM �+`Qbb 2p2`v A_, R8 MmK2`B+ bB;M�Hb-
�M/ ey M�``�iBp2 bB;M�HbX

LmK2`B+ BM7Q`K�iBQM Bb 2tTHB+BiHv /2bB;M2/ iQ +QMp2v M2rb QM i?2 bi�i2 Q7 i?2 2+QMQKv-
#mi H2bb +H2�` Bb r?2i?2` M�``�iBp2 BM7Q`K�iBQM �//b �Mv M2rb #2vQM/ i?BbX hQ i2bi i?Bb-
r2 B/2MiB7v i?2 MmK#2` Q7 bB;MB}+�Mi M�``�iBp2 bB;M�Hb b2H2+i2/ #v �M 2H�biB+ M2i `2;`2bbBQM
iQ 2tTH�BM i?2 `2bB/m�H p�`B�M+2 BM #QM/ vB2H/b U+QMi`QHHBM; 7Q` i?2 2z2+i �bbQ+B�i2/ rBi?
i?2 MmK2`B+�H 7Q`2+�bib QM #Qi?VX q2 +QKT�`2 i?Bb iQ i?2 MmK#2` b2H2+i2/ r?2M r2
`�M/QKHv T2`Kmi2 i?2 vB2H/ `2bB/m�Hb �M/ `2@2biBK�i2 i?2 KQ/2HX q2 Qp2`r?2HKBM;Hv
`2D2+i i?2 ?vTQi?2bBb i?�i M�``�iBp2 BM7Q`K�iBQM Bb mM`2H�i2/ iQ i?2 bBx2 Q7 i?2 BMi2`2bi
`�i2 KQp2b MQi 2tTH�BM2/ #v MmK2`B+ 7Q`2+�bib �i #Qi? b?Q`i@ �M/ HQM;@i2`K K�im`BiB2bX
h?Bb �HHQrb mb iQ 2tTHQBi i?2 ?B;? /BK2MbBQM�HBiv Q7 M�``�iBp2 iQ �bb2bb i?2 /Bz2`2Mi
+?�MM2Hb /Bb+mbb2/ �#Qp2X

h?2 i?B`/ +QMi`B#miBQM Q7 i?2 T�T2` Bb iQ T`QpB/2 `Q#mbi 2pB/2M+2 BM 7�pQ` Q7 i?2
mM+2`i�BMiv +?�MM2H �b i?2 /QKBM�Mi 7�+iQ` BM 2tTH�BMBM; r?v HQM;@`mM `�i2b `2�+i iQ
A_ Tm#HB+�iBQMX �M BMBiB�H }M/BM; Bb i?�i M2rb BM i?2 ?B;?2` KQK2Mib Q7 i?2 MmK2`B+�H
7Q`2+�bib 2tTH�BMb �M BM+`2�bBM; T`QTQ`iBQM Q7 BMi2`2bi `�i2 p�`B�iBQM �i HQM;2` ?Q`BxQMbX
q2 i?2M mb2 i?2 M�``�iBp2 bB;M�Hb BM i?`22 r�vb iQ b?Qr i?�i mM+2`i�BMiv bB;M�Hb /`Bp2
i?2 +?�M;2 BM HQM;@`mM BMi2`2bi `�i2b,

RX q2 B/2MiB7v i?2 M�``�iBp2 bB;M�Hb i?�i �`2 KQbi `Q#mbiHv HBMF2/ iQ vB2H/ KQp2K2Mib
�i 2�+? K�im`Biv mbBM; � #QQibi`�T T`Q+2/m`2X h?2`2 Bb HBiiH2 Qp2`H�T BM i?Qb2
bB;M�Hb i?�i /`Bp2 b?Q`i@`mM BMi2`2bi `�i2 +?�M;2b �M/ i?Qb2 i?�i /`Bp2 HQM;@`mM
+?�M;2bX JQ`2Qp2`- i?2 M�``�iBp2 bB;M�Hb i?�i 2tTH�BM HQM;@`mM `�i2b 72�im`2 rQ`/b
bm;;2biBp2 Q7 mM+2`i�BMivX q2 �HbQ `2T2�i i?2 �M�HvbBb #v vB2H/ +QKTQM2MiX h?2
2tT2+i�iBQMb Ui2`K T`2KBmKV +QKTQM2Mi /`Bp2b i?2 Qp2`�HH b?Q`i@`mM UHQM;@`mMV
p�`B�iBQMX 6m`i?2`KQ`2- i?2 F2v bB;M�Hb i?�i /`Bp2 2tT2+i�iBQMb +QKTQM2Mib �`2
?B;?Hv +Q``2H�i2/ �+`Qbb i?2 vB2H/ +m`p2- r?2`2�b p�`B�iBQM BM i2`K T`2KBmKb Bb
/`Bp2M #v BM/2T2M/2Mi bB;M�HbX h?Bb bm;;2bib i?�i i?2 bi�M/�`/ BM7Q`K�iBQM 2z2+i
QM H2p2H 2tT2+i�iBQMb QT2`�i2b BM i?2 #�+F;`QmM/- #mi /Q2b MQi �++QmMi 7Q` KQbi Q7
i?2 KQp2K2Mi BM HQM;@`mM `�i2bX

kX h?2 A_ +QMi�BMb irQ M�``�iBp2 T�`ib- QM2 /2b+`B#BM; +m``2Mi 2+QMQKB+ +QM/BiBQMb
�M/ �MQi?2` /2b+`B#BM; i?2 7Q`2+�bi �M/ i?2 `BbFb �`QmM/ BiX h?2 bB;M�Hb i?�i /`Bp2
KQp2K2Mib BM b?Q`i@`mM UHQM;@`mMV `�i2b +QK2 /BbT`QTQ`iBQM�i2Hv 7`QK i?2 7Q`K2`
UH�ii2`V T�`iX

jX q2 `2+Q`/ i?2 `2bB/m�H p�`B�M+2 i?�i i?2 F2v M�``�iBp2 bB;M�Hb �i 2�+? K�im`Biv
2tTH�BM �M/ +QM/m+i � TH�+2#Q i2bi BM r?B+? r2 `2TH�+2 i?2K rBi? i?2 F2v bB;@
M�Hb 7`QK Qi?2` K�im`BiB2bX h?2 F2v bB;M�Hb 7Q` HQM;@`mM Ub?Q`i@`mMV vB2H/b 2tTH�BM
�`QmM/ � i?B`/ Q7 i?2B` `2bB/m�H p�`B�M+2- #mi HBiiH2 iQ MQM2 Q7 i?2 `2bB/m�H p�`B�M+2

j



7Q` b?Q`i@`mM UHQM;@`mMV vB2H/bX h?2 �M�HvbBb #v +QKTQM2Mi �;�BM b?Qrb bQK2 2pB@
/2M+2 7Q` i?2 BM7Q`K�iBQM 2z2+i QM H2p2H 2tT2+i�iBQMbX �M �//BiBQM�H }M/BM; Bb i?�i
i?2 F2v bB;M�Hb 7Q` b?Q`i@`mM 2tT2+i�iBQMb /Q MQi 2tTH�BM +?�M;2b BM i?2 HQM;@`mM
i2`K T`2KBmKX

AM b?Q`i- r?BH2 �M BM7Q`K�iBQM 2z2+i �TT2�`b iQ QT2`�i2 QM HQM;@`mM H2p2H 2tT2+i�iBQMb-
Bi /Q2b MQi 2tTH�BM i?2 Qp2`�HH HQM;@`mM K�`F2i `�i2 `2�+iBQM iQ i?2 A_X AMbi2�/- i?2
2pB/2M+2 Bb +QMbBbi2Mi rBi? �M mM+2`i�BMiv +?�MM2H �b i?2 T`BK�`v bQm`+2 Q7 i?2 `2�+iBQM-
pB� +?�M;2b BM i?2 i2`K T`2KBmKX lMHBF2 BM >�MbQM �M/ ai2BM UkyR8V- i?Bb i2`K T`2KBmK
2z2+i Bb i?2 /B`2+i `2bmHi Q7 M2rb `�i?2` i?�M �M BM/B`2+i `2bmHi Q7 i`�/BM; �+iBpBivX

Pm` }M/BM;b �`2 �HbQ `2H�i2/ iQ � ;`QrBM; 2KTB`B+�H HBi2`�im`2 QM i?2 2z2+ib Q7 KQM2@
i�`v TQHB+v 2p2Mib QM i2`K T`2KBmKbX 6Q` 2t�KTH2- "mM/B+F 2i �HX UkyRdV b?Qr i?�i b?Q+Fb
iQ mM+2`i�BMiv �#Qmi 7mim`2 BMi2`2bi `�i2 /2+BbBQMb vB2H/b bB;MB}+�Mi KQp2b BM HQM;@i2`K
i2`K T`2KBmKb BM i?2 laX �M/ *B2bH�F �M/ a+?`BKT7 UkyR3V b?Qr i?�i KQM2i�`v 2p2Mib
BM i?2 la- 1m`Q �`2�- lE �M/ C�T�M �`2 �bbQ+B�i2/ rBi? `BbF T`272`2M+2 b?Q+Fb B/2MiB}2/
Qz i?2 KQp2K2Mi BM i2`K T`2KBmKb �+`Qbb i?2 vB2H/ +m`p2X h?Bb HBi2`�im`2 /Q2b MQi 2K@
T?�bBb2 i?2 `QH2 Q7 +2Mi`�H #�MF +QKKmMB+�iBQM �#Qmi mM+2`i�BMiv �b /`BpBM; i?2 2z2+ibX
AM 7�+i- i?2 }M/BM;b +QmH/ #2 mM`2H�i2/ iQ BM7Q`K�iBQM 2z2+ib �b BM i?2 `BbF T`2KBmK
+?�MM2H Q7 KQM2i�`v TQHB+v BM .`2+?bH2` 2i �HX UkyR3VX h�M; UkyR8V �M/ G2QK#`QMB 2i �HX
UkyR3V HBMF BM7Q`K�iBQM 2z2+ib 7`QK +2Mi`�H #�MF +QKKmMB+�iBQM iQ HQM;@i2`K BMi2`2bi
`�i2 KQp2K2Mib rBi? �M 2tTHB+Bi `QH2 7Q` mM+2`i�BMivX lMHBF2 BM Qm` T�T2`- i?2 +QKKmMB@
+�iBQM Bb �#Qmi H2p2H 2tT2+i�iBQMb r?B+? i?2M BMi2`�+i rBi? ;Bp2M mM+2`i�BMiv i?�i T`2p�BHb
�i i?2 iBK2 Q7 i?2 bB;M�HX AM Qm` T�T2`- i?2 +2Mi`�H #�MF bB;M�Hb �`2 i?2Kb2Hp2b �#Qmi
mM+2`i�BMivX

h?2 K�BM BKTHB+�iBQM Q7 Qm` }M/BM;b Bb i?�i +2Mi`�H #�MF +QKKmMB+�iBQM +�M ?2HT
b?�T2 K�`F2i #2HB27b �#Qmi HQM;@`mM mM+2`i�BMivX AM Qm` pB2r- i?Bb +?�MM2H ?�b #22M
mM/2`@�TT`2+B�i2/ BM i?2 HBi2`�im`2 QM KQM2i�`v TQHB+v- #mi Bb bQK2i?BM; i?�i +2Mi`�H
#�MFb b?QmH/ TQi2MiB�HHv +QMbB/2` �b T�`i Q7 i?2B` Qp2`�HH +QKKmMB+�iBQM bi`�i2;B2b- 2bT2@
+B�HHv �b i?2`2 Bb BM+`2�bBM; 2pB/2M+2 i?�i mM+2`i�BMiv ?�b K�+`Q2+QMQKB+ 2z2+ib U"HQQK
kyyN- 62`M�M/2x@oBHH�p2`/2 2i �HX kyRR- Cm`�/Q 2i �HX kyR8- "�F2` 2i �HX kyReVX h?Bb Bb �HbQ
`2H2p�Mi 7Q` mM/2`bi�M/BM; i?2 `QH2 i?�i bQ@+�HH2/ ǵ.2HT?B+Ƕ 7Q`r�`/ ;mB/�M+2 +�M TH�v-
r?B+? *�KT#2HH 2i �HX UkyRkV /2}M2 �b +QKKmMB+�iBM; � pB2r QM 7mim`2 +QM/BiBQMb �M/
�i i?2 b�K2 iBK2 /2b+`B#BM; � HBF2Hv TQHB+v `2bTQMb2 iQ i?�i pB2rX Pm` T�T2` b?Qrb i?�i
K�`F2i `2�+iBQMb �`Bb2 7`QK +QKKmMB+�iBM; bm+? pB2rb 2p2M BM i?2 �#b2M+2 Q7 BM7Q`K�iBQM
QM TQHB+vX 6BM�HHv- � #`Q�/2` TQHB+v BKTHB+�iBQM Bb i?2 mb2 Q7 M�``�iBp2 �b �M BMbi`mK2Mi
7Q` K�M�;BM; 2tT2+i�iBQMbX a?BHH2` UkyRdV `2+2MiHv BMi`Q/m+2/ i?2 MQiBQM Q7 L�``�iBp2
1+QMQKB+b- r?B+? 2KT?�bBx2b i?2 `QH2 Q7 M�``�iBp2b BM bT`2�/BM; #2HB27bX AM KQM2i�`v
TQHB+v- +2Mi`�H #�MFb ?�p2 �M BKTQ`i�Mi `QH2 BM b?�TBM; Tm#HB+ M�``�iBp2 U>�H/�M2 �M/
J+J�?QM kyR3V- �M/ Qm` rQ`F bm;;2bib i?Bb +�M ;2M2`�i2 /Bz2`2Mi T�ii2`Mb Q7 #2HB27b
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�KQM; 2+QMQKB+ �;2MibX
6`QK � K2i?Q/QHQ;B+�H T2`bT2+iBp2- r2 BHHmbi`�i2 ?Qr iQ +QK#BM2 2p2Mi bim/v �M�H@

vbBb rBi? � ?B;?@/BK2MbBQM�H b2i Q7 `2;`2bbQ`b i?�i K2�bm`2 bB;M�Hb 7`QK mMbi`m+im`2/
i2ti /�i�X _�i?2` i?�M bBKTHv /2b+`B#2 ?Qr i?2b2 72�im`2b +Q``2H�i2 rBi? BMi2`2bi `�i2b-
r2 T`QTQb2 � 7`�K2rQ`F i?�i �HHQrb mb iQ /BbiBM;mBb? +?�MM2Hb #�b2/ QM ?2i2`Q;2M2Biv
BM i?2 +Q``2H�iBQM T�ii2`Mb �+`Qbb vB2H/bX :Bp2M i?2 TQTmH�`Biv Q7 2p2Mi bim/B2b BM i?2
KQM2i�`v TQHB+v HBi2`�im`2- �M/ i?2 T`2TQM/2`�M+2 Q7 i2ti i?�i �++QKT�MB2b K�Mv +2M@
i`�H #�MF +QKKmMB+�iBQM 2p2Mib- i?2 K2i?Q/b r2 T`QTQb2 ?�p2 #`Q�/ �TTHB+�#BHBivX 6Q`
2t�KTH2- :Ƀ`F�vM�F 2i �HX UkyR3V }M/ i?�i i?2 +?�M;2 BM BMi2`2bi `�i2b �`QmM/ +2Mi`�H
#�MF +QKKmMB+�iBQM 2p2Mib BM i?2 la Bb QMHv T�`iB�HHv +�Tim`2/ #v ?2�/HBM2 MmK2`B+ BM@
7Q`K�iBQMX Pm` �TT`Q�+? �HHQrb `2b2�`+?2`b iQ /B`2+iHv �M�Hvx2 i?2 ǵKBbbBM;Ƕ BM7Q`K�iBQM
MQi �++QmMi2/ 7Q` BM i`�/BiBQM�H �M�HvbBbX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrX a2+iBQM k /2b+`B#2b i?2 AM~�iBQM _2TQ`i �M/ i?2 vB2H/
+m`p2 /�i�c a2+iBQM j BMi`Q/m+2b � 7`�K2rQ`F i?�i BM+Q`TQ`�i2b BM7Q`K�iBQM 2z2+ib QM
H2p2Hb �M/ mM+2`i�BMivc �M/ a2+iBQM 9 2tTH�BMb ?Qr r2 K2�bm`2 i?2 MmK2`B+ �M/ M�``�iBp2
BM7Q`K�iBQM BM i?2 A_X a2+iBQM 8 T`2b2Mib Qm` +Q`2 2KTB`B+�H }M/BM;b- �M/ a2+iBQM e
T`2b2Mib `Q#mbiM2bb `2bmHibX a2+iBQM d +QM+Hm/2bX

k A_ *QKKmMB+�iBQM �M/ i?2 uB2H/ *m`p2
AM i?Bb b2+iBQM r2 KQiBp�i2 i?2 7Q+mb QM i?2 "�MF Q7 1M;H�M/Ƕb AM~�iBQM _2TQ`i �M/ i?2
BM7Q`K�iBQM Bi /2HBp2`bX q2 i?2M /Bb+mbb i?2 BMi2`2bi `�i2 /�i� r2 mb2- �M/ b?Qr mbBM; �M
2p2Mi bim/v i?�i i?2 _2TQ`iǶb Tm#HB+�iBQM ?�b �M BKT�+i QM K�`F2i `�i2b �i � `�M;2 Q7
K�im`BiB2bXj

kXR h?2 AM~�iBQM _2TQ`i
6QHHQrBM; i?2 �/QTiBQM Q7 BM~�iBQM i�`;2iBM; BM i?2 lE BM RNNj- i?2 AM~�iBQM _2TQ`i
UA_V ?�b #22M Tm#HBb?2/ [m�`i2`Hv #v i?2 "�MF Q7 1M;H�M/X q?2M i?2 "�MF Q7 1M;H�M/
r�b ;`�Mi2/ QT2`�iBQM�H BM/2T2M/2M+2 7Q` KQM2i�`v TQHB+v BM J�v RNNd- � MBM2@T2`bQM
JQM2i�`v SQHB+v *QKKBii22 UJS*V r�b 2bi�#HBb?2/ iQ b2i TQHB+v QM � KQMi?Hv #�bBb BM
� r�v +QMbBbi2Mi rBi? K22iBM; Bib BM~�iBQM i�`;2i `2KBiX aBM+2 BM/2T2M/2M+2- i?2 A_ ?�b
#2+QK2 i?2 [m�`i2`Hv +QKKmMB+�iBQM p2?B+H2 7Q` i?2 JS* �M/ +QMi�BM2/ i?2 *QKKBii22Ƕb
7Q`2+�bib 7Q` :.S ;`Qri? �M/ BM~�iBQMX AM Bib QrM rQ`/b- i?2 A_ ǳb2ib Qmi i?2 2+QMQKB+

j_22p2b �M/ a�rB+FB UkyydV +QM/m+i2/ �M 2p2Mi bim/v QM i?2 2z2+i Q7 A_ Tm#HB+�iBQM QM K�`F2i `�i2b-
�M/ }M/ bB;MB}+�Mi 2z2+ibX >2`2 r2 2ti2M/ i?2B` �M�HvbBb rBi? � HQM;2` b�KTH2 �M/ /Bz2`2Mi K�`F2i
`�i2bX
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�M�HvbBb �M/ BM~�iBQM T`QD2+iBQMb i?�i i?2 JQM2i�`v SQHB+v *QKKBii22 mb2b iQ K�F2 Bib
BMi2`2bi `�i2 /2+BbBQMbXǴ

Pm` b�KTH2 +QKT`Bb2b dy A_ Tm#HB+�iBQMbX Ai bi�`ib BM 62#`m�`v RNN3 r?2M i?2 JS*
`2�+?2/ Bib 7mHHv QT2`�iBQM�H bBx2 �M/ #2;�M Tm#HBb?BM; 7Q`2+�bib QM � +QMbBbi2Mi #�bBbX
.m`BM; Qm` b�KTH2- i?2 A_ r�b Tm#HBb?2/ QM2 r22F �7i2` i?2 JS* TQHB+v `�i2 /2+BbBQM r�b
Tm#HB+Hv �MMQmM+2/ #mi #27Q`2 i?2 Tm#HB+�iBQM Q7 i?2 KBMmi2b i?�i 2tTH�BM2/ i?2 /2+BbBQMX
Pm` b�KTH2 2M/b BM J�v kyR8- �7i2` r?B+? i?2 "�MF KQp2/ iQ � M2r Tm#HB+�iBQM b+?2/mH2
r?2`2 i?2 A_ Bb Tm#HBb?2/ �i i?2 b�K2 iBK2 �b i?2 TQHB+v `�i2 �M/ KBMmi2b- r?B+? K�F2b
BbQH�iBM; i?2 BKT�+i Q7 +QKKmMB+�iBQM /B{+mHiX9

6B;m`2 R, LmK2`B+ AM7Q`K�iBQM, 6�M *?�`ib

LQi2b, h?2 H27i@?�M/ };m`2 b?Qrb i?2 J�v kyR9 AM~�iBQM _2TQ`i 7�M +?�`i 7Q` i?2 :.S
;`Qri? T`QD2+iBQM #�b2/ QM K�`F2i BMi2`2bi `�i2 2tT2+i�iBQMb �M/ Qi?2` TQHB+v K2�bm`2b �b
�MMQmM+2/X h?2 `B;?i@?�M/ };m`2 b?Qrb i?2 �M�H�;Qmb 7�M +?�`i �bbQ+B�i2/ rBi? i?2 *SA
BM~�iBQM 7Q`2+�biX aQm`+2, "�MF Q7 1M;H�M/X

h?2 AM~�iBQM _2TQ`i Bb � `B+? bQm`+2 Q7 BM7Q`K�iBQMX Aib ?2�/HBM2 BM7Q`K�iBQM Bb
KQ/�H 7Q`2+�bib 7Q` :.S �M/ BM~�iBQM Qp2` i?2 7QHHQrBM; irQ v2�`b U�M/ 7`QK �m;mbi
kyy9 QMr�`/b 7Q` i?2 7QHHQrBM; i?`22 v2�`bV- �b r2HH �b /Bbi`B#miBQM�H BM7Q`K�iBQM �`QmM/
i?Qb2 KQ/2b BM i?2 7Q`K Q7 � p�`B�M+2 �M/ bF2rX Ai T`2b2Mib i?2b2 T`QD2+iBQMb BM i?2
7Q`K Q7 7�M +?�`ib- �b BHHmbi`�i2/ BM 6B;m`2 RX8 h?2 A_ �HbQ +QMi�BMb 2ti2MbBp2 M�``�iBp2
BM7Q`K�iBQM BM i?2 7Q`K Q7 r`Bii2M i2tiX AM a2+iBQM 9 r2 /2b+`B#2 ?Qr r2 [m�MiB7v #Qi?
i?2 MmK2`B+ �M/ M�``�iBp2 BM7Q`K�iBQM BM i?2 A_X

h?2 A_ `2TQ`i Bb �HbQ BKTQ`i�Mi 7Q` r?�i Bi /Q2b MQi +QMi�BM- BX2X 7Q`K�H 7Q`r�`/
;mB/�M+2X Ai Bb T`BK�`BHv � p2?B+H2 7Q` /2HBp2`BM; i?2 JS*Ƕb pB2rb QM i?2 /2p2HQTK2Mi
Q7 2+QMQKB+ +QM/BiBQMb- �M/ Bi /Q2b MQi T`QpB/2 2tTHB+Bi bB;M�Hb �#Qmi ?Qr Bi rBHH `2�+i

9.m`BM; Qm` b�KTH2- i?2 JS* �HbQ 2M;�;2/ BM Qi?2` 7Q`Kb Q7 +QKKmMB+�iBQM HBF2 K2K#2` bT22+?2b-
#mi i?2b2 /Q MQi bvbi2K�iB+�HHv 7�HH QM A_ Tm#HB+�iBQM /�vbX

8h?2 MmK2`B+ p�Hm2b 7Q` 7Q`2+�bi /Bbi`B#miBQMb �`2 K�/2 Tm#HB+�HHv �p�BH�#H2 QM i?2 A_ r2#bBi2 �HQM;bB/2
i?2 ;`�T?B+�H `2T`2b2Mi�iBQM �b 7�M +?�`ibX

e



iQ i?Qb2 /2p2HQTK2MibX q2 i?2`27Q`2 pB2r Bi �b �M B/2�H b2iiBM; iQ bim/v ?Qr � +2Mi`�H
#�MFǶb i`�MbKBiiBM; BM7Q`K�iBQM bQH2Hv �#Qmi +QM/BiBQMb +�M ;2M2`�i2 K�`F2i M2rbX am+?
�M 2t2`+Bb2 rQmH/- 7Q` 2t�KTH2- MQi #2 TQbbB#H2 BM i?2 la bBM+2 i?2 62/2`�H _2b2`p2 /Q2b
MQi Tm#HBb? +QMi2KTQ`�M2Qmb :`22M#QQF 7Q`2+�bibXe

AM bmKK�`v- A_ Tm#HB+�iBQM ?�b b2p2`�H �/p�Mi�;2bX Ai Bb Tm#HBb?2/ �++Q`/BM; iQ �M
2tQ;2MQmbHv b2i b+?2/mH2c i?2`2 Bb MQ TQHB+v `�i2 �MMQmM+2K2Mi QM i?2 b�K2 /�v �b A_
Tm#HB+�iBQM i?�i +QmH/ +QM7QmM/ Bib K�`F2i BKT�+ic Bi +QMi�BMb M2rb Dmbi QM i?2 QmiHQQFc
�M/ Bi ?�b � `B+? b2i Q7 TQi2MiB�H bB;M�Hb i?�i �HHQr QM2 iQ /B; /22THv BMiQ i?2 BM7Q`K�iBQM
Bi +QMp2vbX

kXk 1p2Mi bim/v /2b+`BTiBQM �M/ vB2H/ +m`p2 /�i�
AM Q`/2` iQ bim/v i?2 BKT�+i Q7 A_ Tm#HB+�iBQM QM K�`F2i BMi2`2bi `�i2b- r2 mb2 �M 2p2Mi
bim/v �TT`Q�+? i?�i ?�b MQr #2+QK2 [mBi2 bi�M/�`/ BM i?2 HBi2`�im`2X amTTQb2 i?2 A_
Bb Tm#HBb?2/ QM /�v t BM KQMi? m(t)X 6B;m`2 k /2TB+ib i?2 iBK2HBM2 Q7 2p2MibX h?2
KQMi? m(t) TQHB+v `�i2 im(t) Bb �MMQmM+2/ b2p2M /�vb T`BQ` iQ A_ Tm#HB+�iBQMX �i i?2
+HQb2 Q7 K�`F2i i`�/BM; QM /�v t − 1- i?2 K�`F2i BM7Q`K�iBQM b2i Bb IJE

t−1 �M/ r2 Q#b2`p2
bQK2 K�`F2i BMi2`2bi `�i2X �i i?2 +HQb2 Q7 i`�/2 QM /�v t- i?2 K�`F2i BM7Q`K�iBQM b2i
Bb IJE

t �M/ r2 Q#b2`p2 � M2r K�`F2i BMi2`2bi `�i2X h?2 �bbmKTiBQM BM i?2 2p2Mi bim/v
HBi2`�im`2 Bb i?�i IJE

t \IJE
t−1 Bb ;2M2`�i2/ 2MiB`2Hv #v A_ Tm#HB+�iBQM- �M/ i?�i i?Bb �//BiBQM�H

BM7Q`K�iBQM BM im`M ;2M2`�i2b i?2 Q#b2`p2/ +?�M;2 BM K�`F2i BMi2`2bi `�i2b QM /�v tX PM2
+�M i?2M mb2 i?2 �#bQHmi2 Q#b2`p2/ +?�M;2 BM K�`F2i BMi2`2bi `�i2b QM /�v t iQ �bb2bb i?2
M2rb +QMi�BM2/ BM A_ Tm#HB+�iBQMX q?BH2 i?2 HBi2`�im`2 BM+`2�bBM;Hv mb2b iB;?i- BMi`�@/�v
rBM/Qrb �`QmM/ +QKKmMB+�iBQM 2p2Mib-d r2 mb2 /�BHv +?�M;2b bBM+2 Bi K�v i�F2 K�`F2ib
HQM;2` iQ BM+Q`TQ`�i2 i?2 H2M;i? �M/ +QKTH2tBiv Q7 i?2 A_X

6Q` Qm` �M�HvbBb- r2 mb2 /�BHv /�i� /m`BM; i?2 T2`BQ/ yRfyRfRNN3 iQ jRfydfkyR8 QM
7Qm` /Bz2`2Mi K�im`Biv K�`F2i `�i2b /2`Bp2/ 7`QK lE ;Qp2`MK2Mi #QM/ T`B+2b, i?2 QM2@
v2�` bTQi `�i2c i?2 i?`22@v2�` 7Q`r�`/ `�i2c i?2 }p2@v2�` 7Q`r�`/ `�i2c �M/ i?2 }p2@v2�`
�?2�/- }p2 v2�` 7Q`r�`/ `�i2 U2[mBp�H2Mi iQ i?2 �p2`�;2 7Q`r�`/ `�i2 }p2 iQ i2M v2�`b
�?2�/VX q2 mb2 MQKBM�H `�i?2` i?�M `2�H `�i2b #2+�mb2 Q#i�BMBM; `2HB�#H2 b?Q`i@`mM `2�H
`�i2b /m`BM; Qm` b�KTH2 BM i?2 lE Bb /B{+mHiX AM a2+iBQM eXk r2 `2T2�i i?2 �MH�vbBb QM
K2/BmK@ �M/ HQM;@`mM `2�H `�i2b- �M/ b?Qr `2bmHib i?�i �`2 p2`v bBKBH�` iQ i?Qb2 rBi?
MQKBM�H `�i2bX

eq2 i�F2 � #`Q�/2` pB2r Q7 r?�i _QK2` �M/ _QK2` UkyyyV +�HH i?2 BM7Q`K�iBQM 2z2+iX AM i?2B`
b�KTH2- i?2 62/ 2M;�;2/ BM p2`v HBKBi2/ Tm#HB+ +QKKmMB+�iBQM- �M/ bQ i?2 Q#b2`p2/ TQHB+v `�i2 +?�M;2
r�b QM2 Q7 i?2 K�BM K2�Mb #v r?B+? K�`F2ib +QmH/ BM72` 62/ 7Q`2+�bibX AM i?Bb T�T2`- i?2 ǳBM7Q`K�iBQM
2z2+iǴ BM+Hm/2b �Mv bvbi2K�iB+ K�`F2i `2�+iBQM iQ +QKKmMB+�iBQM �#Qmi 2+QMQKB+ 7mM/�K2Mi�Hb pB� �Mv
K2/BmKX

d:Ƀ`F�vM�F 2i �HX Ukyy8V- L�F�Km`� �M/ ai2BMbbQM UkyRjV- �M/ :2`iH2` �M/ E�`�/B UkyR8V �HH mb2
?B;?@7`2[m2M+v B/2MiB}+�iBQM `2HvBM; QM M2rb �#Qmi KQM2i�`v TQHB+v BM � jy@KBMmi2 rBM/Qr bm``QmM/BM;
b+?2/mH2/ 62/2`�H _2b2`p2 �MMQmM+2K2MibX

d



1p2Mi aim/v qBM/Qr

JS* SQHB+v �MMQmM+2/
t− 7

.�v "27Q`2 _2H2�b2
t− 1

A_ _2H2�b2
t

im(t)

IJE
t−1

.�v t− 1

J�`F2i _�i2
IJE
t

.�v t

J�`F2i _�i2

6B;m`2 k, 1p2Mi aim/v hBK2 GBM2 7Q` A_ Sm#HB+�iBQM QM .�v t

lM/2` bi�M/�`/ �bb2i T`B+BM; i?2Q`v- r2 +�M r`Bi2 7Q`r�`/ BMi2`2bi `�i2b �b � +QK@
#BM�iBQM Q7 �M 2tT2+i�iBQM �M/ i2`K T`2KBmKX A7 BMp2biQ`b r2`2 mM+QM+2`M2/ �#Qmi i?2
`BbFb �`QmM/ 7mim`2 BMi2`2bi `�i2b- i?2 i2`K bi`m+im`2 Q7 BMi2`2bi `�i2b ěi?2 ǵvB2H/ +m`p2Ƕ
ěb?QmH/ 2[m�H i?2 2tT2+i2/ T�i? 7Q` b?Q`i@i2`K BMi2`2bi `�i2bX h?Bb Bb Q7i2M +�HH2/ i?2
ǵTm`2 2tT2+i�iBQMb ?vTQi?2bBbǶ �M/ �`Bb2b 7`QK i?2 �#BHBiv Q7 BMp2biQ`b iQ +?QQb2 #2ir22M
#mvBM; � HQM;@i2`K #QM/ Q` BMp2biBM; BM � b2`B2b Q7 b?Q`i@i2`K #QM/bX AM T`�+iB+2- ?Qr2p2`-
K�`F2i BMi2`2bi `�i2b /2pB�i2 7`QK i?2 Tm`2 2tT2+i�iBQMb ?vTQi?2bBb- rBi? �Mv �//BiBQM�H
`2im`M `272``2/ iQ �b i?2 ǵi2`K T`2KBmKǶ- r?B+? r2 /2MQi2 #v hSX

� ;2M2`�H 2tT`2bbBQM 7Q` i?2 k@KQMi? �?2�/ 7Q`r�`/ `�i2 QM /�v t Bb i?2`27Q`2

fk,t =
[
im(t)+k

∣∣ IJE
t

]
+ hSk(I

JE
t ), URV

�M/ Qm` 7Qm` T�`iB+mH�` K�`F2i `�i2b +�M #2 2tT`2bb2/ �b3

RX R@v2�` bTQi `�i2,

i0:12,t =
im(t) +

∑11
i=1

[
im(t)+i

∣∣ IMK
t

]

12
+ hS0:12

(
IMK
t

)
UkV

kX j@v2�` 7Q`r�`/ `�i2,

f36,t =
[
im(t)+36

∣∣ IMK
t

]
+ hS36

(
IMK
t

)
UjV

jX 8@v2�` 7Q`r�`/ `�i2b,

f60,t =
[
im(t)+60

∣∣ IMK
t

]
+ hS60

(
IMK
t

)
U9V

3>2`2 r2 ?�p2 2tT`2bb2/ MQKBM�H `�i2b BM i2`Kb Q7 2tT2+i�iBQMb 7Q`K2/ �i � KQMi?Hv 7`2[m2M+v 7Q`
MQi�iBQM�H +QMp2MB2M+2c BM T`�+iB+2- i?2 7Q`r�`/ `�i2b �`2 +QKTmi2/ mbBM; � MQiBQM�H BMbi�Mi�M2Qmb `�i2
Q7 BMi2`2bi- �M/ i?2 R@v2�` bTQi �M/ 8@v2�`- 8@v2�` `�i2b �`2 BMi2;`�Hb mM/2` i?2 +m`p2 +Q``2bTQM/BM; iQ
i?2b2 BMbi�Mi�M2Qmb `�i2bX

3



9X 8@v2�`- 8@v2�` `�i2b,

f60:120,t =

∑119
i=60

[
im(t)+i

∣∣ IMK
t

]

60
+ hS60:120

(
IMK
t

)
U8V

AM Qm` i?2Q`2iB+�H �M/ 2KTB`B+�H �M�HvbBb #2HQr U�Hi?Qm;? MQi BM i?2 bBKTH2 2p2Mi bim/v
Q7 i?Bb b2+iBQMV- r2 /BbiBM;mBb? #2ir22M i?2 2z2+i i?�i A_ Tm#HB+�iBQM ?�b QM 2tT2+i�iBQMb
�M/ i2`K T`2KBmKb b2T�`�i2HvX PM2 +QKKQM r�v iQ T2`7Q`K �M 2KTB`B+�H /2+QKTQbBiBQM
Q7 i?2 vB2H/ +m`p2 BMiQ i?2b2 irQ +QKTQM2Mib Bb iQ mb2 �M �{M2 i2`K bi`m+im`2 KQ/2HX
aQK2 Q7 i?2b2 KQ/2Hb mb2 QMHv i?2 T�bi #2?�pBQ` Q7 i?2 K�`F2i vB2H/ +m`p2 iQ 2biBK�i2
i?2 /2+QKTQbBiBQM- r?2`2�b Qi?2`b bmTTH2K2Mi i?�i rBi? bm`p2v Q` Qi?2` �//BiBQM�H /�i�
QM 2tT2+i�iBQMbX h?2 bT2+B}+�iBQM Q7 i?2 KQ/2H +�M H2�/ iQ [mBi2 H�`;2 /Bz2`2M+2b BM
i?2 2biBK�i2bX AM Qm` �M�HvbBb- i?2`27Q`2- r2 mb2 �M �p2`�;2 Q7 7Qm` /Bz2`2MiHv@bT2+B}2/
KQ/2Hb- irQ Q7 r?B+? bmTTH2K2Mi i?2 vB2H/ +m`p2 /�i� rBi? bm`p2v BM7Q`K�iBQMXN

h�#H2 R b?Qrb i?2 +QMi`B#miBQM Q7 2�+? +QKTQM2Mi iQ 2tTH�BMBM; i?2 Qp2`�HH p�`B�M+2
BM vB2H/b QM A_ Tm#HB+�iBQM /�vb BM Qm` b�KTH2X h?2 i2`K T`2KBmK TH�vb �M BM+`2�bBM;Hv
BKTQ`i�Mi `QH2 BM �++QmMiBM; 7Q` KQp2K2Mib BM BMi2`2bi `�i2b �i HQM;2` ?Q`BxQMb- �M/ Bb
i?2 T`BK�`v /`Bp2` Q7 +?�M;2b BM i?2 }p2@v2�`- }p2@v2�` 7Q`r�`/ `�i2XRy

h�#H2 R, o�`B�M+2 .2+QKTQbBiBQM Q7 J�`F2i AMi2`2bi _�i2 *?�M;2b

hQi�H o�` o�`U1tTV o�`UhSV k t *Qp
R u2�` aTQi yXyyjk yXyyk9 yXyyyR yXyyyd

Ryy d8 j kk
j u2�` 6Q`r�`/ yXyyee yXyyjd yXyyyN yXyyky

Ryy 8e R9 jy
8 u2�` 6Q`r�`/ yXyy8y yXyyke yXyyR8 yXyyyN

Ryy 8k kN RN
8 u2�`- 8 u2�` 6Q`r�`/ yXyyjN yXyyR3 yXyykj @yXyyyk

Ryy 9d 8N @e

LQi2b, h?Bb i�#H2 `2TQ`ib i?2 p�`B�M+2 /2+QKTQbBiBQM Q7 /Bz2`2Mi vB2H/b #v 2tT2+i�iBQM �M/
i2`K T`2KBmK +QKTQM2Mib QM Qm` dy A_ `2H2�b2 /�vbX o�`U1tTV Bb i?2 p�`B�M+2 2tTH�BM2/
#v 2tT2+i�iBQMbc o�`UhSV Bb i?2 p�`B�M+2 2tTH�BM2/ #v i2`K T`2KBmKbc �M/ *Qp Bb i?2
+Qp�`B�M+2 #2ir22M i?2 +QKTQM2MibX

kXj 1p2Mi bim/v `2bmHib
6Q` i?2 2p2Mi bim/v- r2 +H�bbB7v 2�+? /�v BM Qm` b�KTH2 Q7 K�`F2i BMi2`2bi `�i2b �++Q`/BM;
iQ r?2i?2` URV �M A_ Bb `2H2�b2/c UkV � TQHB+v /2+BbBQM 7`QK i?2 JS* Bb �MMQmM+2/c UjV �M

NaT2+B}+�HHv r2 mb2 i?2 #2M+?K�`F �M/ bm`p2v KQ/2Hb BM J�HBF �M/ J2H/`mK UkyReV- i?2 KQ/2H BM
oHB2;?2 UkyReV- �M/ i?2 KQ/2H BM �M/`2�b2M �M/ J2H/`mK UkyR8VX

RyPM2 `2�bQM 7Q` i?2 `2H�iBp2Hv HQr p�`B�M+2 Q7 i?2 R@v2�` bTQi `�i2 Bb i?�i Qm` b�KTH2 BM+Hm/2b � T2`BQ/
BM r?B+? b?Q`i@K�im`Biv BMi2`2bi `�i2b r2`2 �i i?2 2z2+iBp2 HQr2` #QmM/X

N



JS* K2K#2` K�F2b � Tm#HB+ bT22+?c U9V KBMmi2b 7`QK JS* K22iBM;b �`2 `2H2�b2/c Q` U8V
MQM2 Q7 i?2 �#Qp2X q2 i?2M THQi F2`M2H /2MbBiB2b 7Q` 2�+? Q7 i?2b2 }p2 +�i2;Q`B2b BM 6B;m`2b
j�@j/X 6Q` QM2@v2�` bTQi �M/ i?`22@v2�` 7Q`r�`/ `�i2b- i?2 A_ `2H2�b2 /�i2b �TT2�` iQ
;2M2`�i2 � +QMbBbi2MiHv H�`;2 �KQmMi Q7 M2rb `2H�iBp2 iQ Qi?2` 7Q`Kb Q7 +QKKmMB+�iBQMX
6Q` HQM;2`@?Q`BxQM `�i2b i?2`2 Bb KQ`2 bBKBH�`Biv BM i?2 BKT�+i �+`Qbb +QKKmMB+�iBQM
2p2Mib- #mi i?2`2 Bb � K�bb Q7 H�`;2 i�BH KQp2b BM BMi2`2bi `�i2b QM A_ Tm#HB+�iBQM /�i2b
MQi T`2b2Mi QM Qi?2` +QKKmMB+�iBQM 2p2Mi /�i2bX AM �TT2M/Bt �- r2 +QM/m+i � KQ`2
7Q`K�H �bb2bbK2Mi Q7 i?2 `2H�iBp2 K�`F2i BKT�+i Q7 i?2 A_ mbBM; `2;`2bbBQM �M�HvbBb- �M/
}M/ � bBKBH�` T�ii2`M �b BM i?2 F2`M2H /2MbBiB2bX
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U/V E2`M2H .2MbBiv Q7 |∆f60:120,t|X

6B;m`2 j, E2`M2H .2MbBiB2b Q7 uB2H/ *?�M;2b #v hvT2 Q7 *QKKmMB+�iBQM

LQi2b, h?2b2 };m`2b b?Qr i?2 F2`M2H@/2MbBiv /Bbi`B#miBQM Q7 +?�M;2b BM 2tT2+i2/ BMi2`2bi
`�i2b �i /Bz2`2Mi K�im`BiB2bX q2 mb2 i?2 1T�M2+?MBFQp F2`M2H- �M/ b2i i?2 ?�H7@rB/i? iQ i?2
p�Hm2 i?�i rQmH/ KBMBKBx2 i?2 K2�M BMi2;`�i2/ b[m�`2/ 2``Q` B7 i?2 mM/2`HvBM; /Bbi`B#miBQM
r2`2 :�mbbB�MX

PM2 +QM+2`M KB;?i #2 i?�i HQM;@`mM `�i2 KQp2K2Mib QM A_ /�i2b �`2 iQQ bK�HH iQ
?�p2 TQHB+v `2H2p�M+2- bQ i?�i 2tTH�BMBM; i?2K Bb MQi Q7 }`bi@Q`/2` BKTQ`i�M+2X PM2 r�v

Ry



Q7 �bb2bbBM; i?2 BKTQ`i�M+2 Q7 HQM;@`mM `�i2 KQp2b Bb #v 2t�KBMBM; i?2 7`�+iBQMb Q7 A_
Tm#HB+�iBQM /�i2b QM r?B+? i?2`2 �`2 H�`;2 vB2H/ KQp2b- �b b?QrM BM h�#H2 kX 6Q` �HH vB2H/b-
�M/ /2bTBi2 `2p2�HBM; MQ TQHB+v �+iBQMb- � [m�`i2` Q` KQ`2 Q7 A_ Tm#HB+�iBQM /�i2b H2�/ iQ
�i H2�bi � }p2@#�bBb TQBMi +?�M;2- rBi? i?2 T`QTQ`iBQM ;`QrBM; iQ M2�`Hv � ?�H7 7Q` i?`22@
v2�` 7Q`r�`/ `�i2bX JQ`2Qp2`- KQp2K2Mib Q7 i2M #�bBb TQBMib �`2 �HbQ MQi mM+QKKQM-
�M/ i?2`2 �`2 2p2M Q++�bBQM�H ir2Miv #�bBb TQBMi KQp2bX �HH Q7 r?B+? bm;;2bib i?�i i?2`2
Bb BM/22/ K2�MBM;7mH p�`B�iBQM BM HQM;2` K�im`Biv `�i2b BM Qm` b�KTH2X

h�#H2 k, J�;MBim/2 Q7 _�i2 JQp2b QM A_ .�vb

�bb2i ≥ 5 #Tb ≥ 10 #Tb ≥ 20 #Tb
|∆i0:12,t| yXRR yXyk yXyy
|∆f36,t| yXjj yXy3 yXyy
|∆f60,t| yXj9 yXy3 yXyR
|∆f60:120,t| yXjk yXyd yXyR

LQi2b, h?Bb i�#H2 b?Qrb i?2 7`�+iBQM Q7 A_ Tm#HB+�iBQM /�i2b BM Qm` b�KTH2 QM r?B+? i?2`2
�`2 vB2H/ KQp2b Q7 �i H2�bi 8#Tb- Ry#Tb �M/ ky#TbX

j h?2Q`2iB+�H *?�MM2Hb 7Q` i?2 AM7Q`K�iBQM 1z2+i
q?BH2 i?2 2p2Mi bim/v `2bmHib �#Qp2 b?Qr i?�i bQK2 BM7Q`K�iBQM +QMi�BM2/ BM i?2 A_
;2M2`�i2b K�`F2i M2rb- �M BKTQ`i�Mi [m2biBQM Bb r?B+? BM7Q`K�iBQM Bb /`BpBM; i?2 `2@
bTQMb2- 2bT2+B�HHv �i HQM;2` K�im`BiB2bX AM i?Bb b2+iBQM r2 T`2b2Mi � bBKTH2 KQ/2H Q7 ?Qr
M2rb �#Qmi i?2 QmiHQQF 7Q` 2+QMQKB+ +QM/BiBQMb 7`QK i?2 +2Mi`�H #�MF +�M �z2+i K�`F2i
BMi2`2bi `�i2bX h?2 7Q`K�H T`QQ7b �`2 +QMi�BM2/ BM �TT2M/Bt "X AM T�`iB+mH�`- r2 BM+Hm/2
� biQ+?�biB+ 7Q`K Q7 mM+2`i�BMiv �M/ b?Qr i?�i +2Mi`�H #�MF bB;M�Hb �#Qmi mM+2`i�BMiv
b?Q+Fb +�M ?�p2 �M BM+`2�bBM; BKT�+i QM `�i2b �i ;`2�i2` K�im`BiB2b mM/2` bm{+B2MiHv
?B;? T2`bBbi2Mi Q7 i?2 mM/2`HvBM; pQH�iBHBivX

h?Bb i?2Q`2iB+�H 7`�K2rQ`F 2M�#H2b mb iQ /BbiBM;mBb? i?`22 TQi2MiB�H +?�MM2Hb i?`Qm;?
r?B+? +2Mi`�H #�MF +QKKmMB+�iBQM +QmH/ �z2+i BMi2`2bi `�i2bX q2 KQ/2H irQ BM7Q`K�iBQM
2z2+i +?�MM2Hbc QM2 +QM+2`MBM; H2p2H 2tT2+i�iBQMb �M/ i?2 Qi?2` +QM+2`MBM; bB;M�Hb �#Qmi
mM+2`i�BMivX h?2 i?B`/ +?�MM2H- mMKQ/2HH2/ ?2`2- Bb �M BMp2biQ` /2K�M/ +?�MM2H �b BM
>�MbQM �M/ ai2BM UkyR8VX h?2 mM+2`i�BMiv +?�MM2H Bb /BbiBM;mBb?2/ #v i?2 +Q``2H�iBQM
bi`m+im`2 Bi BM/m+2b #2ir22M bB;M�Hb �+`Qbb vB2H/b �M/ i?2B` +QKTQM2MibX

jXR JQ/2H 1MpB`QMK2Mi
�b BM K�+`Q2+QMQKB+ KQ/2Hb rBi? 7Q`r�`/@HQQFBM; KQM2i�`v TQHB+v- i?2 +2Mi`�H #�MF
Bb �bbmK2/ iQ b2i MQKBM�H BMi2`2bi `�i2b �b � 7mM+iBQM Q7 7Q`2+�bib Q7 7mim`2 2+QMQKB+

RR



+QM/BiBQMbX q2 /2MQi2 KQMi?@m 2+QMQKB+ +QM/BiBQMb �b ωm ∈ -
[
ωm+h

∣∣ I*"
m

]
�b

i?2 +2Mi`�H #�MFǶb h@T2`BQ/@�?2�/ 7Q`2+�bi Q7 2+QMQKB+ +QM/BiBQMb ;Bp2M Bib KQMi? m

BM7Q`K�iBQM b2i I*"
m - �M/ φ �b i?2 +2Mi`�H #�MFǶb `2�+iBQM +Q2{+B2MiX h?2 b?Q`i@i2`K

MQKBM�H BMi2`2bi `�i2 BM KQMi? m Bb i?2`27Q`2

im = φ
[
ωm+h

∣∣ I*"
m

]
+ ϵm UeV

r?2`2 i?2 KQM2i�`v TQHB+v b?Q+F Bb �bbmK2/ iQ #2 ϵm ∼ N (0, σ2
ϵ ) �M/ mM+Q``2H�i2/ �+`Qbb

KQMi?bX h?Bb +QmH/ #2 2tT�M/2/ iQ � p2+iQ` Q7 bi�i2 p�`B�#H2b ωm i?�i BM+Hm/2/- 7Q`
2t�KTH2- i?2 2tT2+i2/ QmiTmi ;�T- 2tT2+i2/ BM~�iBQM- �M/ i?2 2[mBHB#`BmK `2�H BMi2`2bi
`�i2- �HQM; rBi? �M �bbQ+B�i2/ p2+iQ` Q7 `2�+iBQM +Q2{+B2Mib φX h?2 �M�HvbBb #2HQr
rQmH/ i?2M �TTHv iQ 2�+? +QKTQM2Mi b2T�`�i2Hv- rBi? i?2 Qp2`�HH 2z2+i Q7 +2Mi`�H #�MF
+QKKmMB+�iBQM i?2M #2BM; i?2 bmK Qp2` i?2 2z2+i QM 2�+? +QKTQM2MiX JQ`2Qp2`- r2
B;MQ`2 i?2 2z2+iBp2 HQr2` #QmM/ QM BMi2`2bi `�i2b #mi r2 b?�HH `2im`M iQ i?Bb BM b2+iBQM eX

q2 �bbmK2 2+QMQKB+ +QM/BiBQMb ωm 2pQHp2 2pQHp2 �++Q`/BM; iQ �M �_URV T`Q+2bb

ωm = ρωm−1 + µm + εm︸ ︷︷ ︸
= vm

r?2`2 0 < ρ ≤ 1. UdV

h?2 b?Q+F iQ 2+QMQKB+ �+iBpBiv BM KQMi? m- r?B+? r2 /2MQi2 vm- Bb +QKT`Bb2/ Q7 irQ
+QKTQM2MibX h?2 }`bi Bb µm r?B+? Bb /`�rM BM/2T2M/2MiHv 2p2`v KQMi? 7`QK µm ∼
N (0, s2)X q2 �bbmK2 i?2 +2Mi`�H #�MF Q#i�BMb BM7Q`K�iBQM i?�i �HHQrb Bi iQ 7Q`2+�bi
i?2 H2p2H Q7 µm U/2i�BHb #2HQrVX q2 i?2`27Q`2 pB2r mM+2`i�BMiv BM µm �b `2/m+B#H2 rBi?
BKT`Qp2K2Mib BM 7Q`2+�biBM; �#BHBiv Q` M2r BM7Q`K�iBQMX A7 i?2 +2Mi`�H #�MFǶb 7Q`2+�biBM;
�#BHBiv Bb ?B;? 2MQm;?- r2 +�M 2p2M i`2�i µm �b 7mHHv Q#b2`p�#H2X

AM +QMi`�bi- i?2 +2Mi`�H #�MF +�MMQi 7Q`2+�bi i?2 H2p2H Q7 i?2 b2+QM/ +QKTQM2Mi Q7 i?2
b?Q+F- εmX h?Bb `2T`2b2Mib i?2 7mM/�K2Mi�H- Q` B``2/m+B#H2- mM+2`i�BMiv BM i?2 2+QMQKvX
q2 �bbmK2 Bi Bb /`�rM BM/2T2M/2MiHv 2�+? KQMi? 7`QK εm ∼ N (0, σ2

m)- r?2`2 i?2 �KQmMi
Q7 7mM/�K2Mi�H mM+2`i�BMiv BM i?2 2+QMQKv σ2

m Bb biQ+?�biB+X
q2 7QHHQr Km+? Q7 i?2 }M�M+2 HBi2`�im`2 �M/ KQ/2H σ2

m �b

log σ2
m = ρσ log σ

2
m−1 + (1− ρσ) log σ

2
0 + um r?2`2 0 < ρσ ≤ 1. U3V

>2`2 σ2
0 Bb bQK2 #�b2HBM2 H2p2H Q7 mM+2`i�BMiv �M/ r2 �bbmK2 um ∼ N (0, σ2

u)X h?Bb �b@
bmKTiBQM ;2M2`�i2b � HQ;MQ`K�H /Bbi`B#miBQM 7Q` σ2

mX Ai Bb BKTQ`i�Mi iQ MQi2 i?�i- r?BH2
i?2 H2p2H Q7 εm Bb MQi 7Q`2+�bi�#H2- i?2 H2p2H Q7 mM+2`i�BMiv σ2

m Bb 7Q`2+�bi�#H2 ;Bp2M BM7Q`@
K�iBQM �#Qmi b?Q+Fb um′ 7Q` m′ < mX h?Bb Bb �M BKTQ`i�Mi K2+?�MBbK i?�i rBHH H2�/ iQ
+?�M;2b BM HQM;@`mM BMi2`2bi `�i2b BM i?2 KQ/2HX

*2Mi`�H "�MF AM7Q`K�iBQM a2iX AM 2p2`v KQMi? m- r2 �bbmK2 i?�i i?2 +2Mi`�H #�MF

Rk



Q#b2`p2b ωm T2`72+iHvX AM �//BiBQM- Bi Q#b2`p2b bQK2 +QHH2+iBQM Q7 bB;M�Hb +Q``2H�i2/ rBi?
i?2 K2�Mb Q7 i?2 7Q`2+�bi�#H2 b?Q+Fb Qp2` i?2 7Q`2+�bi ?Q`BxQM µm+1, . . . , µm+hX JQ`2Qp2`-
i?2b2 bB;M�Hb �++mKmH�i2 2p2`v KQMi?X aQ- 7Q` 2t�KTH2- bmTTQb2 BM KQMi? m i?2 +2Mi`�H
#�MF Q#b2`p2b � }`bi bB;M�H �#Qmi µm+hX h?2M- BM KQMi? m+1- Bi K�v Q#b2`p2 � b2+QM/
bB;M�H �#Qmi µm+h i?�i Bi +QK#BM2b rBi? Bib }`bi bB;M�H iQ 7Q`K � M2r- KQ`2 T`2+Bb2-
7Q`2+�bi- �M/ bQ QM i?`Qm;? KQMi? m + h- r?2M r2 �bbmK2 i?�i i?2 b?Q+F vm+h Bb 7mHHv
`2p2�H2/ i?`Qm;? Q#b2`p�iBQM Q7 ωm+hX h?Bb Bb +QMbBbi2Mi rBi? i?2 B/2� i?�i i?2 +2Mi`�H
#�MF `2pBb2b #Qi? Bib K2�M 7Q`2+�bi Q7 7mim`2 +QM/BiBQMb- �b r2HH �b i?2 7Q`2+�bi mM+2`i�BMiv
�`QmM/ i?�i K2�M- �b iBK2 T`Q+22/bX _�i?2` i?�M KQ/2H i?2 T`2+Bb2 /2i�BHb Q7 i?2 bB;M�H
bi`m+im`2- r2 bmKK�`Bx2 i?2 bB;M�Hb i?2 +2Mi`�H #�MF Q#b2`p2b BM i2`Kb Q7 i?2 mT/�i2/
#2HB27 QM µm+i i?�i i?2v BM/m+2X JQ`2 bT2+B}+�HHv- r2 �bbmK2 i?�i

µm+i | I*"
m ∼ N

(
µ̂*"
m+i,m,

(
s*"
m+i,m

)2) 7Q` i = 1, . . . , h. UNV

r?2`2 µ̂*"
m+i,m Bb i?2 +2Mi`�H #�MFǶb TQBMi 2biBK�i2 Q7 µm+i BM KQMi?m- �M/ s*"

m+i,m +�Tim`2b
i?2 7Q`2+�bi mM+2`i�BMiv �`QmM/ i?�i K2�MXRR q2 �bbmK2 i?�i i?2 +2Mi`�H #�MF 7Q`Kb KQ`2
T`2+Bb2 7Q`2+�bib �b Bi �++mKmH�i2b �//BiBQM�H bB;M�Hb Qp2` iBK2- bQ s*"

m+i,m+1 ≤ s*"
m+i,mX

q2 �HbQ �bbmK2 i?2 +2Mi`�H #�MF Bb "�v2bB�M- bQ [ µ̂m+i,m+k | µ̂m+i,m ] = µ̂m+i,m 7Q` �HH
i > k > 1X

q?BH2 i?2 +2Mi`�H #�MF /Q2b MQi `2+2Bp2 BM7Q`K�iBQM i?�i BKT`Qp2b Bib 7Q`2+�bi Q7 i?2
H2p2H Q7 i?2 b2+QM/ +QKTQM2Mi Q7 2+QMQKB+ b?Q+Fb εm- r2 �bbmK2 i?�i BM 2p2`v KQMi? m

i?2 +2Mi`�H #�MF Q#b2`p2b iBK2@p�`vBM; 7mM/�K2Mi�H mM+2`i�BMiv σ2
m+h T2`72+iHvX h?Bb Bb

+H2�`Hv � bi`QM; �bbmKTiBQM- �b Bi BKTHB2b i?�i BM 2p2`v KQMi? m i?2 +2Mi`�H #�MF FMQrb
T2`72+iHv i?2 b2[m2M+2 um+1, . . . , um+hX q2 +QmH/ `2H�t i?Bb �bbmKTiBQM �M/ BMbi2�/ �HHQr
i?2 +2Mi`�H #�MF iQ `2+2Bp2 MQBbv bB;M�Hb Q7 i?2 7mim`2 b?Q+Fb iQ 7mM/�K2Mi�H mM+2`i�BMivX
>Qr2p2`- i?Bb BM+`2�b2b MQi�iBQM�H +Hmii2` rBi?Qmi H2�/BM; iQ �Mv 7mM/�K2Mi�H M2r BM@
bB;?ibX

AM bmKK�`v- i?2 +2Mi`�H #�MFǶb BM7Q`K�iBQM b2i I*"
m +QMbBbib Q7,

RX ωm Q`- 2[mBp�H2MiHv- i?2 2MiB`2 ?BbiQ`v Q7 b?Q+Fb v mT iQ KQMi? mX

kX aB;M�Hb 7Q` 2�+? µ Qp2` i?2 7Q`2+�bi ?Q`BxQM i?�i H2�/b iQ #2HB27b �b bT2+B}2/ BM UNVX

jX σ2
m+h Q`- 2[mBp�H2MiHv- i?2 b2[m2M+2 Q7 7mM/�K2Mi�H mM+2`i�BMiv b?Q+Fb u mT iQ

KQMi? m+ hX

J�`F2i AM7Q`K�iBQM a2iX amTTQb2 i?2 BM~�iBQM `2TQ`i UA_V Bb Tm#HBb?2/ QM /�v t- �M/
H2im = m(t) #2 i?2 KQMi? BM r?B+? /�v t 7�HHbX IJE

t Bb /2}M2/ �b i?2 K�`F2iǶb BM7Q`K�iBQM
RRaBM+2 µm+i Bb �bbmK2/ iQ #2 /`�rM 7`QK � MQ`K�H /Bbi`B#miBQM- r2 +�M �bbmK2 i?�i i?2 +2Mi`�H #�MF

Q#b2`p2b MQ`K�HHv /Bbi`B#mi2/ bB;M�Hb iQ �``Bp2 �i MQ`K�HHv /Bbi`B#mi2/ TQbi2`BQ` #2HB27bX

Rj



b2i QM /�v t- �M/ r2 �bbmK2 i?�i I*"
m = IJE

t - bQ i?�i i?2 BM7Q`K�iBQM +QMi�BM2/ BM i?2
A_ Bb � bm{+B2Mi bi�iBbiB+ 7Q` r?�i2p2` 2Hb2 i?2 K�`F2i FMQrb �#Qmi i?2 2+QMQKv QM /�v
tX PM /�v t− 1- r2 �bbmK2 i?2 K�`F2i ?�b Q#b2`p2/ ωm- �b r2HH �b bB;M�Hb QM i?2 p�Hm2b
Q7 µ rBi?BM i?2 7Q`2+�bi ?Q`BxQM i?�i H2�/ iQ #2HB27b

µm+i | IJE
t−1 ∼ N

(
µ̂JE
m+i,t−1,

(
sJE
m+i,t−1

)2) 7Q` i = 1, . . . , h. URyV

h?2b2 bB;M�Hb K�v ?�p2 +QK2 7`QK i?2 T`2pBQmb A_ Tm#HB+�iBQM- Q` 7`QK BM/2T2M/2Mi
K�`F2i 7Q`2+�bibX AM �Mv +�b2- r2 �bbmK2 i?�i i?2 A_ +QMi�BMb `2H2p�Mi �//BiBQM�H BM7Q`@
K�iBQM BM i?2 b2Mb2 i?�i sJE

m+i,t−1 > sJE
m+i,t = s*"

m+i,m, �7i2` A_ Tm#HB+�iBQM- i?2 K�`F2i
mT/�i2b Bib #2HB27b 7`QK µ̂JE

m+i,t−1 iQ µ̂JE
m+i,t = µ̂*"

m+i,m �M/ ?�b HQr2` 7Q`2+�bi mM+2`i�BMiv
�#Qmi i?2 p�Hm2 Q7 µm+i 7Q` �HH i = 1, . . . , hX

PM /�v t − 1- r2 �bbmK2 i?�i i?2 K�`F2i ?�b Q#b2`p2/ i?2 b2[m2M+2 Q7 b?Q+Fb iQ
7mM/�K2Mi�H mM+2`i�BMiv u mT iQ KQMi? m + h − 1 QMHvX h?mb A_ Tm#HB+�iBQM `2p2�Hb
um+h- r?B+? ;Bp2b i?2 K�`F2i � M2r bQm`+2 Q7 BM7Q`K�iBQM 7Q` T`2/B+iBM; σ2

m+i 7Q` �HH
i > hX h?Bb Bb QM2 T�`iB+mH�` r�v Q7 KQ/2HBM; i?2 B/2� i?�i i?2 A_ +QMi�BMb M2rb
QM 7mM/�K2Mi�H mM+2`i�BMiv b?Q+FbX AM � KQ`2 +QKTH2t KQ/2H- i?2 K�`F2i rQmH/ ?QH/
bB;M�Hb QM /�v t− 1 �#Qmi um+1, . . . , um+h i?�i A_ Tm#HB+�iBQM i?2M �//2/ iQ- �b r2 ?�p2
�bbmK2/ 7Q` i?2 µ i2`Kb- #mi i?2 #�bB+ B/2� rQmH/ #2 i?2 b�K2 �b BM i?Bb b2imTXRk

AM bmKK�`v- i?2 K�`F2ibǶb /�v t− 1 BM7Q`K�iBQM b2i IJE
t−1 +QMbBbib Q7,

RX ωmX

kX im- i?2 KQMi? m TQHB+v `�i2 Tm#HBb?2/ QM2 r22F T`BQ` iQ i?2 A_X

jX aB;M�Hb 7Q` 2�+? µ BM i?2 7Q`2+�bi ?Q`BxQM i?�i H2�/b iQ #2HB27b �b bT2+B}2/ BM URyVX

9X σ2
m+h−1 Q`- 2[mBp�H2MiHv- i?2 b2[m2M+2 Q7 7mM/�K2Mi�H mM+2`i�BMiv b?Q+Fb u mT iQ

KQMi? m+ h− 1X

jXk 1tT2+i�iBQMb *?�MM2H
hQ �bb2bb i?2 BKT�+i Q7 BM7Q`K�iBQM BM i?2 A_ Tm#HB+�iBQM QM BMi2`2bi `�i2b- r2 /BbiBM;mBb?
#2ir22M irQ b2T�`�i2 +?�MM2HbX _2+�HH i?�i i?2 k@KQMi?@�?2�/ 7Q`r�`/ `�i2 Bb ;Bp2M BM
URV #v

fk,t =
[
im+k

∣∣ IJE
t

]
+ hSk

(
IJE
t

)
.

Rk�MQi?2` +?�MM2H r2 /Q MQi +QMbB/2` Bb i?�i i?2 A_ +QmH/ /2HBp2` BM/B`2+i BM7Q`K�iBQM �#Qmi ϵm- r?B+?
Bb Bib2H7 T2`bBbi2MiX h?Bb p�`B�#H2 BM i?2 BMi2`2bi `�i2 `mH2 +�M #2 i?Qm;?i Q7 �b +�Tim`BM; i?2 +2Mi`�H #�MFǶb
T`272`2M+2b- r?B+? BM/22/ KB;?i 72�im`2 �miQ+Q``2H�iBQMX >Qr2p2` i?Bb Bb mMHBF2Hv iQ #2 i`m2 }p2 Q` i2M
v2�`b �?2�/- r?2M i?2 K2K#2`b?BT Q7 i?2 JS* Bb HBF2Hv iQ ?�p2 +?�M;2/ +QKTH2i2HvX

R9



�Mv Q#b2`p2/ +?�M;2 BM fk,t Kmbi �`Bb2 7`QK � +?�M;2 BM 2Bi?2` 2tT2+i2/ 7mim`2 MQKBM�H
`�i2b Q` i?2 i2`K T`2KBmKX q2 `272` iQ i?2 2tT2+i�iBQMb +?�MM2H �b i?2 2z2+i Q7 A_
Tm#HB+�iBQM QM 2tT2+i2/ 7mim`2 BMi2`2bi `�i2b- �M/ /2}M2

1sSm(k) ≡
[
im+k

∣∣ IJE
t

]
−

[
im+k

∣∣ IJE
t−1

]
.

lbBM; i?2 TQHB+v `mH2 �b bT2+B}2/ BM UeV- r2 +�M 2tT`2bb i?2 k@KQMi?@�?2�/ TQHB+v
`�i2 �b

im+k

(
I*"
m+k

)
= φ

[
ωm+k+h

∣∣ I*"
m+k

]
+ ϵm+k. URRV

q2 +�M 2tT�M/ i?2 ωm+k+h i2`K �b

ωm+k+h = ρk+hωm +
k+h∑

i=1

ρk+h−ivm+i URkV

�M/ bQ

[
ωm+k+h

∣∣ I*"
m+k

]
= ρk+hωm +

k∑

i=1

ρk+h−ivm+i

︸ ︷︷ ︸
= ωm+k

+
k+h∑

i=k+1

ρk+h−iµ̂*"
m+i,m+k. URjV

AM KQMi? m + k- i?2 +2Mi`�H #�MF Q#b2`p2b ωm+k #v �bbmKTiBQMX h?2 }M�H i2`K BM URjV
Bb i?2 +2Mi`�H #�MFǶb 7Q`2+�bib 7Q` i?2 b?Q+Fb i?�i rBHH ?Bi i?2 2+QMQKv rBi?BM i?2 KQMi?
m+ k 7Q`2+�biBM; ?Q`BxQMX

q?BH2 i?2 K�`F2i BM KQMi? m +�M Q#b2`p2 ωm- A_ Tm#HB+�iBQM T`QpB/2b M2rb BM irQ
b2Mb2bX 6B`bi- Bi T`QpB/2b bB;M�Hb QM i?2 v i2`Kb rBi?BM i?2 KQMi?@m 7Q`2+�biBM; ?Q`BxQM-
r?B+? rBHH 722/ BMiQ i?2 K�`F2i 2tT2+i�iBQMb 7Q` ωm+k 7Q` �HH k /m2 iQ i?2 �miQ`2;`2bbBp2
T`Q+2bb bT2+B}2/ BM UdVX a2+QM/- Bi T`QpB/2b BM/B`2+i bB;M�Hb QM µ̂*"

m+i,m+k 7Q` i = 1, . . . , hX
"2+�mb2 i?2 +2Mi`�H #�MF Bb "�v2bB�M- i?2 K�`F2iǶb #2bi ;m2bb 7Q` µ̂*"

m+i,m+k �7i2` Q#b2`pBM;
i?2 A_ Bb µ̂*"

m+i,mX h?2 Qp2`�HH 2z2+i Bb /2b+`B#2/ BM i?2 7QHHQrBM; `2bmHiX

S`QTQbBiBQM R h?2 BKT�+i Q7 A_ Tm#HB+�iBQM BM KQMi? m QM BMi2`2bi `�i2b i?`Qm;? i?2
2tT2+i�iBQMb +?�MM2H Bb

1sSm(k) = αρk
h∑

i=1

ρh−i
(
µ̂*"
m+i,m −

[
µ̂*"
m+i,m

∣∣ µ̂JE
m+i,t−1, im

])

JQ`2Qp2`- B7 ρ < 1 i?2M |1sSm(k)| Bb bi`B+iHv /2+`2�bBM; BM k �M/ lim
k→∞

|1sSm(k)| = 0-
r?BH2 B7 ρ = 1 i?2M |1sSm(k)| Bb BM/2T2M/2Mi Q7 kX

PM /�v t−1 i?2 K�`F2i ?�b Bib QrM 7Q`2+�bib Q7 7mim`2 +QM/BiBQMb µ̂JE
m+i,t−1 �M/ i?2 +m``2Mi

R8



TQHB+v `�i2 im �b `2H2p�Mi BM/B+�iQ`b Q7 µ̂*"
m+i,m 7Q` i = 1, . . . , h-Rj r?B+? �`2 BM im`M i?2

#2bi T`2/B+iQ`b Q7 URjV 7QHHQrBM; A_ Tm#HB+�iBQMX h?2 bBx2 Q7 i?2 2tT2+i�iBQMb +?�MM2H
2z2+i QM K�`F2i BMi2`2bi `�i2b /2T2M/b QM i?2 /2;`22 iQ r?B+? i?2 K�`F2iǶb pB2rb QM
µ̂*"
m+i,m +?�M;2 �7i2` Q#b2`pBM; i?2 A_X
6Q` Qm` Tm`TQb2b- KQ`2 `2H2p�Mi Bb ?Qr i?2 2tT2+i�iBQMb +?�MM2H QT2`�i2b �i /Bz2`2Mi

TQBMib QM i?2 7Q`r�`/ vB2H/ +m`p2X S`QTQbBiBQM R /BbiBM;mBb?2b #2ir22M irQ +�b2bX h?2
}`bi Bb r?2M ρ < 1 �M/ UdV Bb � bi�iBQM�`v T`Q+2bb- �b Bb TH�mbB#H2 7Q` K�+`Q p�`B�#H2b HBF2
BM~�iBQM �M/ :.S ;`Qri?X >2`2 i?2 bBx2 Q7 i?2 2tT2+i�iBQMb +?�MM2H 2z2+i Bb /2+HBMBM; BM
K�im`Biv Q7 i?2 7Q`r�`/ `�i2X h?2 `2�bQM Bb bBKTHv i?�i i?2 BM~m2M+2 Q7 +m``2Mi b?Q+Fb QM
ωm+k Bb /2+HBMBM; BM k /m2 iQ K2�M `2p2`bBQM BM i?2 �miQ`2;`2bbBp2 T`Q+2bbX Smi �MQi?2`
r�v- �//BiBQM�H bB;M�Hb QM vm+1, . . . , vm+h �`2 H2bb �M/ H2bb mb27mH 7Q` T`2/B+iBM; ωm+k �b k
;`QrbX AM i?2 p2`v HQM; `mM- �b k ;`Qrb H�`;2- i?2 �//BiBQM�H bB;M�Hb +QMi�BM p�MBb?BM;Hv
HBiiH2 BM7Q`K�iBQM �M/ i?2 2tT2+i�iBQMb +?�MM2H Bb x2`QX

h?2 Qi?2` +�b2 Bb r?2M ρ = 1 �M/ UdV Bb � mMBi@`QQi T`Q+2bbX 6Q` 2t�KTH2- i?2`2 Bb
2pB/2M+2 i?�i b?Q+Fb iQ i?2 M�im`�H `�i2 Q7 BMi2`2bi �`2 ?B;?Hv T2`bBbi2Mi UG�m#�+? �M/
qBHHB�Kb kyyjVX AM i?Bb +�b2- HQM;@`mM 2tT2+i�iBQMb Q7 ωm+k rQmH/ `2�+i iQ mT/�i2/
#2HB27b Q7 i?Qb2 b?Q+FbX am+? BM7Q`K�iBQM BM i?2 A_ Tm#HB+�iBQM rQmH/- i?2`27Q`2- BM/m+2
� QM2@7Q`@QM2 KQp2K2Mi �i �HH K�im`BiB2b BM i?2 7Q`r�`/ vB2H/ +m`p2X h?Bb Q#b2`p�iBQM BM
im`M H2�/b iQ i?2 `2bmHi

*Q`QHH�`v R �Mv KQp2 BM HQM;@`mM 7Q`r�`/ `�i2b /m2 iQ i?2 2tT2+i�iBQMb +?�MM2H Kmbi
;2M2`�i2 �i H2�bi �M 2[mBp�H2Mi KQp2 BM b?Q`i@`mM 7Q`r�`/ `�i2bX h?2 BKT�+i Q7 i?2
2tT2+i�iBQMb +?�MM2H QM HQM;@`mM `�i2b Bb K�tBK�H r?2M ρ = 1- BM r?B+? +�b2 i?2 BKT�+i
QM b?Q`i@`mM `�i2b Bb B/2MiB+�HX

h?Bb BKTHB+�iBQM Q7 i?2 KQ/2H Bb BKTQ`i�Mi 7Q` 2KTB`B+�HHv 2p�Hm�iBM; i?2Q`B2b Q7 HQM;@
`mM vB2H/ +m`p2 KQp2K2Mib i?�i `2Hv QM +2Mi`�H #�MF +QKKmMB+�iBQMǶb b?B7iBM; K�`F2i
2tT2+i�iBQMb Q7 bQK2 2+QMQKB+ 7mM/�K2Mi�HX h?Bb K2+?�MBbK Bb TH�mbB#H2 QMHv r?2M i?2
7mM/�K2Mi�H Bb ?B;?Hv T2`bBbi2MiX JQ`2Qp2`- BM i?Bb +�b2 i?2 b�K2 bB;M�Hb i?�i KQp2 HQM;@
`mM 2tT2+i�iBQMb Kmbi M2+2bb�`BHv �HbQ KQp2 b?Q`i@`mM 2tT2+i�iBQMb- �M/ #v 2bb2MiB�HHv
i?2 b�K2 K�;MBim/2XR9 q2 �bb2bb i?2 2pB/2M+2 7Q` bm+? 2z2+ib BM i?2 2KTB`B+�H �M�HvbBbX

jXj lM+2`i�BMiv *?�MM2H
q2 MQr �M�Hvx2 i?2 2z2+i QM 7Q`r�`/ MQKBM�H BMi2`2bi `�i2b i?�i BM7Q`K�iBQM QM mM@
+2`i�BMiv +QMi�BM2/ BM i?2 A_ Tm#HB+�iBQM ěi?2 mM+2`i�BMiv +?�MM2H ě+QmH/ ?�p2 �M/

Rjim T`QpB/2b BM7Q`K�iBQM bBM+2 Bi Bb � 7mM+iBQM Q7 µ̂*"
m+i,m 7Q` i = 1, . . . , hX Ai /Q2b MQi T2`72+iHv `2p2�H

i?2 +2Mi`�H #�MFǶb BM7Q`K�iBQM b2i bBM+2 Bi �HbQ /2T2M/b QM i?2 biQ+?�biB+ b?Q+F ϵmX
R9�MQi?2` TQbbB#BHBiv Bb i?�i i?2 +2Mi`�H #�MF +QmH/ b2M/ b2T�`�i2 b?Q`i@ �M/ HQM;@K�im`Biv@bT2+B}+

BM7Q`K�iBQM i?�i H2/ K�`F2i T�`iB+BT�Mib iQ mT/�i2 i?2B` pB2rb QM 2�+? 2M/ Q7 i?2 vB2H/ +m`p2 BM/2T2M@
/2MiHv- #mi i?Bb Bb MQi i?2 +�b2 BM i?2 AM~�iBQM _2TQ`iX

Re



/2}M2
lL*m(k) ≡ o�`

[
im+k

∣∣ IJE
t

]
− o�`

[
im+k

∣∣ IJE
t−1

]
.

�Mv M2rb +QMi�BM2/ BM i?2 A_ i?�i QMHv �z2+ib lL*m(k) �M/ MQi 1sSm(k) Kmbi #v /27@
BMBiBQM �z2+i QMHv i?2 i2`K T`2KBmKX JQ`2Qp2`- � H�`;2 K�+`Q}M�M+2 HBi2`�im`2 T`QpB/2b
i?2Q`2iB+�H 7QmM/�iBQMb 7Q` r?v mM+2`i�BMiv �#Qmi 2+QMQKB+ +QM/BiBQMb BM/22/ �z2+ib i?2
i2`K T`2KBmK U2X;X "�Mb�H �M/ a?�HB�biQpB+? kyRj- J�`iBM kyRjVX h?2 Tm`TQb2 Q7 Qm`
KQ/2H Bb iQ /Bb2Mi�M;H2 i?2 p�`BQmb bQm`+2b Q7 M2rb +QMi�BM2/ BM +2Mi`�H #�MF +QKKm@
MB+�iBQM- �M/ i?2B` 2z2+ib �i /Bz2`2Mi TQBMib QM i?2 vB2H/ +m`p2X �b bm+?- r2 /Q MQi
2tTHB+BiHv KQ/2H i?2 HBMF #2ir22M +?�M;2b BM lL*m(k) �M/ +?�M;2b BM i?2 i2`K T`2@
KBmK- #mi K�BMi�BM i?2 `2�bQM�#H2 �bbmKTiBQM i?�i � +?�M;2 BM lL*m(k) ;2M2`�i2b �
+Q``2bTQM/BM; +?�M;2 BM i?2 i2`K T`2KBmK Q7 i?2 k@T2`BQ/@�?2�/ 7Q`r�`/ `�i2X

AM Qm` KQ/2H i?2`2 Bb �M BKTQ`i�Mi /BbiBM+iBQM #2ir22M b?Q`i@ �M/ HQM;@`mM 2z2+ib Q7
i?2 mM+2`i�BMiv +?�MM2H- bQ r2 �M�Hvb2 2�+? BM im`MX

jXjXR a?Q`i@`mM 2z2+ib

"v b?Q`i@`mM 2z2+ib- r2 K2�M i?2 2z2+i QM 7Q`r�`/ `�i2b rBi?BM i?2 +2Mi`�H #�MFǶb 7Q`2+�bi
?Q`BxQM- BX2X k < hX h?2 `2H2p�Mi [m�MiBiv i?�i A_ Tm#HB+�iBQM +QmH/ �z2+i ?2`2 Bb i?2
K�`F2iǶb T2`+2Bp2/ p�`B�M+2 Q7 i?2 +2Mi`�H #�MFǶb KQMi? m + k 2tT2+i�iBQM Q7 2+QMQKB+
+QM/BiBQMb BM KQMi? m + k + h- �b BM 2[m�iBQM URjV �#Qp2XR8 h?2`2 �`2 irQ `2H2p�Mi
bQm`+2b Q7 M2rb BM i?2 A_X 6B`bi- i?2 K�`F2i `2+2Bp2b �//BiBQM�H bB;M�Hb �#Qmi i?2 b?Q+Fb
i?�i rBHH ?Bi 2+QMQKB+ +QM/BiBQMb- r?B+? `2/m+2b p�`B�M+2 BM i?2 7Q`2+�bib Q7 vm+i 7Q`
i ≤ kX a2+QM/- bBM+2 i?2 K�`F2i H2�`Mb µ̂*"

m+i,m 7`QK i?2 A_- Bi +�M �HbQ #2ii2` T`2/B+i
µ̂*"
m+i,m+k 7Q` k < i ≤ h bBM+2 i?2 bB;M�Hb i?�i ;Q BMiQ 7Q`KBM; µ̂*"

m+i,m �HbQ 2Mi2` µ̂*"
m+i,m+kX

h?2 mM+2`i�BMiv +?�MM2H 7Q` k < h Bb i?2`27Q`2 [mBi2 bi`�B;?i7Q`r�`/ iQ /2`Bp2- �M/ r2
bi�i2 i?2 7QHHQrBM; rBi?Qmi T`QQ7X

S`QTQbBiBQM k amTTQb2 i?�i k < hX h?2M i?2 mM+2`i�BMiv +?�MM2H Bb

lL*m(k) = α2

{ ∑k
i=1 ρ

2(k+h−i)
((

sJE
m+i,t

)2 −
(
sJE
m+i,t−1

)2)
+

∑h
i=k+1 ρ

2(k+h−i)
(
o�`

[
µ̂*"
m+i,m+k

∣∣ IJE
t

]
− o�`

[
µ̂*"
m+i,m+k

∣∣ IJE
t−1

])

}
.

"Qi? bQm`+2b Q7 M2rb b2`p2 iQ `2/m+2 i?2 p�`B�M+2 Q7 7mim`2 BMi2`2bi `�i2b- �M/ bQ
lL*m(k) < 0X >Qr2p2`- i?2 /2T2M/2M+2 Q7 lL*m(k) QM k Bb /B{+mHi iQ TBM /QrM �i
i?Bb H2p2H Q7 �#bi`�+iBQMX *?�`�+i2`BxBM; i?Bb `2[mB`2b /2i2`KBMBM; +QM/BiBQMb mM/2` r?B+?
i?2 `2/m+iBQM BM p�`B�M+2 BM 7mim`2 +v+HB+�H b?Q+Fb +�M #2 +QKT�`2/ iQ i?2 `2/m+iBQM BM
p�`B�M+2 BM i?2 +2Mi`�H #�MFǶb 7mim`2 #2HB27b �#Qmi +v+HB+�H b?Q+FbX _�i?2` i?�M T`QpB/2
bm+? `2bmHib- r2 BMi2`T`2i S`QTQbBiBQM k �b b�vBM; i?�i i?2 Tm#HB+�iBQM Q7 i?2 A_ BKT�+ib

R8q2 B;MQ`2 i?2 p�`B�M+2 BM 7mim`2 `�i2b �`BbBM; 7`QK ϵm bBM+2 A_ Tm#HB+�iBQM /Q2b MQi �z2+i i?BbX

Rd



i?2 b?Q`i@`mM i2`K T`2KBmK /m2 iQ � `2/m+iBQM BM mM+2`i�BMiv �#Qmi b?Q`i@`mM MQKBM�H
BMi2`2bi `�i2b- #mi i?�i i?2 2z2+i M22/ MQi ?�p2 � +H2�` `2H�iBQMb?BT rBi? i?2 K�im`Biv Q7
7Q`r�`/ `�i2b rBi?BM i?2 +2Mi`�H #�MFǶb 7Q`2+�biBM; ?Q`BxQMX

jXjXk GQM;@`mM 2z2+ib

q2 M2ti +QMbB/2` i?2 BKT�+i Q7 mM+2`i�BMiv M2rb QM 7Q`r�`/ `�i2b QmibB/2 Q7 i?2 7Q`2+�bi
?Q`BxQM- BX2X k ≥ hX h?2 +`m+B�H /Bz2`2M+2 BM i?Bb +�b2 Bb i?�i i?2 p�`B�M+2 Q7 7mim`2
MQKBM�H `�i2b MQr /2T2M/b QM i?2 p�`B�M+2 Q7 εm+i 7Q` i ∈ {h, . . . , k}- r?B+? i?2 K�`F2i
/Q2b MQi FMQr QM /�v t − 1X AMbi2�/- Bi 7Q`Kb � 7Q`2+�bi Q7 i?2b2 i2`Kb rBi? p�`B�M+2
σ2
m+h−1- r?B+? Bb BM IJE

t−1 X A_ Tm#HB+�iBQM i?2M `2p2�Hb σ2
m+h UQ`- 2[mBp�H2MiHv- um+hV- r?B+?

H2�/b i?2 K�`F2i iQ mT/�i2 Bib 7Q`2+�bi QM 7mim`2 7mM/�K2Mi�H mM+2`i�BMiv �M/ i?mb Bib
pB2r QM 7mim`2 MQKBM�H `�i2 pQH�iBHBivX h?Bb 2z2+i Bb �#b2Mi BM i?2 b?Q`i `mM Uk < hV bBM+2
i?2 b?Q`i@`mM 7mM/�K2Mi�H mM+2`i�BMiv BM i?2 2+QMQKv Bb FMQrM T`BQ` iQ A_ Tm#HB+�iBQMX

h?2 2ti2Mi iQ r?B+? H2�`MBM; σ2
m+h �z2+ib K�`F2i 7Q`2+�bib Q7 HQM;@`mM 7mM/�K2Mi�H

mM+2`i�BMiv /2T2M/b QM ρσ- i?2 T2`bBbi2M+2 Q7 b?Q+Fb iQ 7mM/�K2Mi�H mM+2`i�BMiv BM i?2
KQ/2H /2}M2/ BM U3VX qBi? HQr T2`bBbi2M+2- i?2 2z2+i Q7 um+h /B2b �r�v [mB+FHv �M/
7Q`2+�bib Q7 i?2 p�`B�M+2 Q7 εm+i �`2 `2H�iBp2Hv mM�z2+i2/ �b i ;`Qrb T�bi hX qBi? ?B;?
T2`bBbi2M+2- i?2 QTTQbBi2 Bb i`m2X AM Qm` M2ti `2bmHi- r2 +?�`�+i2`Bx2 �M mTT2` #QmM/
QM i?2 mM+2`i�BMiv +?�MM2H BM i?2 HQM; `mM #v +QMbB/2`BM; i?2 HBKBiBM; #2?�pBQ` �b ρσ

�TT`Q�+?2b 1 �M/ U3V #2+QK2b � mMBi@`QQi T`Q+2bbX

S`QTQbBiBQM j amTTQb2 i?�i k ≥ hX h?2M i?2 mM+2`i�BMiv +?�MM2H b�iBb}2b

lim
ρσ→1

lL*m(k) = α2

⎧
⎨

⎩

∑h
i=1 ρ

2(k+h−i)
((

sJE
m+i,t

)2 −
(
sJE
m+i,t−1

)2)
+

∑k
i=h ρ

2(k+h−i) exp
(

(i−h)σ2
u

2

) [
σ2
m+h − σ2

m+h−1 exp
(

σ2
u
2

)]

⎫
⎬

⎭ .

JQ`2Qp2`-
lim
k→∞

lim
ρσ→1

|lL*m(k)| = ∞.

r?2M2p2` σ2
m+h ̸= σ2

m+h−1 exp
(

σ2
u
2

)
X

h?2 2z2+i BM i?2 }`bi HBM2 Q7 i?2 2tT`2bbBQM 7Q` lL*m(k) Bb �HbQ T`2b2Mi BM i?2 b?Q`i
`mM- �M/ `2T`2b2Mib � `2/m+iBQM BM mM+2`i�BMiv /m2 iQ �//BiBQM�H bB;M�Hb QM i?2 +v+HB+�H
b?Q+Fb i?�i rBHH ?Bi 2+QMQKB+ +QM/BiBQMb Qp2` i?2 M2ti h KQMi?bX Aib p�Hm2 Bb /2+HBMBM;
BM k r?2M2p2` ρ < 1 #2+�mb2- �b rBi? i?2 2tT2+i�iBQMb +?�MM2H- i?2 BKT�+i Q7 b?Q`i@`mM
b?Q+Fb 7�/2b �r�v BM i?2 HQM; `mM BM � bi�iBQM�`v �miQ`2;`2bbBp2 T`Q+2bbXRe

Reh?2 b?Q`i@`mM mM+2`i�BMiv +?�MM2H �HbQ /2T2M/2/ QM i?2 +?�M;2 BM i?2 p�`B�M+2 Q7 i?2 +2Mi`�H #�MFǶb
7mim`2 #2HB27b QM 2+QMQKB+ +QM/BiBQMbX h?Bb 2z2+i Bb �#b2Mi BM i?2 HQM; `mM #2+�mb2 A_ Tm#HB+�iBQM
T`QpB/2b MQ M2rb QM µ̂*"

m+i,m+k 7Q` k > hX

R3



h?2 2z2+i BM i?2 b2+QM/ HBM2 Bb bT2+B}+ iQ i?2 HQM; `mM- �M/ `2~2+ib i?2 BKT�+i Q7
`2pBb2/ 7Q`2+�bib Q7 7mim`2 7mM/�K2Mi�H mM+2`i�BMivX Ai +�M #2 TQbBiBp2 Q` M2;�iBp2 /2@
T2M/BM; QM i?2 bB;M Q7 σ2

m+h − σ2
m+h−1 exp

(
σ2
u
2

)
- r?B+? +�Tim`2b r?2i?2` A_ Tm#HB+�iBQM

BM+`2�b2b Q` /2+`2�b2b i?2 2tT2+i2/ p�Hm2 Q7 σ2
m+i 7Q` i > hXRd �b k ;`Qrb- i?2 �#bQHmi2

p�Hm2 Q7 i?Bb 2z2+i �HbQ ;`QrbX h?Bb Bb #2+�mb2 i?2 MmK#2` Q7 b?Q+Fb iQ 7mM/�K2Mi�H mM@
+2`i�BMiv #2ir22M KQMi?b m+ h �M/ m+ k BM+`2�b2b BM kX aQ 7mM/�K2Mi�H mM+2`i�BMiv-
�M/ i?2`27Q`2 i?2 BKT�+i Q7 7Q`2+�bi `2pBbBQMb- �++mKmH�i2b �b QM2 KQp2b 7m`i?2` Qmi BM
i?2 vB2H/ +m`p2X AM i?2 HBKBi �b k ;`Qrb p2`v H�`;2- A_ Tm#HB+�iBQM BM/m+2b �M mM#QmM/2/Hv
H�`;2 �#bQHmi2 +?�M;2 BM i?2 2tT2+i2/ p�`B�M+2 Q7 i?2 TQHB+v `�i2 QmibB/2 Q7 i?2 K2�bm`2
x2`Q 2p2Mi σ2

m+h ̸= σ2
m+h−1 exp

(
σ2
u
2

)
X q?BH2 r2 ?�p2 MQi KQ/2H2/ i?2 T`2+Bb2 K�TTBM;

#2ir22M i?2 mM+2`i�BMiv +?�MM2H �M/ +?�M;2b BM i?2 i2`K T`2KBmK- Qm` KQ/2H bi`QM;Hv
bm;;2bib i?�i M2rb +QMi�BM2/ BM +2Mi`�H #�MF +QKKmMB+�iBQM `2H2p�Mi 7Q` 7Q`2+�biBM;
7mM/�K2Mi�H mM+2`i�BMiv +�M ?�p2 � H�`;2 BKT�+i QM HQM;@`mM i2`K T`2KBmKbXR3

h?2 +�b2 Q7 ?B;? ρσ Bb �M 2KTB`B+�HHv TH�mbB#H2 �bbmKTiBQMc "�Mb�H �M/ a?�HB�biQpB+?
UkyRjV 2biBK�i2 � biQ+?�biB+ pQH�iBHBiv KQ/2H bBKBH�` iQ Qm`b- �M/ }M/ i?2 T2`bBbi2M+2
BM mM+2`i�BMiv b?Q+Fb iQ #2 r2HH �#Qp2 yXNX q2 2tT2+i � bBKBH�` K2+?�MBbK iQ QT2`�i2
�i i?2 HQM; `mM- �M/ bBKBH�` `2bmHib iQ �`Bb2- BM bBim�iBQMb rBi? � HQr p�Hm2 Q7 ρσ B7 i?2
+2Mi`�H #�MF �Hi2`M�iBp2Hv T`QpB/2b bB;M�Hb QM i?2 #�b2HBM2 mM+2`i�BMiv Uσ2

0V `�i?2` i?�M
i?2 BMMQp�iBQMb iQ mM+2`i�BMivX

jX9 .BbiBM;mBb?BM; i?2Q`B2b Q7 HQM;@`mM `�i2 KQp2K2Mib
� +2Mi`�H KQiBp�iBQM Q7 i?Bb T�T2` Bb iQ �b+2`i�BM r?v +2Mi`�H #�MF +QKKmMB+�iBQM KQp2b
HQM;@`mM BMi2`2bi `�i2b- �M/ bQ #27Q`2 i?2 2KTB`B+�H �M�HvbBb r2 +QM+Hm/2 i?Bb b2+iBQM #v
bmKK�`BxBM; +QKT2iBM; 2tTH�M�iBQMb �M/ ?Qr i?2v +�M #2 /BbiBM;mBb?2/ #v /�i�X

1tT2+i�iBQMb +?�MM2HX *2Mi`�H #�MF +QKKmMB+�iBQM +?�M;2b KQ/�H 2tT2+i�iBQMb Q7
HQM;@`mM 2+QMQKB+ +QM/BiBQMbX h?Bb Bb i?2 +?�MM2H 2KT?�bBx2/ BM L�F�Km`� �M/ ai2BMbbQM
UkyRdV- �M/ Bb TH�mbB#H2 QMHv r?2M i?2 +2Mi`�H #�MF i`�MbKBib BM7Q`K�iBQM �#Qmi b?Q+Fb
iQ ?B;?Hv T2`bBbi2Mi p�`B�#H2b HBF2 i?2 2[mBHB#`BmK `2�H BMi2`2bi `�i2X S`QTQbBiBQM R b?Qrb
i?�i bm+? BM7Q`K�iBQM b?QmH/ +?�M;2 b?Q`i@`mM 2tT2+i�iBQMb �i H2�bi �b Km+? �b Bi /Q2b
HQM;@`mM 2tT2+i�iBQMbX

lM+2`i�BMiv +?�MM2HX *2Mi`�H #�MF +QKKmMB+�iBQM +?�M;2b i?2 T2`+2Bp2/ p�`B�M+2
Q7 BMi2`2bi `�i2b #v i`�MbKBiiBM; BM7Q`K�iBQM QM T2`bBbi2Mi mM+2`i�BMivX �b BM S`QTQbBiBQM

Rdh?2 +?�M;2 BM 7mim`2 2tT2+i2/ p�Hm2 /Q2b MQi /2T2M/ bBKTHv QM σ2
m+h − σ2

m+h−1 #2+�mb2 σ2
m+i Bb

HQ;MQ`K�HHv /Bbi`B#mi2/X
R3J�`iBM �M/ _Qbb UkyR3V T`2b2Mi � MQM@:�mbbB�M #QM/@T`B+BM; 7`�K2rQ`F BM r?B+? � bBKBH�` 2z2+i

+QmH/ �`Bb2 B7 bB;M�Hb �Hi2`2/ i`�MbBiBQM T`Q#�#BHBiB2b #2ir22M T2`bBbi2Mi bi�i2b Q7 i?2 rQ`H/X *B2bH�F �M/
a+?`BKT7 UkyR3V /Bb+mbb � bBKBH�` +?�MM2H UrBi?Qmi 7Q`K�HHv KQ/2HBM; BiV- �M/ i?2 B/2� Bb �HbQ +QMbBbi2Mi
rBi? "�Mb�H �M/ a?�HB�biQpB+? UkyRjV �M/ 1HHBbQM �M/ hBb+?#B`2F UkyR3VX

RN



j- i?Bb BM7Q`KiBQM b?QmH/ ?�p2 Bib KQbi T`QKBM2Mi 2z2+i QM HQM;@`mM `�i2b �M/ r2 2tT2+i
i?Bb +?�MM2H iQ QT2`�i2 i?`Qm;? i?2 i2`K T`2KBmKX

AMp2biQ` .2K�M/ +?�MM2HX h?Bb +?�MM2H Bb MQi T`2b2Mi BM Qm` KQ/2H- #mi Bb KQ/@
2HH2/ #v >�MbQM �M/ ai2BM UkyR8VX AM i?�i KQ/2H- i?2 2z2+i QM HQM;@`mM `�i2b +QK2b
7`QK � +?�M;2 BM /2K�M/ 7`QK vB2H/@Q`B2Mi2/ BMp2biQ`b r?Q `2�+i iQ KQM2i�`v M2rb i?�i
�z2+ib b?Q`i@`mM 2tT2+i�iBQMb #v i`�/BM; HQM;2`@i2`K /2#i iQ K�tBKBx2 i?2 vB2H/ BM i?2B`
TQ`i7QHBQbX h?2 K�BM BKT�+i QM HQM; `�i2b +QK2b pB� i?2 i2`K T`2KBmK #mi Bb /`Bp2M #v
B/2MiB+�H BM7Q`K�iBQM iQ i?�i /`BpBM; i?2 +?�M;2 BM b?Q`i@`mM `�i2bX

h?2 }`bi irQ +?�MM2Hb `2Hv QM i?2 +2Mi`�H #�MF T`QpB/BM; /B`2+i BM7Q`K�iBQM `2H2p�Mi
7Q` HQM;@`mM #2HB27bX q?BH2 i?2 }`bi Bb T`2b2Mi BM i?2 HBi2`�im`2- i?2 mM+2`i�BMiv +?�MM2H
Bb MQp2HX h?2 /2K�M/ +?�MM2H BMbi2�/ `2HB2b QM BM7Q`K�iBQM `2H2p�Mi 7Q` b?Q`i@`mM #2HB27b
i?�i i?2M T`QT�;�i2b iQ i?2 HQM; `mM i?`Qm;? i`�/BM; �+iBpBivX

q?BH2 MQi 2tTHB+BiHv BM+Hm/2/ BM i?2 KQ/2H- 2�+? AM~�iBQM _2TQ`i 2p2Mi +�M #2 i?Qm;?i
Q7 �b i?2 +2Mi`�H #�MF b2M/BM; � p2+iQ` Q7 bB;M�Hb iQ i?2 K�`F2i- �M/ BM i?2 M2ti b2+iBQM
r2 rBHH 2tTHB+BiHv +QMbi`m+i �M 2KTB`B+�H T`Qtv 7Q` i?Bb p2+iQ`X AM 7�+i i?2 KQ/2H Bb
bBH2Mi �#Qmi r?B+? bB;M�Hb �`2 `2bTQMbB#H2 7Q` ;2M2`�iBM; r?B+? +?�MM2Hb- �M/ QM r?2i?2`
i?2 b�K2 bB;M�H +QmH/ bBKmHi�M2QmbHv +QMp2v BM7Q`K�iBQM QM i?2 H2p2H �M/ p�`B�M+2 Q7
7mim`2 2+QMQKB+ +QM/BiBQMbX 6Q` 2t�KTH2- QM2 bB;M�H +QMi�BM2/ BM 2�+? A_ Bb i?2 +?�M;2
BM i?2 BM~�iBQM 7Q`2+�bi �i i?2 7Q`2+�bi ?Q`BxQM `2H�iBp2 iQ i?2 T`2pBQmb A_X 6`QK i?Bb
bB;M�H- K�`F2i T�`iB+BT�Mib K�v mT/�i2 i?2B` 2tT2+i�iBQMb 7Q` i?2 BM~�iBQM�`v bi�i2 Q7
i?2 2+QMQKv- #mi i?2v K�v �HbQ- �b � `2bmHi Q7 � H�`;2 +?�M;2 UQ` MQM@+?�M;2V- mT/�i2
i?2B` pB2rb Q7 mM+2`i�BMiv ;QBM; 7Q`r�`/X JQ`2 ;2M2`�HHv- r2 pB2r i?2 iQi�H 2z2+i Q7 �Mv
;Bp2M bB;M�H i?2 +2Mi`�H #�MF b2M/b �b TQi2MiB�HHv +QKBM; 7`QK �HH i?`22 +?�MM2Hb- �M/
Qm` 2KTB`B+�H 2t2`+Bb2 /Q2b MQi �ii2KTi iQ �`;m2 i?�i bQK2 +?�MM2Hb �`2 T`2b2Mi r?BH2
Qi?2`b �`2 MQiX AMbi2�/- i?2 ;Q�H Bb iQ B/2MiB7v r?B+? +?�MM2H �TT2�`b KQbi `2bTQMbB#H2
7Q` i?2 HQM;@`mM `�i2 `2�+iBQMb r2 Q#b2`p2 �7i2` A_ Tm#HB+�iBQMX

h?2 K�BM /BbiBM;mBb?BM; 72�im`2 Q7 i?2 mM+2`i�BMiv +?�MM2H Bb i?�i- BMbQ7�` �b � bB;M�H
+QMp2vb BM7Q`K�iBQM �#Qmi T2`bBbi2Mi b?Q+Fb iQ 7mM/�K2Mi�H mM+2`i�BMiv- Bib 2z2+i QM
BMi2`2bi `�i2b b?QmH/ #2 ?B;?2` 7Q` HQM;@`mM K�im`BiB2b i?�M 7Q` b?Q`i@`mM K�im`BiB2b �b
T2` i?2 �`;mK2Mib Q7 S`QTQbBiBQM jX AM +QMi`�bi- i?2 bB;M�Hb i?�i ;2M2`�i2 i?2 Qi?2` irQ
+?�MM2Hb Kmbi M2+2bb�`BHv KQp2 #Qi? b?Q`i@ �M/ HQM;@`mM BMi2`2bi `�i2bX h?Bb Bb �`;m2/
2tTHB+BiHv 7Q` i?2 2tT2+i�iBQMb +?�MM2H BM +Q`QHH�`v RX AM i?2 /2K�M/ +?�MM2H- i?2 HQM;@
`mM i2`K T`2KBmK M2+2bb�`BHv KQp2b BM i�M/2K rBi? b?Q`i@`mM 2tT2+i�iBQMb �z2+i2/ #v
KQM2i�`v M2rbX AM +QMi`�bi- BM Qm` KQ/2H i?2 HQM;@`mM i2`K T`2KBmK +�M KQp2 BM/2@
T2M/2MiHv Q7 b?Q`i@`mM 2tT2+i�iBQMb B7 i?2 bB;M�Hb i?�i ;2M2`�i2 i?2 2tT2+i�iBQMb +?�MM2H
/Bz2` 7`QK i?Qb2 i?�i ;2M2`�i2 i?2 mM+2`i�BMiv +?�MM2HX h?2`27Q`2- BM Qm` 2KTB`B+�H �M�H@
vbBb r2 T`QTQb2 p�`BQmb i2bib Q7 r?2i?2` i?2 bB;M�Hb i?�i KQp2 HQM;@`mM BMi2`2bi `�i2b

ky



+Q``2bTQM/ iQ i?Qb2 i?�i KQp2 b?Q`i@`mM `�i2bX

9 J2�bm`BM; AM~�iBQM _2TQ`i aB;M�Hb
lbBM; Qm` i?2Q`2iB+�H 7`�K2rQ`F iQ BMi2`T`2i BMi2`2bi `�i2b KQp2b QM A_ Tm#HB+�iBQM /�vb
`2[mB`2b mb iQ K2�bm`2 i?2 p2+iQ` Q7 bB;M�Hb i?�i i?2 A_ +QMi�BMbX aBM+2 r2 /Q MQi
KQ/2H i?2b2 bB;M�Hb 2tTHB+BiHv- Qm` �TT`Q�+? Bb iQ #2 �b ~2tB#H2 �b TQbbB#H2 �M/ #mBH/
� ?B;?@/BK2MbBQM�H b2i Q7 K2�bm`2b 7`QK #Qi? i?2 MmK2`B+ �M/ M�``�iBp2 /�i� BM i?2
A_- 2�+? Q7 r?B+? BM T`BM+BTH2 +�M +QMp2v M2rb iQ K�`F2ibX >2`2 i?2 `B+?M2bb Q7 i?2
BM7Q`K�iBQM BM i?2 _2TQ`i Bb +`m+B�H- �b Bi �HHQrb mb iQ bim/v rBi? � ;`2�i /2�H Q7 ;`�MmH�`Biv
i?2 BM7Q`K�iBQM i?�i /`Bp2b /Bz2`2Mi K�im`BiB2b BM i?2 K�`F2i /�i� �M/ i?2 /Bz2`2Mi
+QKTQM2Mib U2tT2+i�iBQM �M/ i2`K T`2KBmKV Q7 i?2 �bb2i T`B+2 `2bTQMb2X

9XR LmK2`B+ BM7Q`K�iBQM
�b /2b+`B#2/ BM a2+iBQM kXR- i?2 MmK2`B+ 7Q`2+�bi BM7Q`K�iBQM BM i?2 A_ QM /�v t �`2
i?2 7Q`2+�bib 7Q` :.S ;`Qri? �M/ BM~�iBQM- r?B+? 7Q`K T�`i Q7

[
ωm+h

∣∣ I*"
m

]
- �M/

/Bbi`B#miBQM�H BM7Q`K�iBQM �`QmM/ i?2KX AM Qm` �M�HvbBb r2 mb2 � b2i Q7 R8 +Q`2 MmK2`B+
bB;M�Hb +QMi�BM2/ BM 2�+? A_ Tm#HBb?2/ BM KQMi? mX

q2 i�F2 i?2 KQ/�H ;`Qri? �M/ BM~�iBQM T`QD2+iBQMb- /2MQi2/ g*"
m �M/ π*"

m `2bT2+@
iBp2HvX q2 �HbQ BM+Hm/2 i?2 p�`B�M+2b- o�`(g*"

m ) �M/ o�`(π*"
m )- �M/ bF2rb- aF2r(g*"

m ) �M/
aF2r(π*"

m )X aBM+2 RNN3- i?2b2 7Q`2+�bib ?�p2 #22M +QMbBbi2MiHv +QM/BiBQM2/ QM i?2 T�i?
7Q` i?2 TQHB+v `�i2 U+�HH2/ ǵ"�MF _�i2ǶV BKTHB2/ #v K�`F2i BMi2`2bi `�i2bX q?BH2 T`Q@
D2+iBQMb �`2 T`QpB/2/ 7Q` 2�+? [m�`i2` Qp2` i?2 7Q`2+�bi T2`BQ/- BM Qm` �MH�vbBb r2 7Q+mb
Qm` �ii2MiBQM QM i?2 T`QD2+iBQMb �i i?2 irQ@v2�` ?Q`BxQM �b i?�i Bb i?2 ?Q`BxQM i?�i ?�b
i2M/2/ iQ #2 7Q+mb2/ QM BM i?2 "�MFǶb KQM2i�`v TQHB+v +QKKmMB+�iBQM �b i?2 QM2 KQbi
`2H2p�Mi 7Q` i?2 +m``2Mi bi�M+2 Q7 TQHB+vX

_�i?2` i?�M i?2 `�i2 Q7 :.S ;`Qri? g*"
m - i?2 TQi2MiB�HHv KQ`2 `2H2p�Mi p�`B�#H2 7Q`

BMi2`2bi `�i2 2tT2+i�iBQMb Bb i?2 JS*Ƕb pB2r Q7 i?2 h@KQMi? �?2�/ QmiTmi ;�T ỹ*"
m,hX Ai

K�v #2 i?�i BMp2biQ`b BM72` i?2 JS*Ƕb pB2r Q7 i?2 7mim`2 QmiTmi ;�T 7`QK Bib :.S ;`Qri?
7Q`2+�biX hQ K2�bm`2 i?Bb- r2 +QMbi`m+i �M BKTHB2/ KQ/�H QmiTmi ;�T mbBM; i?2 JS*Ƕb
;`Qri? 7Q`2+�bib iQ;2i?2` rBi? T`Bp�i2@b2+iQ` 2biBK�i2b Q7 HQM;@`mM TQi2MiB�H ;`Qri?XRN

Ai Bb �HbQ BKTQ`i�Mi iQ +�Tim`2 MQi Dmbi i?2 A_ 7Q`2+�bi H2p2Hb #mi �HbQ ?Qr Km+?
i?2b2 /2pB�i2 7`QK K�`F2i 2tT2+i�iBQMb Q7 i?2 A_ 7Q`2+�bi- bBM+2 i?2 bm`T`Bb2 +QKTQM2Mi
BM i?2 7Q`2+�bi b?QmH/ #2 i?2 /`Bp2` Q7 �Mv +?�M;2 BM K�`F2i BMi2`2bi `�i2bX A/2�HHv r2

RNaT2+B}+�HHv- r2 ;`Qr i?2 `2�H :.S b2`B2b BKTHB2/ #v i?2 7Q`2+�bi �i i?2 `�i2 Q7 HQM;@`mM ;`Qri? 7`QK
*QMb2Mbmb 1+QMQKB+bX q2 i?2M T�bb i?2 `2bmHiBM; b2`B2b i?`Qm;? � "�ti2`@EBM; "�M/T�bb }Hi2` iQ BbQH�i2
KQp2K2Mib #2ir22M k �M/ je [m�`i2`bX h?2 QmiTmi ;�T 2biBK�i2 7Q` i?2 A_ `2H2�b2 BM KQMi? m- ỹ*"

m,h- Bb
i?2 T2`+2Mi�;2 /2pB�iBQM Q7 i?2 7Q`2+�bi H2p2H Q7 `2�H :.S 7`QK i?2 "E@}Hi2`2/ i`2M/ b2`B2bX

kR



rQmH/ +QKT�`2 2�+? Q7 i?2 JS*Ƕb 7Q`2+�bi K2�bm`2b iQ 2[mBp�H2Mi 2tT2+i�iBQMb 7`QK i?2
T`Bp�i2 b2+iQ`X h?2 "�MF Q7 1M;H�M/ +QHH2+ib 2[mBp�H2Mi K�`F2i 7Q`2+�bib �?2�/ Q7 2�+? A_
Tm#HB+�iBQM- �M/ r2 /2MQi2 i?2 �#bQHmi2 /Bz2`2M+2 #2ir22M g*"

m �M/ Bib 2tT2+i2/ p�Hm2 �b
amT`(g*"

m )- �M/ bBKBH�`Hv amT`(π*"
m )X 6Q` i?2 p�`B�M+2 �M/ bF2r p�`B�#H2b- r2 /Q MQi ?�p2

K2�bm`2b Q7 T`Bp�i2@b2+iQ` 2tT2+i�iBQMb- �M/ r2 /2}M2 bm`T`Bb2 �b i?2 /Bz2`2M+2 #2ir22M
i?2 +m``2Mi �M/ T`2pBQmb p�Hm2 Q7 i?2 p�`B�#H2X

6Q` i?2 QmiTmi ;�T bm`T`Bb2b- r2 BM+Hm/2 i?2 �#bQHmi2 /2pB�iBQM Q7 i?2 irQ@v2�`@�?2�/
BKTHB2/ QmiTmi ;�T 7`QK i?2 irQ@v2�`@�?2�/ BKTHB2/ QmiTmi ;�T BM i?2 T`2pBQmb A_ 7Q`2@
+�bi- BX2X |ỹCB

m,24− ỹCB
m−1,24|X q2 �HbQ +QMi`QH 7Q` � HBF2@7Q`@HBF2 +QKT�`BbQM #v +QKT�`BM; i?2

irQ@v2�`@�?2�/ U3 [m�`i2`bV QmiTmi ;�T 7Q`2+�bi 7`QK i?2 H�bi A_ rBi? i?2 d@[m�`i2`@�?2�/
QmiTmi ;�T BM i?2 +m``2Mi 7Q`2+�bi- BX2X |ỹCB

m,21 − ỹCB
m−1,24|X

AM iQi�H r2 Q#i�BM R8 p�`B�#H2b �bbQ+B�i2/ rBi? i?2 MmK2`B+ BM7Q`K�iBQM BM i?2 A_
+QKKmMB+�iBQM Tm#HBb?2/ QM /�v t- r?B+? r2 H�#2H qtX q2 /BpB/2 i?2b2 BMiQ irQ ;`QmTbX
h?2 }`bi +QMi�BMb p�`B�#H2b i?�i /B`2+iHv `2T`2b2Mi i?2 H2p2H Q` M2rb QM i?2 2tT2+i�iBQM�H
+QKTQM2Mi Q7 i?2 7Q`2+�bi, i?2 KQ/�H ;`Qri? �M/ BM~�iBQM 7Q`2+�bibc i?2 bm`T`Bb2 BM i?2b2
7Q`2+�bib `2H�iBp2 iQ K�`F2i 2tT2+i�iBQMbc i?2 QmiTmi ;�Tc �M/ i?2 irQ K2�bm`2b Q7 i?2
2pQHmiBQM Q7 i?2 QmiTmi ;�T 7`QK i?2 T`2pBQmb A_X q2 /2MQi2 i?2b2 p�`B�#H2b q1sS

t X h?2
`2K�BMBM; 2B;?i p�`B�#H2b `2T`2b2Mi BM7Q`K�iBQM QM i?2 /Bbi`B#miBQMb �`QmM/ i?2b2 7Q`2@
+�bib- �M/ #`Q�/Hv K2�bm`2 mM+2`i�BMivX q2 H�#2H i?2b2 qlL*

t X P7 +Qm`b2- i?2 b�K2 b2i Q7
bB;M�Hb +�M QT2`�i2 i?`Qm;? KmHiBTH2 +?�MM2Hb B7 i?2v +QMp2v- 2Bi?2` /B`2+iHv Q` BM/B`2+iHv-
BM7Q`K�iBQM QM #Qi? i?2 H2p2H �M/ mM+2`i�BMiv �`QmM/ 7mim`2 2+QMQKB+ +QM/BiBQMbX

9Xk L�``�iBp2 BM7Q`K�iBQM
h?2 M�``�iBp2 BM7Q`K�iBQM BM i?2 A_ +QMbBbib Q7 i2ti #`Q�/Hv Q`;�MBx2/ BMiQ irQ T�`ibX
� b2i Q7 2+QMQKB+b b2+iBQMb �bb2bb i?2 +m``2Mi bi�i2 Q7 i?2 2+QMQKv- +Qp2`BM; `2+2Mi
/2p2HQTK2Mib BM �M/ i?2 M2�`@i2`K QmiHQQF 7Q` }M�M+B�H +QM/BiBQMb- /2K�M/- bmTTHv-
+Qbib �M/ T`B+2bX � 7Q`2+�bi b2+iBQM /2b+`B#2b i?2 JS*Ƕb 7Q`2+�bib- i?2 `BbFb �`QmM/
i?Qb2 7Q`2+�bib- �M/ i?2 TQi2MiB�H i`�/2@Qzb 7Q` TQHB+vX h?2 A_ /Q2b MQi +QMi�BM 2tTHB+Bi
7Q`r�`/ ;mB/�M+2- mM/2`biQQ/ �b �M 2tTHB+Bi +QKKBiK2Mi iQ � 7mim`2 TQHB+v `mH2- Q` 2p2M
� bm;;2bi2/ `2bTQMb2 �b iQ ?Qr 7mim`2 BMi2`2bi `�i2b K�v 2pQHp2X >Qr2p2`- i?Bb /Q2b
MQi K2�M i?�i Bi /Q2b MQi TQi2MiB�HHv +QMi�BM BM7Q`K�iBQM `2H2p�Mi 7Q` HQM;@`mM `�i2
2tT2+i�iBQMbX

h?2 M�``�iBp2 BM7Q`K�iBQM +�M ?�p2 BKTQ`i�Mi 2z2+ib QM 7mim`2 2tT2+i�iBQMb �M/
mM+2`i�BMiv 7Q` b2p2`�H `2�bQMbX 6B`bi- i?2`2 �`2 K�Mv ?mM/`2/b Q7 ?�`/ �M/ bQ7i BM/B+�iQ`b
Q7 2+QMQKB+ �+iBpBiv i?�i i?2 JS* `2;mH�`Hv KQMBiQ`b- BM+Hm/BM; bm`p2vb- /Bb�;;`2;�i2
�+iBpBiv �M/ BM~�iBQM b2`B2b- �M/ BM7Q`K�iBQM 7`QK `2;BQM�H �;2MibX h?2b2 BM/B+�iQ`b �`2 �HH
UTQi2MiB�HHvV 2M/Q;2MQmbHv `2H�i2/ iQ 2�+? Qi?2` �M/ iQ i?2 BM~�iBQM �M/ QmiTmi 7Q`2+�bib

kk



+QMi�BM2/ BM i?2 7�M +?�`ibX h?2 M�``�iBp2 BM i?2 A_ T`QpB/2b i?2 "�MF Q7 1M;H�M/Ƕb pB2rb
�#Qmi i?2 M�im`2 Q7 i?2b2 2M/Q;2MQmb `2H�iBQMb?BTb- �b r2HH �b r?�i �`2 i?2 F2v /`Bp2`b
Q7 i?2 +m``2Mi 7Q`2+�bibX h?Bb +�M BM~m2M+2 K�`F2i pB2rb Q7 HBF2Hv 7mim`2 JS* 7Q`2+�bibX
6Q` 2t�KTH2- i?2 A_ +�M `2p2�H r?2i?2` i?2 BM~�iBQM 7Q`2+�bi Bb /`Bp2M #v T2`bBbi2Mi Q`
i`�MbBiQ`v T`B+2 KQp2K2MibX

�//BiBQM�HHv- KQM2i�`v TQHB+vK�F2`b BM ;2M2`�H- �M/ i?2 JS* bT2+B}+�HHv- /Q MQi
Tm#HBb? [m�MiBi�iBp2 pB2rb QM i?2 p�Hm2 Q7 H�i2Mi K�+`Q2+QMQKB+ p�`B�#H2b bm+? �b i?2
2[mBHB#`BmK `2�H BMi2`2bi `�i2X q?BH2 �M BKTQ`i�Mi /`Bp2` Q7 i?2 TQHB+v �+iBQM- i?2 2[mB@
HB#`BmK `2�H `�i2 Bb �M BM?2`2MiHv 2HmbBp2 p�`B�#H2 i?�i /2T2M/b QM [m�MiBiB2b bm+? �b i?2
mMQ#b2`p2/ T`Q/m+iBp2 +�T�+Biv Q7 i?2 2+QMQKv �#Qmi r?B+? i?2`2 K�v #2 bB;MB}+�Mi
/Bb�;`22K2MiX AM i?Bb +QMi2ti- i?2 M�``�iBp2 K�v #2 i?2 QMHv r�v i?2 JS* +�M bB;M�H Bib
pB2r Q7- �M/ mM+2`i�BMiv �#Qmi- i?2 H2p2H Q7 i?2 `2�H `�i2X

�MQi?2` �/p�Mi�;2 Q7 mbBM; M�``�iBp2 BM7Q`K�iBQM Bb i?�i Bi Bb BM?2`2MiHv Km+? `B+?2`
i?�M i?2 MmK2`B+ 7Q`2+�bibX h?Bb �HHQrb mb iQ +�Tim`2 Km+? KQ`2 T`2+Bb2Hv i?2 /Bz2`2Mi
bB;M�Hb i?�i +2Mi`�H #�MFb b2M/ iQ K�`F2ibX >Qr2p2` i?Bb �/p�Mi�;2 �HbQ T`2b2Mib b2p2`�H
bi�iBbiB+�H +?�HH2M;2b i?�i r2 Kmbi �//`2bbX h?2b2 BM+Hm/2 i?2 Bbbm2 Q7 ?Qr iQ [m�MiBi�@
iBp2Hv `2T`2b2Mi i?2 i2ti 7Q` bi�iBbiB+�H �M�HvbBb- �b /Bb+mbb2/ BM i?2 `2bi Q7 i?Bb b2+iBQMX Ai
�HbQ BM+Hm/2b i?2 Bbbm2b Q7 i?2 2M/Q;2M2Biv Q7 i2ti iQ 2+QMQKB+ +QM/BiBQMb �M/ 7Q`2+�bib-
�M/ ?Qr iQ /2i2`KBM2 r?B+? iQTB+b �`2 /`BpBM; BMi2`2bi `�i2 +?�M;2b r?2M i?2 iQTB+ bT�+2
Bb ?B;? /BK2MbBQM�H- #Qi? Q7 r?B+? �`2 /Bb+mbb2/ BM a2+iBQM 8X

AM i?2 dy _2TQ`ib BM Qm` b�KTH2- i?2`2 �`2 R8-ykj T�`�;`�T?bX q2 }`bi T`2@T`Q+2bb i?2
i2ti #v `2KQpBM; �HH MQM@�HT?�#2iB+ i2`Kb- �b r2HH �b 2ti`2K2Hv +QKKQM rQ`/b i?�i �`2
mMBM7Q`K�iBp2 �#Qmi i?2 +QMi2Mi bm+? �b ǵi?2Ƕ- ǵ�M/Ƕ- �M/ bQ QM ěbQ@+�HH2/ biQTrQ`/bX q2
i?2M bi2K 2�+? `2K�BMBM; i2`K BMiQ Bib HBM;mBbiB+ `QQi mbBM; i?2 SQ`i2` bi2KK2`X ai2Kb
M22/ MQi #2 �M 1M;HBb? rQ`/, 7Q` 2t�KTH2- i?2 bi2K Q7 ǵBM~�iBQMǶ Bb ǵBM~�iǶX 6QHHQrBM;
i?2b2 bi2Tb ;Bp2b mb d89-339 iQi�H i2`Kb BM i?2 /�i�b2i �M/ 9-j3k mMB[m2 i2`KbX

AM Q`/2` iQ `2/m+2 i?2 /BK2MbBQM�HBiv Q7 i?2 /�i�b2i r2 `2T`2b2Mi i?2 i2ti mbBM;
� T`Q#�#BHBbiB+ iQTB+ KQ/2H +�HH2/ G�i2Mi .B`B+?H2i �HHQ+�iBQM UG.�V- }`bi mb2/ BM i?2
2+QMQKB+b HBi2`�im`2 #v >�Mb2M 2i �HX UkyR3VX >2`2 r2 T`QpB/2 � ?B;?@H2p2H Qp2`pB2r Q7
i?2 +QM+2TiX Pm` 2biBK�iBQM 7QHHQrb i?2 b�K2 J�`FQp *?�BM JQMi2 *�`HQ T`Q+2/m`2
/2b+`B#2/ BM >�Mb2M 2i �HX UkyR3V �M/ BMi`Q/m+2/ #v :`B{i?b �M/ ai2vp2`b Ukyy9Vc r2
`272` BMi2`2bi2/ `2�/2`b iQ i?Qb2 T�T2`b 7Q` 7mHH /2i�BHbXky

G.� Bb � "�v2bB�M 7�+iQ` KQ/2H 7Q` /Bb+`2i2 /�i�X amTTQb2 i?2`2 �`2 D /Q+mK2Mib
Ur2 i`2�i 2�+? T�`�;`�T? �b � /Q+mK2Mi- bQ D = 15, 023V i?�i +QKT`Bb2 � +Q`Tmb Q7 i2tib
rBi? V mMB[m2 i2`Kb UbQ ?2`2 V = 4, 382VX h?2 }`bi BKTQ`i�Mi Q#D2+ib BM G.� �`2 K

ky� T`2+m`bQ` iQ G.� Bb G�i2Mi a2K�MiB+ �M�HvbBb UGa�V- � MQM@T`Q#�#BHBbiB+ KQ/2H i?�i �TTHB2b �
bBM;mH�` p�Hm2 /2+QKTQbBiBQM iQ i?2 K�i`Bt Q7 i2`K +QmMib BM � +Q`TmbX "QmFmb �M/ _Qb2M#2`; UkyyeV
�M/ >2M/`v �M/ J�/2H2v UkyRyV mb2 Ga� iQ �bb2bb i?2 K�`F2i BKT�+i Q7 62/ �M/ "�MF Q7 *�M�/�
+QKKmMB+�iBQMb- `2bT2+iBp2Hv- #mi /Q MQi T`QTQb2 i2bib 7Q` i?2 BM7Q`K�iBQM 2z2+iX

kj



iQTB+b UBX2X 7�+iQ`bV- 2�+? Q7 r?B+? Bb � T`Q#�#BHBiv p2+iQ` βk ∈ ∆V−1 Qp2` i?2 V mMB[m2
i2`Kb BM i?2 /�i�X h?2 +?QB+2 Q7 T`Q#�#BHBiv /Bbi`B#miBQMb Bb BKTQ`i�Mi bBM+2 Bi �HHQrb
i?2 b�K2 i2`K iQ �TT2�` BM /Bz2`2Mi iQTB+b rBi? TQi2MiB�HHv /Bz2`2Mi r2B;?ibX AM7Q`K�HHv-
QM2 +�M i?BMF Q7 � iQTB+ �b � r2B;?i2/ rQ`/ HBbi i?�i ;`QmTb iQ;2i?2` i?Qb2 rQ`/b i?�i
2tT`2bb i?2 b�K2 mM/2`HvBM; i?2K2X

1�+? /Q+mK2Mi +�M #2HQM; iQ KmHiBTH2 iQTB+bX 6Q`K�HHv- 2�+? /Q+mK2Mi d ?�b Bib
QrM /Bbi`B#miBQM Qp2` iQTB+b ;Bp2M #v θd UBX2X 7�+iQ` HQ�/BM;bVX AM7Q`K�HHv- θkd Bb iQTB+ kǶb
ǳb?�`2Ǵ Q7 /Q+mK2Mi dX h?2 T`Q#�#BHBiv i?�i �Mv ;Bp2M rQ`/ BM /Q+mK2Mi d Bb 2[m�H iQ
i?2 vi? i2`K Bb i?2`27Q`2 pdv ≡

∑
k β

v
kθ

k
d �M/ i?2 Qp2`�HH HBF2HB?QQ/ Bb

∏
d

∏
v
p
nd,v

d,v r?2`2 nd,v

Bb i?2 MmK#2` Q7 iBK2b i2`Kb v �TT2�`b BM /Q+mK2Mi dX
AKTQ`i�MiHv- G.� `2/m+2b i?2 /BK2MbBQM�HBiv Q7 2�+? /Q+mK2Mi bm#bi�MiB�HHvX AM i?2

/Q+mK2Mi@i2`K K�i`Bt- /Q+mK2Mib HBp2 BM � V @/BK2MbBQM�H bT�+2X �7i2` 2biBK�iBM; G.�-
QM2 Q#i�BMb � `2T`2b2Mi�iBQM Q7 2�+? /Q+mK2Mi BM i2`Kb Q7 i?2 U2biBK�i2/V θd- r?B+? HBp2b
BM i?2 K − 1 bBKTH2t- �M/ BM ;2M2`�H K ≪ V X AKTQ`i�MiHv- i?Qm;?- G.� /Q2b MQi B;MQ`2
�Mv /BK2MbBQMb Q7 p�`B�iBQM BM i?2 `�r i2`K +QmMib bBM+2 i?2 mM/2`HvBM; iQTB+b �`2 7`22
iQ HB2 �Mvr?2`2 BM i?2 V − 1 bBKTH2tX

G.� TH�+2b .B`B+?H2i T`BQ`b Qp2` i?2 β �M/ θ T`Q#�#BHBiv p2+iQ`b- �M/ i?2 BM72`2M+2
T`Q#H2K Bb iQ �TT`QtBK�i2 i?2B` TQbi2`BQ` /Bbi`B#miBQMbX h?2 K�BM KQ/2H b2H2+iBQM +?QB+2
Bb i?2 MmK#2` Q7 iQTB+b KX q2 mb2 � KQ/2H rBi? K = 30- r?B+? T`QpB/2b � ;2M2`�HHv
BMi2`T`2i�#H2 b2i Q7 iQTB+bXkR

6B;m`2 9 `2T`2b2Mib i?2 jy iQTB+b i?�i G.� 2biBK�i2b BM Qm` /�i� �M/ /2KQMbi`�i2b
i?�i i?2v �`2 BM/22/ BMi2`T`2i�#H2X hQTB+ e- 7Q` 2t�KTH2- �TT2�`b iQ +�Tim`2 /Bb+mbbBQM Q7
+QKKQ/Biv T`B+2bc hQTB+ R9 Q7 i?2 7Q`2+�bic hQTB+ k9 Q7 }M�M+B�H K�`F2ibc �M/ bQ QMX aBM+2
iQTB+b ?�p2 MQ M�im`�H Q`/2`BM;- r2 /2}M2 Qm` QrM #�b2/ QM r?2i?2` �M A_ Bb Tm#HBb?2/
/m`BM; � +v+H2 Q7 `�i2 BM+`2�b2b UBX2X i?2 T`2pBQmb `�i2 +?�M;2 r�b �M BM+`2�b2V Q` `�i2
/2+`2�b2b UBX2X i?2 T`2pBQmb `�i2 +?�M;2 r�b � /2+`2�b2VX 6Q` 2�+? iQTB+- r2 +QKTmi2
Bib �p2`�;2 b?�`2 Q7 iBK2 BM i?2 A_ /m`BM; #Qi? +v+H2- �M/ Q`/2` iQTB+b #�b2/ QM i?2
/Bz2`2M+2X hQTB+ y- �#Qmi i?2 T�+2 Q7 r�;2 �M/ H�#Qm` +Qbi ;`Qri?- Bb KQbi �bbQ+B�i2/
rBi? �M BM+`2�bBM; `�i2 +v+H2X q?BH2 hQTB+ kN- }M�M+B�H K�`F2i +QM/BiBQMb- r?B+? r2`2 Q7
T`BK�`v +QM+2`M /m`BM; i?2 +`BbBb- Bb KQbi �bbQ+B�i2/ rBi? � /2+`2�bBM; +v+H2X

q?BH2 r2 2biBK�i2 G.� �i i?2 T�`�;`�T? H2p2H iQ 2tTHQBi p�`B�iBQM �+`Qbb i?Qmb�M/b
Q7 2t�KTH2b Q7 i2ti- r2 �`2 mHiBK�i2Hv BMi2`2bi2/ BM i?2 +QMi2Mi Q7 2�+? A_ BM Bib 2MiB`2ivX
q2 7QHHQr i?2 T`Q+2/m`2 /2i�BH2/ BM >�Mb2M 2i �HX UkyR3V iQ Q#i�BM i?2 /Bbi`B#miBQM Qp2`
iQTB+b BM i?2 A_ Tm#HBb?2/ QM /�v t- r?B+? r2 /2MQi2 θtX aBM+2 +?�M;2b BM iQTB+ +Qp2`�;2
+�M �HbQ ?�p2 TQi2MiB�HHv BKTQ`i�Mi K�`F2i 2z2+ib- r2 �HbQ BM+Hm/2 δt ≡ |θt − θt−1| iQ

kRh?2`2 Bb � r2HH@FMQrM i`�/2@Qz #2ir22M BMi2`T`2i�#BHBiv �M/ ;QQ/M2bb@Q7@}i BM i?2 K�+?BM2 H2�`MBM;
HBi2`�im`2 U*?�M; 2i �HX kyyNVX q?BH2 Q#D2+iBp2 K2�bm`2b Q7 ;QQ/M2bb@Q7@}i +�M #2 mb2/ iQ /2i2`KBM2 �
+?QB+2 7Q` K- Qm` ;Q�H Bb iQ Q#i�BM �M BMi2`T`2i�#H2 /2b+`BTiBQM Q7 A_ +QMi2Mi- 7Q` r?B+? /2}MBM; Q#D2+iBp2
+`Bi2`B� Bb +?�HH2M;BM;X

k9
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Q#i�BM � ey@/BK2MbBQM�H `2T`2b2Mi�iBQM Q7 i?2 i2ti BM7Q`K�iBQM BM 2�+? A_ ěi?2 jy iQTB+
H2p2Hb UH�i2` /2MQi2/ ǵGǶV �M/ i?2 jy �#bQHmi2 +?�M;2b U/2MQi2/ ǵ.ǶVX
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U#V hQTB+ ke ǵ.2K�M/Ƕ

6B;m`2 8, AHHmbi`�iBp2 hQTB+ o�`B�iBQM �+`Qbb AM~�iBQM _2TQ`ib

LQi2b, h?2b2 };m`2b THQi i?2 T`2p�H2M+2 Q7 irQ BHHmbi`�iBp2 iQTB+b BM i?2 AM~�iBQM _2TQ`ib
BM Qm` b�KTH2X _2+2bbBQM T2`BQ/b �`2 b?�/2/ BM ;`�vX h?2 /Bbi`B#miBQMb Qp2` i2`Kb i?�i
2�+? iQTB+ BM/m+2b �`2 `2T`2b2Mi2/ �b rQ`/ +HQm/b- r?2`2 i?2 bBx2 Q7 i2`K Bb �TT`QtBK�i2Hv
T`QT`iBQM�H iQ Bib T`Q#�#BHBivX

hQ BHHmbi`�i2 G.� QmiTmi- 6B;m`2 8 THQib i?2 b?�`2 Qp2` iBK2 Q7 irQ `2T`2b2Mi�iBp2
iQTB+b rBi?BM i?2 AM~�iBQM _2TQ`iX q2 T`QpB/2 �M �Hi2`M�iBp2 `2T`2b2Mi�iBQM Q7 i?2b2
iQTB+b BM i2`Kb Q7 rQ`/ +HQm/bX hQTB+ R8 `2~2+ib /Bb+mbbBQM Q7 H�#Q` K�`F2ibX h?Bb r�b
7�B`Hv bi�#H2 mMiBH kyR9- r?2M i?2 "�MF bi�`i2/ BM+`2�bBM; Bib �M�HvbBb Q7 i?2 H�#Q` K�`F2i
BM `2bTQMb2 iQ i?2 TmxxH2 i?�i /QK2biB+ BM~�iBQM�`v T`2bbm`2 ?�/ `2K�BM2/ bm#/m2/ 2p2M
�b mM2KTHQvK2Mi 72HHX hQTB+ ke �#Qmi /2K�M/ ?�/ � K�`F2/ BM+`2�b2 �i i?2 QMb2i Q7 i?2
}M�M+B�H +`BbBb- �M/ ?�b `2K�BM2/ ?B;? `2~2+iBM; i?2 JS*Ƕb +QM+2`Mb �#Qmi i?2 T�+2 Q7
i?2 `2+Qp2`vX

� }M�H TQBMi Bb i?�i- bBM+2 G.� Bb �M mMbmT2`pBb2/ H2�`MBM; �H;Q`Bi?K- i?2 iQTB+b
?�p2 MQ Q#D2+iBp2 H�#2HbX q?BH2 i?2 KQbi 7`2[m2Mi rQ`/b BM iQTB+b �`2 +2`i�BMHv bi`QM;Hv
bm;;2biBp2 Q7 � +QM+`2i2 K2�MBM;- QM2 b?QmH/ T`Q+22/ rBi? +�miBQM r?2M mbBM; i?2b2 BM
�Mv 2p�Hm�iBQM Q7 2+QMQKB+ K2+?�MBbKbX �Hi?Qm;? r2 +QKK2Mi QM r?B+? iQTB+b /`Bp2

ke



r?B+? K�`F2i BMi2`2bi `�i2b #2HQr- r2 �HbQ T`QpB/2 b2p2`�H i2bib i?�i /Q MQi `2Hv QM �Mv
bT2+B}+ BMi2`T`2i�iBQMX

8 J�`F2i AKT�+i Q7 AM~�iBQM _2TQ`i aB;M�Hb
h?Bb b2+iBQM T`2b2Mib i?2 K�BM 2KTB`B+�H `2bmHib Q7 i?2 T�T2`X q?2`2�b i?2 2p2Mi bim/v BM
a2+iBQM k 2bi�#HBb?2/ i?�i A_ Tm#HB+�iBQM H2�/b iQ � ;`2�i2`@i?�M@�p2`�;2 �#bQHmi2 +?�M;2
BM K�`F2i BMi2`2bi `�i2b- i?Bb b2+iBQM i`B2b iQ B/2MiB7v r?B+? Q7 i?2 A_ bB;M�Hb 2ti`�+i2/
BM a2+iBQM 9 �`2 KQbi `2bTQMbB#H2 7Q` ;2M2`�iBM; i?2 Q#b2`p2/ `�i2 KQp2K2Mib �M/ ?2M+2
b?2/ HB;?i QM r?B+? +?�MM2Hb /2+`B#2/ BM a2+iBQM j K�v #2 `2bTQMbB#H2X � F2v T`2/B+iBQM
Q7 i?�i i?2Q`2iB+�H 7`�K2rQ`F Bb i?�i i?2 bB;M�Hb i?�i ;2M2`�i2 �M 2z2+i i?`Qm;? i?2
mM+2`i�BMiv +?�MM2H +�M ?�p2 BM/2T2M/2Mi 2z2+ib QM HQM;@`mM BMi2`2bi `�i2b i?�i /Q MQi
KQp2 b?Q`i@`mM BMi2`2bi `�i2b- �M/ r2 Q`;�MBx2 Km+? Q7 r?�i 7QHHQrb �`QmM/ i?2 2pB/2M+2
7Q` i?BbX

6`QK � bi�iBbiB+�H pB2rTQBMi- Qm`b Bb � ?B;?@/BK2MbBQM�H `2;`2bbBQM T`Q#H2K bBM+2 i?2`2
�`2 KQ`2 bB;M�Hb BM i?2 A_ Ui?2 R8 MmK2`B+ bB;M�Hb �M/ i?2 ey M�``�iBp2 bB;M�HbV i?�M i?2`2
�`2 A_ Tm#HB+�iBQM /�vb Udy BM iQi�H- #mi QMHv eN mb2/ 7Q` �M�HvbBb /m2 iQ /Bz2`2M+BM;
�+`Qbb A_b iQ ;2M2`�i2 bQK2 bB;M�HbVX q2 i?2`27Q`2 mb2 `2;mH�`Bx�iBQM K2i?Q/b #2HQr 7Q`
2biBK�iBQM- #mi r2 /Q MQi i`2�i MmK2`B+ �M/ M�``�iBp2 BM7Q`K�iBQM bvKK2i`B+�HHvX h?2
MmK2`B+ p�`B�#H2b �`2- �HKQbi #v /2}MBiBQM- pB2r2/ #v i?2 "�MF Q7 1M;H�M/ �b BM7Q`K�iBp2
�#Qmi 7mim`2 2+QMQKB+ +QM/BiBQMb �M/ bQ- r?BH2 QM2 K�v MQi #2 bm`2 Q7 i?2 2t�+i +?�MM2Hb
i?2v 2Mi2`- i?2`2 Bb � bi`QM; �`;mK2Mi 7Q` BM+Hm/BM; i?2K BM i?2 b2i Q7 bB;M�Hb i?�i ;2M2`�i2
�Mv Qp2`�HH BM7Q`K�iBQM 2z2+iX h?2 M�``�iBp2 bB;M�Hb- #v +QMi`�bi- K�v Q` K�v MQi T`QpB/2
K�`F2i M2rbX 6Q` i?Bb `2�bQM- r2 BM+Hm/2 i?2 MmK2`B+ p�`B�#H2b �b `2;`2bbQ`b i?`Qm;?Qmi
i?2 �M�HvbBb- �M/ QMHv `2;mH�`Bx2 i?2 M�``�iBp2 bB;M�HbX

8XR LmK2`B+ M2rb bB;M�Hb
q2 #2;BM i?2 �M�HvbBb #v 2biBK�iBM; � `2;`2bbBQM KQ/2H i?�i 2tTH�BMb vB2H/ +m`p2 KQp2@
K2Mib mbBM; Dmbi i?2 MmK2`B+ BM7Q`K�iBQM BM i?2 A_ �b +�Tim`2/ #v i?2 p�`B�#H2b BM qt

/2b+`B#2/ BM a2+iBQM 9XRX h?2 KQ/2H Bb

|Yt| = β0Y + βT
1Y qt + β2YoAst + εYt , UR9V

r?2`2 Yt Bb i?2 +?�M;2 BM i?2 K�`F2i BMi2`2bi `�i2b UR@v2�` bTQi- j@v2�` 7Q`r�`/- 2i+XV
Q#b2`p2/ QM A_ Tm#HB+�iBQM /�i2 tX q2 �HbQ BM+Hm/2 i?2 oAs pQH�iBHBiv BM/2t �b � +QMi`QH-
bBM+2 #QM/ T`B+2b K�v i2M/ iQ #2 KQ`2 pQH�iBH2 QM /�vb rBi? BM+`2�b2/ H2p2Hb Q7 ;2M2`�H
K�`F2i pQH�iBHBiv `2;�`/H2bb Q7 i?2 H2p2H Q7 M2rb BM +2Mi`�H #�MF +QKKmMB+�iBQMX

kd



h�#H2 j /BbTH�vb i?2 `2bmHib Q7 `2;`2bbBQMb BM r?B+? r2 mb2 i?2 T`2@/2}M2/ bTHBi #2@
ir22M +2Mi`�H 2tT2+i�iBQMb �M/ mM+2`i�BMiv 7Q`2+�bi BM7Q`K�iBQM iQ b2T�`�i2 qt BMiQ q1sS

t

�M/ qlL*
t X q2 �`2 MQi T�`iB+mH�`Hv BMi2`2bi2/ BM i?2 K�;MBim/2b MQ` bB;MB}+�M+2 Q7 �Mv

BM/BpB/m�H [m�MiBi�iBp2 K2�bm`2-kk #mi `�i?2` i?2 Qp2`�HH UDQBMiV 2tTH�M�iQ`v TQr2` �b
K2�bm`2/ #v i?2 R2 U_@a[m�`2/V bi�iBbiB+ 7Q` 2�+? Q7 i?2 7Qm` BMi2`2bi `�i2 ?Q`BxQMbX q2
�HbQ `2TQ`i i?2 R2 bi�iBbiB+ BM 2�+? +QHmKM Q7 h�#H2 j 7Q` � b2T�`�i2 bT2+B}+�iBQM BM r?B+?
r2 /Q MQi BM+Hm/2 oAs #mi Dmbi i?2 A_ +QMi`QHbX AM 2Bi?2` +�b2- i?2 F2v `2bmHib �`2 i?2
b�K2X

h?2 }`bi F2v `2bmHi Bb i?�i i?2 7Q`2+�bi p�`B�#H2b- �M/ 2bT2+B�HHv i?2 +2Mi`�H 2tT2+i�iBQM
p�`B�#H2b- �`2 �M BKTQ`i�Mi /`Bp2` Q7 p�`B�M+2 �i i?2 b?Q`i@2M/ Q7 i?2 vB2H/ +m`p2- �b
K2�bm`2/ #v +?�M;2b BM i?2 R@v2�` bTQi `�i2- rBi? �M R2 bi�iBbiB+ Q7 Qp2` 0.5X "mi i?2
BKT�+i /2+HBM2b KQMQiQMB+�HHv BM K�im`Biv- rBi? [mBi2 r2�F 2z2+ib QM K�`F2i `�i2b �i }p2@
v2�`b �?2�/ �M/ #2vQM/X h?2 bTHBi #2ir22M 2tT2+i�iBQM �M/ mM+2`i�BMiv bB;M�Hb �HHQrb
mb iQ b?Qr i?�i i?2 /2+HBMBM; 2tTH�M�iQ`v TQr2` Q7 i?2 7Q`2+�bi p�`B�#H2b Bb /`Bp2M #v �
/2+HBMBM; `QH2 Q7 q1sS

t X q?2M 2+QMQKB+ +QM/BiBQMb 7QHHQr � bi�iBQM�`v �_R T`Q+2bb U�b
Bb M�im`�H 7Q` :.S ;`Qri? �M/ BM~�iBQMV �M/ bB;M�Hb QT2`�i2 i?`Qm;? i?2 2tT2+i�iBQMb
+?�MM2H- r2 b?Qr2/ BM T`QTQbBiBQM R i?�i +2Mi`�H #�MF +QKKmMB+�iBQM rQmH/ ?�p2 Bib
H�`;2bi 2z2+i QM b?Q`i@`mM `�i2b rBi? � KQMQiQMB+�HHv /2+HBMBM; 2z2+i BM ?Q`BxQMX h?2
2KTB`B+�H `2bmHib QM i?2 K�`F2i BKT�+i Q7 q1sS

t Bb +QMbBbi2Mi rBi? i?Bb pB2rX
h?2 b2+QM/ F2v `2bmHi Bb i?�i i?2 /Bbi`B#miBQM bB;M�Hb �`2 BM+`2�bBM;Hv BKTQ`i�Mi �b

r2 KQp2 Qmi i?2 vB2H/ +m`p2- r?B+? Bb +QMbBbi2Mi rBi? �M 2z2+i i?`Qm;? i?2 mM+2`i�BMiv
+?�MM2H BM Qm` KQ/2HX q2 K2�bm`2 i?2 `2H�iBp2 2tTH�M�iQ`v TQr2` Q7 i?2 mM+2`i�BMiv
p�`B�#H2b #v i?2 T�`iB�H R2- BX2X i?2 T`QTQ`iBQM Q7 i?2 `2K�BMBM; mM2tTH�BM2/ p�`B�M+2
i?�i Bb +�Tim`2/ #v �//BM; i?Qb2 �//BiBQM�H p�`B�#H2bX h?2 T�`iB�H R2 ;`Qrb rBi? K�im`Biv
Q7 i?2 BMi2`2bi `�i2X

q2 M2ti `2TH�+2 i?2 KQ/2H BM UR9V- BM r?B+? i?2 �#bQHmi2 +?�M;2 BM i?2 Qp2`�HH vB2H/ Bb
i?2 /2T2M/2Mi p�`B�#H2- rBi? irQ b2T�`�i2 `2;`2bbBQMb BM r?B+? i?2 /2T2M/2Mi p�`B�#H2b �`2
i?2 �#bQHmi2 +?�M;2 BM vB2H/ 2tT2+i�iBQMb �M/ i?2 �#bQHmi2 +?�M;2 BM i?2 i2`K T`2KBmK
7`QK i?2 /2+QKTQbBiBQM /2b+`B#2/ BM a2+iBQM kXkX h�#H2 9 `2TQ`ib i?2b2 `2bmHibXkj PM2
+�M Q#b2`p2 i?�i i?2 `2H�iBp2 BKT�+i U�b K2�bm`2/ #v T�`iB�H R2V Q7 i?2 q1sS

t p�`B�#H2b
QM 2tT2+i�iBQMb Bb MQi ;`2�i2` �i i?2 HQM; i?�M i?2 b?Q`i 2M/ Q7 i?2 vB2H/ +m`p2- r?2`2�b
i?2 `2H�iBp2 BKT�+i QM HQM;@`mM i2`K T`2KBmKb Bb ;`2�i2` i?�M i?�i QM i?2 b?Q`i `mMX
h?Bb Bb �MQi?2` `2bmHi i?�i Bb +QMbBbi2Mi rBi? i?2 mM+2`i�BMiv +?�MM2H- r?B+? b?QmH/ ?�p2
Bib H�`;2bi BKT�+i pB� i?2 HQM;@`mM i2`K T`2KBmKX �Hi?Qm;?- QM2 b?QmH/ #2 +�`27mH BM
Qp2`@BMi2`T`2iBM; i?2 R2 7`QK i?2b2 KQ/2Hb �b i?2 �KQmMi Q7 p�`B�iBQM BM i2`K T`2KBmKb

kkAM T�`iB+mH�`- #2+�mb2 bQK2 Q7 i?2 K2�bm`2b �`2 ?B;?Hv +Q``2H�i2/X
kjh�#H2 .Xj BM �TT2M/Bt . `2TQ`ib i?2 2[mBp�H2Mi Q7 i�#H2 9 rBi? bi�M/�`/ 2``Q`b Q7 +Q2{+B2Mib

`2TQ`i2/X

k3



h�#H2 j, 1z2+i Q7 6Q`2+�bi o�`B�#H2b QM J�`F2i uB2H/b

URV UkV UjV U9V U8V UeV UdV U3V
|∆i0:12;t| |∆i0:12;t| |∆f36;t| |∆f36;t| |∆f60;t| |∆f60;t| |∆f60:120;t| |∆f60:120;t|

oAst yXyyRe   yXyyRj  yXyyR8 yXyykj yXyyRR yXyyR3 yXyyRk yXyyRd
πCB
m @yXyjd @yXyRe @yXyey  @yXyR9 @yXyR9 yXyRe @yXyyR9 yXyk8

amT`(πCB
m ) yXyyR3 yXyj9 @yXyR3 @yXyj8 @yXyyke @yXy9k @yXykk @yXy8R

gCB
m yXyR3 yXyjR  @yXyyjk yXyyyRy @yXyR8 @yXyRk @yXyk9 @yXyR8
amT`(gCB

m ) @yXyyNd @yXy93 yXy9k yXy8y yXy9k yXy8j yXyjd yXyk9
ỹCB
m;24 RXyy yX9R RXNk jXj8 yXde RXe3 yXyed @yX8y
|ỹCB

m;24 − ỹCB
m−1;24| 9XyR 9XNe  @yXk3 RX9R @kXje @RXyy @kXy8 @RX9j

|ỹCB
m;21 − ỹCB

m−1;24| yXk8 RXe9 RX9d @yXj8 kXk3 @yXk8 RX33 RXjR
o�`(πCB

m ) @yXyRR yXyk8 yXykR yXyky
∆o�`(πCB

m ) yXyj3 @yXy8d @yXRk  @yXy38 
aF2r(πCB

m ) yXyy98 yXyRyy @yXyy9y @yXyyje
∆aF2r(πCB

m ) yXyk8 yXye8 yXye3 yXy8k
o�`(gCB

m ) yXyyRy @yXyy8k @yXyykR @yXyRk
∆o�`(gCB

m ) yXyyN3 yXyRN yXyk9 yXyj9 
aF2r(gCB

m ) @yXyR9 @yXydR @yXyey @yXy98
∆aF2r(gCB

m ) @yXyej  @yXyyy88 yXyyjR @yXykk
*QMbi�Mi @yXy8j @yXydy yXyRN @yXyke yXy8k yXyR9 yXyd9 yXy9j

_@b[m�`2/ yX9yj yX8ej yXk8y yXje3 yXRkk yXk3y yXRR9 yXkd9
S�`iB�H _@b[m�`2/ @ yXk38 @ yXjky @ yX8e9 @ yX839
_@b[m�`2/ LQ oBt yXjje yX8ke yXkRe yXjyj yXyNN yXkkN yXy3k yXkR8
*QKTQM2Mi hQi�H hQi�H hQi�H hQi�H hQi�H hQi�H hQi�H hQi�H

LQi2b, h?Bb i�#H2 `2TQ`ib 2biBK�i2b 7`QK `2;`2bbBM; �#bQHmi2 +?�M;2b BM K�`F2i vB2H/b QM
i?2 MmK2`B+ 7Q`2+�bi p�`B�#H2b /2}M2/ BM a2+iBQM 9XRX

kN



h�#H2 9, 1z2+i Q7 6Q`2+�bi o�`B�#H2b QM J�`F2i uB2H/b, aTHBi #v *QKTQM2Mi

U�V 1tT2+i�iBQMb
URV UkV UjV U9V U8V UeV UdV U3V

|∆i0:12;t| |∆i0:12;t| |∆f36;t| |∆f36;t| |∆f60;t| |∆f60;t| |∆f60:120;t| |∆f60:120;t|

oAst yXyyRj  yXyyRy yXyyRy yXyyR9 yXyyydk yXyyRR yXyyyd9 yXyyyNe
πCB
m @yXyjR @yXyRe @yXy89   @yXykd @yXy9j   @yXyRd @yXyjk  @yXykR

amT`(πCB
m ) yXyR9 yXy9y @yXyRe @yXyR9 @yXyRR @yXyR8 @yXyRj @yXyRk

gCB
m yXyRd yXyk3 yXyydk yXyRk @yXyyy9R yXyyRd @yXyyy88 yXyyR9
amT`(gCB

m ) @yXyRj @yXy9N  yXyk3 yXyR3 yXyk3 yXykd yXykj yXyRe
ỹCB
m;24 yX89 @yXyj9 RXe8  kX99 RX9j  kXey  yX3N RXe9
|ỹCB

m;24 − ỹCB
m−1;24| kXe3 jX9R kXRN kX33 RXke kXRj RXj9 RXdy

|ỹCB
m;21 − ỹCB

m−1;24| @yXky RXyN @yXkN @yXkN yXe9 @yXRd yXjj yXk9
o�`(πCB

m ) @yXyRyy yXyRj yXyRk yXyyej
∆o�`(πCB

m ) yXyje yXyyd3 @yXyR9 yXyydy
aF2r(πCB

m ) @yXyyyNk yXykR yXyRk yXyy8R
∆aF2r(πCB

m ) yXyRd yXyj8 yXy9R yXyk8
o�`(gCB

m ) yXyyRN @yXyykR @yXyyy8y @yXyyyNj
∆o�`(gCB

m ) yXyydj yXyy3y yXyyNj yXyy8d
aF2r(gCB

m ) @yXyy3y @yXyjN @yXy9N @yXyj9
∆aF2r(gCB

m ) @yXy8e @yXyRR yXyyye9 yXyyyky
*QMbi�Mi @yXy98 @yXyey @yXyRy @yXy9k yXyyNR @yXyRN yXyy83 @yXyRy

_@b[m�`2/ yXjNy yX899 yXj89 yX99j yXkNd yX9kN yXjjR yX9y3
S�`iB�H _@b[m�`2/ @ yXk3j @ yXkyR @ yXjy3 @ yXR3N
_@b[m�`2/ LQ oBt yXjjR yX8Rj yXjk8 yXjNe yXkdd yXj3d yXjyy yXjee
*QKTQM2Mi 1tT 1tT 1tT 1tT 1tT 1tT 1tT 1tT

U#V h2`K S`2KBmKb
URV UkV UjV U9V U8V UeV UdV U3V

|∆i0:12;t| |∆i0:12;t| |∆f36;t| |∆f36;t| |∆f60;t| |∆f60;t| |∆f60:120;t| |∆f60:120;t|

oAst yXyyyj9   yXyyyjy  yXyyy8e yXyyyd3 yXyyyeN yXyyy3d yXyyy89 yXyyyd8
πCB
m @yXyyykk yXyyR3 yXyyjy yXyy98 yXykk yXyR3 yXyjj yXyjR

amT`(πCB
m ) @yXyy88 @yXyyyj9 @yXyykd @yXyRN @yXyR8 @yXyky @yXyky @yXyRN

gCB
m yXyyyRd yXyyRk @yXyydy @yXyydN @yXyRk @yXyyN9 @yXyR8 @yXyyd8
amT`(gCB

m ) yXyyy38 @yXyyk8 yXyR8 yXyRN yXyRd yXyyjR yXyR9 @yXyRd
ỹCB
m;24 yXke yXRN yXy9d yXjk @yXde @yXN9 @RXkk @RXNj  
|ỹCB

m;24 − ỹCB
m−1;24| yX33  yXNN  @yXN8 @yXdN yX8d yXyy83 RX3R yXNd

|ỹCB
m;21 − ỹCB

m−1;24| yX9e yXe9 yXdj yXR8 @yXk3 yXN3 @yX83 RX38
o�`(πCB

m ) @yXyyRN yXyy39 yXyyNR yXyRk
∆o�`(πCB

m ) yXyykd @yXyj8 yXyky yXy9e
aF2r(πCB

m ) yXyyRR yXyyRe yXyRj yXyR3
∆aF2r(πCB

m ) yXyydd yXyyde @yXyyR9 @yXyyyjy
o�`(gCB

m ) @yXyyy3R @yXyy8R @yXyy3k @yXyRj
∆o�`(gCB

m ) yXyykR yXyyed yXyykN yXyy3j
aF2r(gCB

m ) @yXyyjj @yXykd @yXyR8 @yXyR8
∆aF2r(gCB

m ) @yXyyey yXyRR @yXyyRe @yXyRN
*QMbi�Mi @yXyyk8 @yXyyRN yXyk9 yXykR yXy9k yXyj8 yXy8N yXy99

_@b[m�`2/ yXjk8 yX98d yXyNR yXRe3 yXR9k yXkkd yXR9R yXk3y
S�`iB�H _@b[m�`2/ @ yXk3N @ yX98N @ yXjd9 @ yX9Nd
_@b[m�`2/ LQ oBt yXkR8 yXjNy yXy83 yXRR8 yXRyd yXRdk yXRk3 yXk8k
*QKTQM2Mi hS hS hS hS hS hS hS hS

LQi2b, h?Bb i�#H2 `2TQ`ib 2biBK�i2b 7`QK `2;`2bbBM; �#bQHmi2 +?�M;2b BM K�`F2i vB2H/b QM
i?2 MmK2`B+ 7Q`2+�bi p�`B�#H2b /2}M2/ BM a2+iBQM 9XRX

jy



�i i?2 b?Q`i 2M/ Q7 i?2 vB2H/ +m`p2 Bb p2`v bK�HH U�b b?QrM BM h�#H2 RVc i?2 R2 BM +QHmKM
k Q7 T�M2H U#V i2HHb mb i?�i i?2 Qp2`�HH `2;`2bbBQM Bb 2tTH�BMBM; �#Qmi ?�H7 Q7 p2`v HBiiH2
p�`B�iBQMX

h?2b2 `2bmHib T`QpB/2 #�bB+- T`2HBKBM�`v 2pB/2M+2 i?�i +2Mi`�H #�MF +QKKmMB+�iBQM
QT2`�i2b i?`Qm;? KmHiBTH2 +?�MM2Hb- �M/ i?�i KQp2K2Mib BM HQM;@`mM BMi2`2bi `�i2b +�M
�`Bb2 7`QK bB;M�Hb QM mM+2`i�BMiv i?�i �`2 /BbiBM+i 7`QK i?2 bB;M�Hb i?�i KQp2 b?Q`i@`mM
BMi2`2bi `�i2bX

8Xk L�``�iBp2 M2rb bB;M�Hb
h?2 �M�HvbBb Q7 i?2 MmK2`B+ 7Q`2+�bi BM7Q`K�iBQM Bb +QMbBbi2Mi rBi? i?2 mM+2`i�BMiv +?�M@
M2H #2BM; � T`BK�`v /`Bp2` Q7 HQM;2`@K�im`Biv vB2H/bX q2 MQr mb2 i?2 M�``�iBp2 bB;M�Hb iQ
2tTHQ`2 i?Bb B/2� KQ`2 bT2+B}+�HHv- �b Bib /BK2MbBQM�HBiv T`QpB/2b � K2�Mb iQ 2tTHQ`2 i?2
/Bz2`2Mi +QKKmMB+�iBQM +?�MM2Hb i?�i +�M /`Bp2 i?2 HQM;@`mM BM7Q`K�iBQM 2z2+i U2tT2+@
i�iBQMb- mM+2`i�BMiv- BMp2biQ` /2K�M/V BM KQ`2 /2i�BHX

8XkXR Ab i?2`2 M2rb BM M�``�iBp2\

"27Q`2 �M�HvxBM; i?2 K�`F2i BKT�+i Q7 M�``�iBp2 bB;M�Hb- QM2 M22/b iQ 2bi�#HBb? i?�i i?2v
+QMi�BM M2rb �i �HH Qp2` �M/ �#Qp2 i?2 BM7Q`K�iBQM BM i?2 MmK2`B+ 7Q`2+�bibX h?2 }`bi
bi2T Bb iQ Tm`;2 p�`B�iBQM BM i?2 M�``�iBp2 p�`B�#H2b i?�i Bb 2M/Q;2MQmb iQ i?2 MmK2`B+�H
7Q`2+�bi BM7Q`K�iBQMX 6Q` 2t�KTH2- �M BM+`2�b2 BM i?2 M�``�iBp2 +QMi2Mi �#Qmi BM~�iBQM
K�v #2 �bbQ+B�i2/ rBi? � /2pB�iBQM Q7 BM~�iBQM 7`QK i�`;2i BM i?2 KQ/�H 7Q`2+�biX

q2 }i i?2 KQ/2Hb

θt,k = α0k +αT
1kqt + α2koAst + vkLt UR8V

δt,k = β0k + βT
1kqt + β2koAst + vkDt UReV

h?2 2biBK�i2/ `2bB/m�Hb v̂kLt �M/ v̂kDt `2T`2b2Mi i?2 T�`i Q7 i?2 H2p2H Q7 iQTB+ k- �M/ Bib
+?�M;2 7`QK i?2 T`2pBQmb A_- MQi 2tTH�BM2/ #v i?2 7Q`2+�bibX

Pm` +QMbi`m+iBQM Bb bBKBH�` iQ i?�i BM _QK2` �M/ _QK2` Ukyy9V �M/ *HQvM2 �M/ >Ƀ`i@
;2M UkyReV- r?Q +QMbi`m+i KQM2i�`v TQHB+v b?Q+Fb #v `2;`2bbBM; BMi2`2bi `�i2 /2+BbBQMb
QM MmK2`B+�H 7Q`2+�bi p�`B�#H2b 7Q` i?2 62/2`�H _2b2`p2 �M/ i?2 "�MF Q7 1M;H�M/- `2bT2+@
iBp2HvX >2`2 r2 +QMbi`m+i ǵM�``�iBp2 b?Q+FbǶ #v 2ti`�+iBM; i?2 2tQ;2MQmb +QKTQM2Mi Q7
i?2 AM~�iBQM _2TQ`i i2tiX h?Bb vB2H/b ey M�``�iBp2 b?Q+Fb i?�i r2 /2MQi2 v̂t = (v̂Lt, v̂Dt)X

PM2 +QM+2`M BM ?B;?@/BK2MbBQM�H `2;`2bbBQM Bb i?�i +Q``2H�iBQM �KQM; `2;`2bbQ`b +�M
BKT2/2 i?2 �#BHBiv iQ B/2MiB7v p�`B�#H2b rBi? � ǵi`m2Ƕ `2H�iBQMb?BT rBi? i?2 Qmi+QK2X AM
7�+i- Qm` M�``�iBp2 b?Q+Fb /BbTH�v `�i?2` HBiiH2 +Q``2H�iBQM QM �p2`�;2X 6B;m`2 e b?Qrb
� ?BbiQ;`�K Q7 �HH i?2 mMB[m2 #BH�i2`�H +Q``2H�iBQMb #2ir22M i?2 ey b?Q+Fb h?2 KQ/�H

jR



+Q``2H�iBQM Bb x2`Q �M/ QMHv jdd Qmi Q7 Rddy �`2 bi�iBbiB+�HHv bB;MB}+�Mi U�i 8W H2p2HV
BM/B+�iBM; i?�i i?2 M�``�iBp2 b?Q+Fb +�M H�`;2Hv #2 i?Qm;?i Q7 �b BM/2T2M/2Mi bB;M�HbX
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6B;m`2 e, *Q``2H�iBQM #2ir22M L�``�iBp2 a?Q+Fb

LQi2b, >BbiQ;`�K Q7 i?2 Rddy T�B`rBb2 +Q``2H�iBQMb #2ir22M M�``�iBp2 b?Q+FbX h?2 /�`F2`
b?�/2/ #�`b BM/B+�i2 +Q``2H�iBQMb i?�i �`2 bB;MB}+�MiHv /Bz2`2Mi 7`QK x2`Q �i i?2 8W bB;@
MB}+�M+2 H2p2HX

ai�iBbiB+�HHv- 2bi�#HBb?BM; r?2i?2` M�``�iBp2 b?Q+Fb +QMi�BM M2rb Bb 2[mBp�H2Mi iQ /2@
i2`KBMBM; r?2i?2` i?2 M�``�iBp2 b?Q+Fb 2tTH�BM i?2 `2bB/m�Hb 7`QK 2[m�iBQM UR9V- i?�i T�`i
Q7 i?2 Qp2`�HH K�`F2i M2rb MQi 2tTH�BM2/ #v MmK2`B+�H 7Q`2+�bibX �b 2tTH�BM2/ �#Qp2- Q`@
/BM�`v H2�bi b[m�`2b Bb MQi 72�bB#H2 BM i?Bb b2iiBM; bBM+2 i?2`2 �`2 KQ`2 M�``�iBp2 b?Q+F
p�`B�#H2b i?�M /2;`22b Q7 7`22/QK BM i?2 KQ/2HX AMbi2�/- r2 mb2 �M 2H�biB+ M2i `2;`2bbBQM
�b BM wQm �M/ >�biB2 Ukyy8V �M/ bQHp2

min
γY

∑

t

(
ε̂Yt − γT

Y v̂t

)2
+ λ

[
α∥γY ∥1 + (1− α)∥γY ∥22

]
. URdV

h?2 }`bi i2`K Bb i?2 Q#D2+iBp2 7mM+iBQM Q7 �M PGa `2;`2bbBQM Q7 i?2 vB2H/@Y `2bB/m�Hb QM
i?2 M�``�iBp2 b?Q+F p�`B�#H2bX h?2 b2+QM/ i2`K Bb � T2M�Hiv QM MQM@x2`Q p�Hm2b Q7 i?2
`2;`2bbBQM +Q2{+B2Mib γY X h?2 T�`�K2i2` α +�M `�M;2 7`QK y- 2[mBp�H2Mi iQ � `B/;2 `2@
;`2bbBQM- iQ R- 2[mBp�H2Mi iQ i?2 H2�bi �#bQHmi2 b?`BMF�;2 �M/ b2H2+iBQM QT2`�iQ` UG�aaPVX
h?2 α = 1 G�aaP bT2+B}+�iBQM Bb mb27mH #2+�mb2 Bi BM/m+2b bT�`b2 bQHmiBQMb #mi r?2M
irQ Q` KQ`2 +Qp�`B�i2b �`2 bB;MB}+�MiHv +Q``2H�i2/ Bi ivTB+�HHv QMHv ;2M2`�i2b � MQM@x2`Q
+Q2{+B2Mi 7Q` QM2 Q7 i?2KX q2 b2i α = 0.99 iQ BM/m+2 � /2;`22 Q7 bT�`bBiv �FBM iQ
i?2 G�aaP- r?BH2 K�BMi�BMBM; `Q#mbiM2bb iQ i?2 U`2H�iBp2Hv 72rV ?B;? +Q``2H�iBQMb BM i?2
M�``�iBp2 b?Q+Fb U6`B2/K�M 2i �HX kyRyVX

"27Q`2 2biBK�iBM; URdV- QM2 Kmbi +?QQb2 � p�Hm2 7Q` i?2 T2M�Hiv T�`�K2i2` λX q2
mb2 i?2 +QKKQM �TT`Q�+? Q7 b2H2+iBM; λ mbBM; +`Qbb p�HB/�iBQM #�b2/ QM Qmi@Q7@b�KTH2
T`2/B+iBp2 T2`7Q`K�M+2X q2 /2b+`B#2 i?Bb T`Q+2/m`2 BM /2i�BH BM �TT2M/Bt * �M/ ?2`2
Dmbi 7Q+mb QM i?2 `2bmHibX q2 }M/ i?�i � H�`;2 MmK#2` Q7 M�``�iBp2 b?Q+Fb �`2 b2H2+i2/ �i
2�+? K�im`Biv- �b /BbTH�v2/ BM h�#H2 8X

h?�i � H�`;2 MmK#2` Q7 M�``�iBp2 b?Q+Fb Bb b2H2+i2/ 7Q` 2�+? K�im`Biv bm;;2bib i?�i

jk



h�#H2 8, LmK#2` Q7 a2H2+i2/ L�``�iBp2 a?Q+F BM "�b2HBM2

|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|
O b2H2+i2/ M�``�iBp2 b?Q+Fb ey 8d 89 8d

LQi2b, h?Bb i�#H2 /BbTH�vb i?2 MmK#2` Q7 b2H2+i2/ +Qp�`B�i2b �`BbBM; 7`QK i?2 2biBK�iBQM Q7
URdV 7Q` 7Qm` K�`F2i `�i2b #v H2�p2@QM2@Qmi +`Qbb p�HB/�iBQMX

i?2v �`2 BM/22/ BKTQ`i�Mi BM 2tTH�BMBM; i?2 vB2H/ `2bB/m�HbX hQ i2bi i?�i i?Bb `2bmHi Bb MQi
bTm`BQmb- r2 M22/ iQ +QKT�`2 Bi iQ i?2 /Bbi`B#miBQM Q7 i?2 MmK#2` Q7 b2H2+i2/ p�`B�#H2b
mM/2` i?2 MmHH ?vTQi?2bBb i?�i M�``�iBp2 b?Q+Fb �`2 BM/2T2M/2Mi Q7 vB2H/ `2bB/m�HbX hQ
�TT`QtBK�i2 i?Bb ?vTQi?2bBb i2bi- r2 mb2 � bBKTH2 T2`Kmi�iBQM i2biX AM 2�+? Q7 8yy
bBKmH�iBQMb 7Q` 2�+? BMi2`2bi `�i2- r2 `�M/QKHv T2`Kmi2 i?2 `2bB/m�Hb- `2@2biBK�i2 URdV-
�M/ `2+Q`/ i?2 MmK#2` Q7 b2H2+i2/ M�``�iBp2 b?Q+F p�`B�#H2bX q2 i?2M +QKT�`2 i?2 p�Hm2b
BM h�#H2 8 �;�BMbi i?2b2 bBKmH�i2/ /Bbi`B#miBQMbX h?2 `2bmHib �`2 b?QrM BM 6B;m`2 d- r?2`2
i?2 `2/@b?�/2/ ?BbiQ;`�K Bb i?2 /Bbi`B#miBQM Q7 i?2 MmK#2` Q7 b2H2+i2/ M�``�iBp2 b?Q+Fb
;2M2`�i2/ #v i?2 bBKmH�iBQMb- �M/ i?2 #Hm2 /�b?2/ HBM2 Bb i?2 MmK#2` Q7 M�``�iBp2 b?Q+Fb
r2 b2H2+i BM Qm` �+im�H /�i�X �i �HH BMi2`2bi `�i2 K�im`BiB2b r2 bi`QM;Hv `2D2+i i?2 MmHH
?vTQi?2bBb i?�i i?2 +Q``2H�iBQMb r2 }M/ �`2 bTm`BQmbX AM i?2 p�bi K�DQ`Biv Q7 T2`Kmi2/
/`�rb- i?2 2H�biB+ M2i b2H2+ib MQ b?Q+Fb- �M/ BM MQ /`�r Bb i?2 MmK#2` Q7 b2H2+i2/ b?Q+Fb
;`2�i2` i?�M i?2 MmK#2` r2 b2H2+i rBi? i?2 MQM@T2`Kmi2/ /�i�X q2 +QM+Hm/2 i?�i i?2`2
BM/22/ �TT2�`b iQ #2 ;2MmBM2 2tTH�M�iQ`v TQr2` +QMi�BM2/ BM i?2 A_ M�``�iBp2 i?�i Bb
Q`i?Q;QM�H iQ i?�i BM i?2 MmK2`B+�H 7Q`2+�bi p�`B�#H2bXk9

h?2 }M/BM; i?�i i?2`2 Bb K�`F2i M2rb BM i?2 M�``�iBp2 Q7 +2Mi`�H #�MF +QKKmMB+�iBQM
Bb Q7 BM/2T2M/2Mi BMi2`2bi �M/ �MQi?2` +QMi`B#miBQM Q7 i?2 T�T2`X JQbi bim/B2b Q7 +2Mi`�H
#�MF +QKKmMB+�iBQM i?�i �M�Hvx2 i?2B` +QMi2Mi 7Q+mb QM MmK2`B+�H BM7Q`K�iBQM- #mi i?2`2
Bb 2pB/2M+2 i?�i bQK2 Qi?2` 7�+iQ` Bb M22/2/ iQ 2tTH�BM i?2 7mHH K�`F2i `2�+iBQM �`QmM/
+QKKmMB+�iBQM 2p2Mib U:Ƀ`F�vM�F 2i �HX kyR3VX q2 }M/ Bi M�im`�H iQ pB2r M�``�iBp2 �b
�M BKTQ`i�Mi �bT2+i Q7 i?Bb ǵKBbbBM;Ƕ BM7Q`K�iBQM BM 2p2Mi bim/B2b- �M/ i?2 �TT`Q�+?2b
r2 /2p2HQT �`2 KQ`2 #`Q�/Hv `2H2p�Mi iQ i?2 HBi2`�im`2X

8XkXk h2biBM; /BbiBM+i HQM;@`mM BM7Q`K�iBQM A, F2v M�``�iBp2 bB;M�Hb

q?BH2 r2 ?�p2 2bi�#HBb?2/ i?�i M�``�iBp2 b?Q+Fb �`2 � bQm`+2 Q7 M2rb- r2 /Q MQi FMQr
r?B+? �`2 KQbi BKTQ`i�Mi 7Q` 2tTH�BMBM; K�`F2i `�i2b- MQ` r?2i?2` i?2b2 /Bz2` #v K�@
im`BivX h?2 #�b2HBM2 2H�biB+ M2i `2;`2bbBQM b2H2+ib M2�`Hv 2p2`v b?Q+F �i 2p2`v K�im`Biv-k8

k9q2 �HbQ `2T2�i i?Bb K2i?Q/QHQ;v BM Q`/2` iQ i2bi 7Q` M�``�iBp2 BM7Q`K�iBQM BM i?2 A_ #v +QKTQM2Mi
U2tT2+i�iBQMb �M/ i2`K T`2KBmKbVX q2 /Q MQi `2TQ`i ?2`2 BM i?2 BMi2`2bi Q7 bT�+2- #mi r2 +QMiBMm2 iQ
}M/ bi`QM; 2pB/2M+2 7Q` bm+? BM7Q`K�iBQM �i �HH K�im`BiB2b 7Q` 2�+? +QKTQM2MiX

k8h?Bb Bb MQi M2+2bb�`BHv bm`T`BbBM;X �b J2BMb?�mb2M �M/ "Ƀ?HK�MM UkyyeV ?�p2 b?QrM- i?2 MmK#2`
Q7 b2H2+i2/ 72�im`2b 7`QK �M 2H�biB+ M2i `2;`2bbBQM 2biBK�i2/ pB� +`Qbb p�HB/�iBQM K�v #2 � bmT2`b2i Q7 i?2
`2H2p�Mi p�`B�#H2bX
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U�V R@v2�` aTQi
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U#V j@v2�` 6Q`r�`/
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U+V 8@v2�` 6Q`r�`/
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U/V 8@v2�`- 8@v2�` 6Q`r�`/

6B;m`2 d, S2`Kmi�iBQM h2bi 7Q` L�``�iBp2 L2rb

LQi2b, h?2b2 };m`2b /2b+`B#2 � T2`Kmi�iBQM i2bi 7Q` M�``�iBp2 M2rbX h?2 #Hm2- /�b?2/
p2`iB+�H HBM2b 7Q` 2�+? vB2H/ THQi i?2 MmK#2` Q7 b2H2+i2/ i2ti p�`B�#H2b 7`QK h�#H2 8X h?2
`2/ ?BbiQ;`�Kb /2b+`B#2 i?2 /Bbi`B#miBQM Q7 b2H2+i2/ 72�im`2b BM 8yy /Bz2`2Mi `�M/QK T2`@
Kmi�iBQMb Q7 vB2H/ `2bB/m�Hb 7Q` r?B+? r2 mb2/ i?2 b�K2 +`Qbb p�HB/�iBQM T`Q+2/m`2 �b QM
i?2 Q`B;BM�H /�i�X AM MQ T2`Kmi�iBQM /Q r2 b2H2+i �b K�Mv 72�im`2b �b rBi? i?2 i`m2 Q`/2`X

j9



bQ r2 M22/ bQK2 r�v Q7 /Bb+`BKBM�iBM; �KQM; bB;M�Hb �++Q`/BM; iQ i?2B` BM7Q`K�iBQM +QM@
i2MiX hQ /Q i?Bb- r2 �/QTi � #QQibi`�T T`Q+2/m`2 bm;;2bi2/ #v >�biB2 2i �HX UkyR8VX AM
2�+? Q7 8yy bBKmH�iBQMb r2 /`�r � #QQibi`�T b�KTH2 rBi? `2TH�+2K2Mi 7`QK Qm` Q`B;BM�H
/�i�- +QKTmi2 +Q2{+B2Mi 2biBK�i2b mbBM; i?2 b�K2 +`Qbb p�HB/�iBQM T`Q+2/m`2 �b BM i?2
#�b2HBM2- �M/ `2+Q`/ r?2i?2` 2�+? iQTB+ p�`B�#H2 Bb b2H2+i2/X �+`Qbb �HH i?2 #QQibi`�T
/`�rb- r2 +�M +QKTmi2 i?2 7`�+iBQM Q7 iBK2b i?�i 2�+? iQTB+ p�`B�#H2 Bb b2H2+i2/- �M/ mb2
i?Bb �b �M BM/B+�iQ` Q7 r?B+? p�`B�#H2b �`2 F2v BM /`BpBM; i?2 K�`F2i `2bTQMb2 iQ i?2 A_Xke

h�#H2 e HBbib i?2 iQT 7Qm` iQTB+ p�`B�#H2b 7Q` 2�+? vB2H/ #�b2/ QM i?2 #QQibi`�T /`�rb-
�M/ `2TQ`ib i?2 7`�+iBQM Q7 /`�rb BM r?B+? i?2v �TT2�`X aBKTH2 Q#b2`p�iBQM `2p2�Hb i?�i
i?2 iQTB+b i?�i �`2 KQbi HBF2Hv iQ /`Bp2 b?Q`i �M/ HQM; `�i2b /Bp2`;2 +QMbB/2`�#Hv, i?2 iQT
iQTB+b 7Q` R@v2�` bTQi `�i2b �M/ 8@v2�` �?2�/- 8@v2�` 7Q`r�`/ `�i2b +QMi�BM MQ Qp2`H�TX
q2 7Q`K�HBx2 i?Bb #2HQrX

h�#H2 e, hQT hQTB+b 7Q` .Bz2`2Mi uB2H/b UG4G2p2Hc .4*?�M;2V

|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|
o�` a2H2+iBQM W o�` a2H2+iBQM W o�` a2H2+iBQM W o�` a2H2+iBQM W
Gk8 yXN83 .k9 yX383 Gk3 yX3de .Rd yXNR
.k9 yXN89 .k8 yX399 .Rd yXd39 .R3 yX3Ne
G8 yXNjk Gk3 yX3ke .R3 yXddk Gky yX3je
Gke yXNR .R9 yXde Gky yXdkk .Rj yX3y3

LQi2b, h?Bb i�#H2 HBbib i?2 iQT 7Qm` iQTB+b 7Q` 2�+? vB2H/ �++Q`/BM; iQ 7`�+iBQM Q7 iBK2b i?2v
�`2 b2H2+i2/ �+`Qbb 8yy #QQibi`�T /`�rbX �M G BM/B+�i2b i?2 iQTB+ p�`B�#H2 +Q``2bTQM/b iQ
� `2bB/m�H BM H2p2Hb- r?BH2 � . BM/B+�i2b � `2bB/m�Hb BM i?2 �#bQHmi2 +?�M;2 BM i?2 iQTB+ H2p2HX

h?2 KQbi HBF2Hv rQ`/b rBi?BM i?2 F2v iQTB+b 7Q` i?2 b?Q`i2bi@ �M/ HQM;2bi@K�im`Biv
�bb2ib r2 2t�KBM2- HBbi2/ �#Qp2 BM h�#H2 e- �`2 T`2b2Mi2/ ;`�T?B+�HHv �b rQ`/ +HQm/b BM
6B;m`2b 3 �M/ NX �b MQi2/ BM i?2 /Bb+mbbBQM Q7 G.�- iQTB+b /Q MQi +QK2 rBi? H�#2Hb �M/
BMi2`T`2iBM; i?2K Bb � bm#D2+iBp2 2t2`+Bb2X aiBHH- i?2 F2v iQTB+b i?�i /`Bp2 i?2 /Bz2`2Mi
vB2H/b �`2 bm;;2biBp2 Q7 i?2 +?�MM2Hb 7`QK i?2 i?2Q`2iB+�H KQ/2HX h?Qb2 i?�i /`Bp2 i?2
R@v2�` bTQi `�i2b �TT2�` iQ `2H�i2 iQ +m``2Mi 2+QMQKB+ +QM/BiBQMb �M/ BM+Hm/2 i?Qb2 i?�i
p�`v KQbi rBi? i?2 BMi2`2bi `�i2 +v+H2 Ub22 6B;m`2 8VX PM i?2 Qi?2` ?�M/- i?2 F2v iQTB+b
7Q` i?2 }p2@v2�` �?2�/- }p2@v2�` 7Q`r�`/ `�i2 �TT2�` iQ `2H�i2 iQ i?2 7Q`2+�bib �M/ i?2B`
mM+2`i�BMiv �M/ �`2 H2bb +v+HB+�HX h?Bb Bb +QMbBbi2Mi rBi? � KQ/2H BM r?B+? i?2 +2Mi`�H
#�MF b2M/b bB;M�Hb �#Qmi i?2 H2p2Hb Q7 K2�M@`2p2`iBM; 2+QMQKB+ +QM/BiBQMb i?�i �z2+i
b?Q`i@`mM `�i2b- �M/ bB;M�Hb �#Qmi 2+QMQKB+ mM+2`i�BMiv i?�i �z2+ib HQM;@`mM `�i2bX

h�#H2 d 7Q`K�HBx2b i?2 }M/BM; i?�i /Bz2`2Mi M�``�iBp2 bB;M�Hb /`Bp2 /Bz2`2Mi `�i2 K�@
keh?2 2H�biB+ M2i `2;`2bbBQM r2 2biBK�i2 Bb p2`v bBKBH�` iQ i?2 G�aaP- r?B+? ?�b � T`Q#�#BHBbiB+

7Q`KmH�iBQM �b � "�v2bB�M `2;`2bbBQM KQ/2H rBi? G�TH�+2 T`BQ`b QM i?2 +Q2{+B2MibX h?2 #QQibi`�T
T`Q+2/m`2 +�M #2 i?Qm;?i Q7 �b � b?Q`i+mi 7Q` /QBM; � 7mHH TQbi2`BQ` bBKmH�iBQM 2t2`+Bb2 i?�i rQmH/ �HHQr
QM2 iQ +QKTmi2 K�`;BM�H BM+HmbBQM T`Q#�#BHBiB2bX
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U�V Gk8 U#V .k9

U+V G8 U/V Gke

6B;m`2 3, E2v hQTB+b 7Q` J�`F2i _2�+iBQM iQ L�``�iBp2, R@u2�` aTQi _�i2

U�V .Rd U#V .R3

U+V Gky U/V .Rj

6B;m`2 N, E2v hQTB+b 7Q` J�`F2i _2�+iBQM iQ L�``�iBp2, 8@u2�`- 8@u2�` 6Q`r�`/ _�i2

je



im`BiB2bX Ai `2TQ`ib i?2 S2�`bQM +Q``2H�iBQM +Q2{+B2Mib #2ir22M M�``�iBp2 b?Q+Fb #�b2/ QM
i?2 7`�+iBQM Q7 #QQibi`�T /`�rb BM r?B+? i?2v �`2 b2H2+i2/X h?2 b2H2+iBQM T2`+2Mi�;2b 7Q`
R@v2�` bTQi `�i2b �`2 BM 7�+i mM+Q``2H�i2/ rBi? i?Qb2 7Q` HQM;2` `�i2b- r?BH2 i?2 b2H2+iBQM
T2`+2Mi�;2b �bbQ+B�i2/ rBi? �HH Qi?2` `�i2b �`2 bB;MB}+�MiHv +Q``2H�i2/X AKTQ`i�MiHv- i?Bb
}M/BM; +�bib /Qm#i QM 2Bi?2` i?2 2tT2+i�iBQMb +?�MM2H Q` i?2 BMp2biQ` /2K�M/ +?�MM2H
#2BM; i?2 T`BK�`v /`Bp2` Q7 HQM;@`mM `�i2 KQp2K2Mib BM `2bTQMb2 iQ i?2 A_X "Qi? +?�MM2Hb
`2[mB`2 i?2 bB;M�Hb i?�i KQp2 b?Q`i@`mM `�i2b iQ �HbQ KQp2 HQM;@`mM `�i2bX

h�#H2 d, S2�`bQM *Q``2H�iBQMb Q7 L�``�iBp2 aB;M�HbǶ a2H2+iBQM S2`+2Mi�;2 �+`Qbb uB2H/b

|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|
|∆i0:12,t| R · · ·
|∆f36,t| yXkR R · ·
|∆f60,t| yXy9 yXe3   R ·

|∆f60:120,t| yXye yX98   yX39   R

LQi2b, h?Bb i�#H2 `2TQ`ib i?2 S2�`bQM +Q``2H�iBQM +Q2{+B2Mi Q7 i?2 iQTB+bǶ b2H2+iBQM T2`@
+2Mi�;2b �+`Qbb 8yy #QQibi`�T /`�rb 7Q` /Bz2`2Mi vB2H/bX    /2MQi2b bB;MB}+�M+2 �i i?2
RW bB;MB}+�M+2 H2p2HX

A7 i?2 mM+2`i�BMiv +?�MM2H /`Bp2b HQM;@`mM BMi2`2bi `�i2b- r2 2tT2+i Bi iQ /Q bQ i?`Qm;?
i?2 i2`K T`2KBmK `�i?2` i?�M 2tT2+i�iBQMb- r?BH2 i?2 `2p2`b2 Bb i`m2 Q7 i?2 2tT2+i�iBQMb
+?�MM2HX q2 `2T2�i i?2 #QQibi`�T T`Q+2/m`2 QM 2�+? b2T�`�i2 vB2H/ +QKTQM2Mi- h�#H2 3
b?Qrb i?2 `2bmHibX h?2`2 Bb bm#bi�MiB�H Qp2`H�T #2ir22M i?2 M�``�iBp2 bB;M�Hb i?�i /`Bp2
b?Q`i@`mM KQp2K2Mib BM i?2 Qp2`�HH vB2H/ +?�M;2 �M/ i?2 bB;M�Hb i?�i /`Bp2 i?2 b?Q`i@
`mM 2tT2+i�iBQMb +QKTQM2MiX AM +QMi`�bi- i?2`2 Bb �M Qp2`H�T #2ir22M i?2 iQT HQM;@`mM
Qp2`�HH �M/ i2`K T`2KBmK bB;M�HbX _2H�i2/Hv- i?2 F2v bB;M�Hb 7Q` 2tTH�BMBM; HQM;@`mM i2`K
T`2KBmKb �`2 MQi i?2 F2v bB;M�Hb 7Q` 2tTH�BMBM; i?2 Qp2`�HH +?�M;2 BM b?Q`i@`mM vB2H/bX
h?Bb Bb 7m`i?2` 2pB/2M+2 i?�i HQM;@`mM `�i2 KQp2K2Mib /Q MQi �`Bb2 bQH2Hv 7`QK i`�/BM;
�+iBpBiv BM `2bTQMb2 iQ KQp2K2Mib �i i?2 b?Q`i 2M/- �b rQmH/ #2 i?2 +�b2 BM i?2 BMp2biQ`
/2K�M/ +?�MM2HX

h�#H2 N Bb i?2 �M�HQ;m2 Q7 h�#H2 d #v vB2H/ +QKTQM2MiX >2`2 r2 }M/ �M BMi2`2biBM; /Bb@
iBM+iBQM #2ir22M 2tT2+i�iBQM �M/ i2`K T`2KBmK bB;M�Hb, i?2 iQTB+ b2H2+iBQM T2`+2Mi�;2b
7Q` 2tT2+i�iBQMb �`2 Km+? KQ`2 +Q``2H�i2/ �+`Qbb K�im`BiB2b i?�M i?�i Q7 i2`K T`2KBmKbX
h?Bb bm;;2bib i?�i i?2 `2bmHib QM i?2 Qp2`�HH +?�M;2 TQi2MiB�HHv K�bF �M mM/2`HvBM; 2t@
T2+i�iBQMb +QKTQM2Mi i?�i Bb BM 7�+i `�i?2` T2`bBbi2Mi bBM+2 � b2i Q7 +QKKQM bB;M�Hb /`Bp2
b?Q`i@ �M/ HQM;@`mM 2tT2+i�iBQMbX >Qr2p2`- i?Bb Bb MQi i?2 /QKBM�Mi bQm`+2 Q7 p�`B�iBQM
BM HQM;@`mM BMi2`2bi `�i2b bBM+2 i?2b2 bB;M�Hb �`2 MQi i?2 F2v /`Bp2`b Q7 i?2 Qp2`�HH HQM;@
`mM `�i2X h?Bb �++Q`/b rBi? Qm` pB2r i?�i i?2 mM+2`i�BMiv +?�MM2H Bb MQi i?2 QMHv 7�+iQ`
/`BpBM; i?2 HQM;@`mM BM7Q`K�iBQM 2z2+i- #mi Bb i?2 T`BK�`v QM2X

jd



h�#H2 3, hQT L�``�iBp2 aB;M�Hb 7Q` .Bz2`2Mi uB2H/b UG4G2p2Hc .4*?�M;2V

U�V 1tT2+i�iBQMb
|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|

o�` a2H2+iBQM W o�` a2H2+iBQM W o�` a2H2+iBQM W o�` a2H2+iBQM W
Gke yXN8 .k9 yXNek .k9 yXNje .k9 yXN39
Gk8 yXNje .k8 yXNk .R yX3j9 .k8 yXN9
.k3 yXNy3 .R yX3de .k8 yX3R3 GR yX3de
G8 yX3Nk Gk8 yX38e Gk8 yXd39 .3 yX38e

U#V h2`K S`2KBmKb
|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|

o�` a2H2+iBQM W o�` a2H2+iBQM W o�` a2H2+iBQM W o�` a2H2+iBQM W
GN yXNd .Rd yX399 .Rd yXNe .Rj yXNek
.k9 yXNjk Gk3 yX3R3 .R3 yXN83 .R3 yXNk3
.j yX3N9 Gd yX3y9 .Rj yX3d9 .Rd yXNR9
.d yX389 .R3 yX3 .ky yX39k .3 yX38

LQi2b, h?Bb i�#H2 HBbib i?2 iQT 7Qm` iQTB+b 7Q` 2�+? vB2H/ �M/ +QKTQM2Mi �++Q`/BM; iQ
7`�+iBQM Q7 iBK2b i?2v �`2 b2H2+i2/ �+`Qbb 8yy #QQibi`�T /`�rbX �M G BM/B+�i2b i?2 iQTB+
p�`B�#H2 +Q``2bTQM/b iQ � `2bB/m�H BM H2p2Hb- r?BH2 � . BM/B+�i2b � `2bB/m�Hb BM i?2 �#bQHmi2
+?�M;2 BM i?2 iQTB+ H2p2HX

h�#H2 N, S2�`bQM *Q``2H�iBQMb Q7 hQTB+ o�`B�#H2bǶ a2H2+iBQM S2`+2Mi�;2 �+`Qbb uB2H/b

U�V 1tT2+i�iBQMb
|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|

|∆i0:12,t| R · · ·
|∆f36,t| yX9j   R · ·
|∆f60,t| yXk8 yXNk   R ·

|∆f60:120,t| yXkR yXNR   yXNk   R

U#V h2`K S`2KBmKb
|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|

|∆i0:12,t| R · · ·
|∆f36,t| yXyk R · ·
|∆f60,t| yXRk yX89   R ·

|∆f60:120,t| yXkR yXR9 yXdy   R

LQi2b, h?Bb i�#H2 `2TQ`ib i?2 S2�`bQM +Q``2H�iBQM +Q2{+B2Mi Q7 i?2 iQTB+bǶ b2H2+iBQM T2`@
+2Mi�;2b �+`Qbb 8yy #QQibi`�T /`�rb 7Q` /Bz2`2Mi vB2H/b �M/ 7Q` /Bz2`2Mi +QKTQM2Mib Q7
i?2 vB2H/ +m`p2X  �M/    /2MQi2 bB;MB}+�M+2 �i i?2 RyW �M/ RW bB;MB}+�M+2 H2p2Hb-
`2bT2+iBp2HvX
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8XkXj h2biBM; /BbiBM+i HQM;@`mM BM7Q`K�iBQM AA, bQm`+2 Q7 F2v M�``�iBp2 bB;M�Hb

�b r2 2KT?�bBx2 �#Qp2- �Mv �ii`B#miBQM Q7 K2�MBM; iQ iQTB+b BM i?2 �#b2M+2 Q7 2ti2`M�H
p�HB/�iBQM Bb bm#D2+iBp2X aQ- �Hi?Qm;? i?2 B/2� i?�i i?2 F2v M�``�iBp2 bB;M�Hb i?�i /`Bp2
b?Q`i@`mM `�i2b /BbTH�v2/ BM 6B;m`2 3 `2~2+i b?Q`i@`mM 2+QMQKB+ M2rb �M/ i?�i i?Qb2 BM
6B;m`2 N `2~2+i HQM;@`mM mM+2`i�BMiv Bb TH�mbB#H2- Qi?2` BMi2`T`2i�iBQMb �`2 TQbbB#H2X hQ
�B/ Qm` BMi2`T`2i�iBQM- r2 2tTHQBi i?2 bi`m+im`2 Q7 i?2 AM~�iBQM _2TQ`i- r?B+? Bb /BpB/2/
BMiQ irQ #`Q�/ T�`ib- QM2 i?�i `2TQ`ib QM +m``2Mi 2+QMQKB+ +QM/BiBQMb �M/ �MQi?2` i?�i
2tTH�BMb i?2 7Q`2+�bi �M/ `BbFb �`QmM/ Bi Ub22 a2+iBQM 9Xk 7Q` KQ`2 /2i�BHbVX AMbi2�/ Q7
7Q`KBM; iQTB+ /Bbi`B#miBQMb �i i?2 H2p2H Q7 i?2 r?QH2 A_- r2 7Q`K i?2K rBi?BM 2�+? Q7 i?2b2
irQ b2+iBQMb- �M/ +QKTmi2 i?2 �p2`�;2 7`�+iBQM Q7 +QMi2Mi BM i?2K /2pQi2/ iQ /Bb+mbbBM;
i?2 F2v iQTB+ bB;M�Hb �i /Bz2`2Mi K�im`BiB2b `2TQ`i2/ BM h�#H2 eX h�#H2 Ry `2TQ`ib i?2
`2bmHibX

h�#H2 Ry, E2v aB;M�H *Qp2`�;2 #v AM~�iBQM _2TQ`i a2+iBQM

1+QMQKB+b 6Q`2+�bi
|∆i0:12,t| yXRje yXRy8
|∆f36,t| yXRky yXRdR
|∆f60,t| yXyNN yXkR8
|∆f60:120,t| yXRyy yXky9

LQi2b, h?Bb i�#H2 `2TQ`ib i?2 7`�+iBQM Q7 iBK2 i?�i 2�+? b2+iBQM Q7 i?2 AM~�iBQM _2TQ`i
bT2M/b /Bb+mbbBM; i?2 F2v bB;M�Hb `2TQ`i2/ BM i�#H2 e 7Q` 2�+? vB2H/X

q2 }M/ i?�i i?2 M2rb i?�i /`Bp2b /Bz2`2Mi K�im`BiB2b i2M/b iQ �`Bb2 7`QK /Bz2`2Mi
T�`ib Q7 i?2 A_- rBi? i?2 HQM;@`mM M2rb +QKBM; KQ`2 7`QK i?2 7Q`2+�bi T�`i �M/ H2bb 7`QK
i?2 +m``2Mi 2+QMQKB+ +QM/BiBQMb T�`iX h?Bb Bb BKTQ`i�Mi #2+�mb2 i?2 b2+iBQMb T`QpB/2
� K2�Mb Q7 Q#D2+iBp2Hv BMi2`T`2iBM; i?2 F2v bB;M�HbX h?2 7�+i i?�i i?2 b2+iBQM /2pQi2/
iQ T`QpB/BM; BM7Q`K�iBQM �#Qmi b?Q`i@`mM 2+QMQKB+ +QM/BiBQMb /Q2b MQi /2pQi2 Km+?
�ii2MiBQM iQ i?2 iQTB+ bB;M�Hb KQbi �bbQ+B�i2/ rBi? HQM;@`mM `�i2 KQp2K2Mib ?B;?HB;?ib
i?�i bB;M�Hb QM i?2 H2p2Hb Q7 +QM/BiBQMb �`2 MQi2 i?2B` K�BM /`Bp2`X JQ`2 #`Q�/Hv- i?Bb Bb
7m`i?2` 2pB/2M+2 i?�i 7mM/�K2Mi�HHv /Bz2`2Mi BM7Q`K�iBQM /`Bp2b HQM;@`mM `�i2b- r?B+? Bb
i?2 /BbiBM;mBb?BM; 72�im`2 Q7 i?2 mM+2`i�BMiv +?�MM2HX

8XkX9 h2biBM; /BbiBM+i HQM;@`mM BM7Q`K�iBQM AAA, TH�+2#Q `2;`2bbBQMb

�Hi?Qm;? r2 ?�p2 7QmM/ /BbiBM+i M�``�iBp2 bB;M�Hb BM i?2 #QQibi`�T i2bi- QM2 KB;?i biBHH
[m2biBQM r?2i?2` i?2b2 �+im�HHv 2tTH�BM /Bz2`2Mi �KQmMib Q7 KQp2K2Mi BM vB2H/ `2bB/m�HbX
Pm` }M�H i2bi Q7 /BbiBM+i HQM;@`mM BM7Q`K�iBQM �bb2bb2b iQ r?�i 2ti2Mi i?2 F2v M�``�iBp2
bB;M�Hb �bbQ+B�i2/ rBi? 2�+? K�im`Biv �+im�HHv 2tTH�BM KQ`2 Q7 i?2 vB2H/ `2bB/m�H �i i?�i
K�im`Biv i?�M i?2 F2v M�``�iBp2 bB;M�Hb �bbQ+B�i2/ rBi? Qi?2` K�im`BiB2bX
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hQ #2;BM- r2 `2;`2bb i?2 �#bQHmi2 vB2H/ +?�M;2b QM Dmbi i?2 oAs- �M/ �// BM i?2
MmK2`B+ 7Q`2+�bi p�`B�#H2 qt /2}M2/ �#Qp2X q2 i?2M +QKTmi2 i?2 T�`iB�H R2 �bbQ+B�i2/
rBi? �HbQ BM+Hm/BM; qt- r?B+? Bb `2+Q`/2/ BM h�#H2 RRX h?2b2 `2;`2bbBQMb `2THB+�i2 i?Qb2 BM
h�#H2 j- �M/ �;�BM QM2 +�M MQi2 i?2 /2+HBMBM; BKT�+i Q7 i?2 MmK2`B+ 7Q`2+�bib �HQM; i?2
vB2H/ +m`p2X 6BM�HHv- r2 �// BM i?2 iQT 7Qm` M�``�iBp2 bB;M�Hb 7`QK h�#H2 e- �M/ `2+Q`/
i?2 mT/�i2/ Qp2`�HH R2 �M/ T�`iB�H R2 BM h�#H2 RRX PM2 }M/BM; Q7 BMi2`2bi ?2`2 Bb i?�i-
r?BH2 i?2 `2H�iBp2 BKT�+i Q7 i?2 MmK2`B+ 7Q`2+�bib �b K2�bm`2/ #v T�`iB�H R2 Bb /2+`2�bBM;
BM vB2H/ K�im`Biv- i?2 `2H�iBp2 BKT�+i Q7 M�``�iBp2 bB;M�Hb Bb BM+`2�bBM;X h?�i Bb- M�``�iBp2
BM7Q`K�iBQM ?�b Bi H�`;2bi `2H�iBp2 2z2+i 7Q` HQM;2`@`mM `�i2bX U�TT2M/Bt h�#H2b .XR �M/
.Xk /BbTH�v KQ`2 /2i�BHb Q7 i?2 `2;`2bbBQMb QM r?B+? h�#H2 RR Bb #�b2/XV

h�#H2 RR, amKK�`v Q7 R2 ai�iBbiB+b 7`QK uB2H/ _2;`2bbBQMb

oBt PMHv oBt � qt oBt- qt � E2v
L�``�iBp2 aB;M�Hb

|∆i0:12;t| R2 yXk3e yX8ej yXeNj
S�`iB�H R2 X yXjN yXkN

|∆f36;t| R2 yXR8y yXje3 yX8R3
S�`iB�H R2 X yXke yXk9

|∆f60;t| R2 yXye8 yXk3y yX8yk
S�`iB�H R2 X yXkj yXjR

|∆f60:120;t| R2 yXy83 yXkd9 yX89k
S�`iB�H R2 X yXkj yXjd

LQi2b, h?Bb i�#H2 `2TQ`ib i?2 R2 U�M/ S�`iB�H@R2V bi�iBbiB+b 7`QK `2;`2bbBM; �#bQHmi2
+?�M;2b BM K�`F2i vB2H/b QM oBt U+QHmKM jV- oBt �M/ i?2 MmK2`B+ 7Q`2+�bi p�`B�#H2b /2}M2/
BM a2+iBQM 9XR U+QHmKM 9V- �M/ oBt- i?2 MmK2`B+ 7Q`2+�bi p�`B�#H2b �M/ �HbQ i?2 iQT 9 iQTB+
b?Q+Fb 7Q` 2�+? vB2H/ U+QHmKM 8VX

hQ i2bi r?2i?2` i?2 F2v M�``�iBp2 bB;M�Hb �i 2�+? K�im`Biv 2tTH�BM KQ`2 vB2H/ `2bB/m�H
p�`B�M+2 �i i?�i K�im`Biv- r2 `2TH�+2 i?2K rBi? F2v M�``�iBp2 bB;M�Hb �i Qi?2` K�im`BiB2b-
�M/ `2+Q`/ i?2 T�`iB�H R2 BM 2t�+iHv i?2 b�K2 r�v �b BM h�#H2 RRX h�#H2 Rk /BbTH�vb i?2
`2bmHib �M/ BM/B+�i2b i?2 bB;MB}+�M+2 H2p2H Q7 �M 6@i2bi QM i?2 DQBMi bB;MB}+�M+2 Q7 i?2
M�``�iBp2 b?Q+Fb ;Bp2M i?2 BM+HmbBQM Q7 oAs �M/ qtX >2`2 r2 ?�p2 MQi �++QmMi2/ 7Q` i?2
TQbi@b2H2+iBQM BM72`2M+2 T`Q#H2K Q7 ?Qr iQ +QM/m+i ?vTQi?2bBb i2bib QM i?2 bB;MB}+�M+2 Q7
b2H2+i2/ `2;`2bbQ`b 7`QK �M 2H�biB+ M2i `2;`2bbBQMX Pm` [m2biBQM Q7 BMi2`2bi Bb MQi r?2i?2`
i?2 b2H2+i2/ bB;M�Hb �i 2�+? K�im`Biv �`2 bB;MB}+�Mi BM � bi�iBbiB+�H b2Mb2- i?Qm;?- #mi ?Qr
i?2B` 2tTH�M�iQ`v TQr2` +QKT�`2b iQ Qi?2` M�``�iBp2 bB;M�Hb b2H2+i2/ �i Qi?2` K�im`BiB2bX
h?Bb Bb �MQi?2` r�v Q7 �bFBM; r?2i?2` r2 ?�p2 b2H2+i2/ BM/2T2M/2Mi bB;M�Hb iQ 2tTH�BM
HQM;@`mM `�i2 KQp2K2MibX

9y



h�#H2 Rk, J�i`Bt Q7 S�`iB�H R2 7`QK SH�+2#Q _2;`2bbBQMb

�bb2i L2rb L�``�iBp2 a?Q+Fb
i0:12;t f36;t f60;t f60:120;t

i0:12;t yXkN   yXy3 yXye yXyR
f36;t yXR8 yXkj yXR3 yXRR
f60;t yXR9 yXkR yXjR  yXk9 
f60:120;t yXRk yXRj yXj9   yXjd   

LQi2b, h?Bb i�#H2 `2TQ`ib i?2 S�`iB�H@R2 bi�iBbiB+b 7`QK � `2;`2bbBQM Q7 �#bQHmi2 +?�M;2b
BM K�`F2i vB2H/b QM oBt �M/ i?2 MmK2`B+ 7Q`2+�bi p�`B�#H2b UqtV iQ r?B+? 7Qm` M�``�iBp2
b?Q+Fb �`2 �//2/X 1�+? `Qr `2TQ`ib i?2 `2bmHib 7Q` � /Bz2`2Mi vB2H/X 1�+? +QHmKM BM/B+�i2b
i?2 vB2H/b 7`QK r?B+? i?2 iQT M�``�iBp2 b?Q+Fb �`2 2biBK�i2/X 6Q` 2t�KTH2- i?2 +2HH BM i?2
#QiiQK `B;?i BM/B+�i2b i?2 T�`iB�H@R2 7`QK �//BM; i?2 iQT 7Qm` M�``�iBp2 b?Q+Fb 2biBK�i2/
7`QK i?2 8v@8v 7Q`r�`/ `�i2b QM 8v@8v 7Q`r�`/ `�i2 M2rbc Bi Bb i?2 b�K2 `2bmHi �b BM i�#H2
RRX ai�`b U   -   - �M/  V BM/B+�i2 i?2 bB;MB}+�M+2 H2p2H URW- 8W �M/ RyWV Q7 �M 6@i2bi QM
i?2 DQBMi bB;MB}+�M+2 Q7 i?2 M�``�iBp2 b?Q+Fb ;Bp2M i?2 BM+HmbBQM Q7 oAs �M/ qtX

�b QM2 +�M b22 7`QK h�#H2 Rk- i?2 �Mbr2` Bb +H2�`X h?2 iQT M�``�iBp2 bB;M�Hb 7Q` i?2
b?Q`i `mM 2tTH�BM QMHv RkW Q7 `2bB/m�H p�`B�M+2 7Q` }p2@v2�`- }p2@v2�` 7Q`r�`/ `�i2bX 1p2M
KQ`2 bi`BFBM;- i?2 iQT M�``�iBp2 bB;M�Hb 7Q` i?2 HQM; `mM 2tTH�BM 2bb2MiB�HHv MQM2 URWV Q7
i?2 `2bB/m�H p�`B�M+2 7Q` i?2 QM2@v2�` bTQi `�i2X h?2 2z2+ib Q7 i?2 iQT M�``�iBp2 bB;M�Hb 7Q`
i?2 }p2@v2�` 7Q`r�`/ `�i2 �M/ i?2 }p2@v2�`- }p2@v2�` `�i2 �`2 bBKBH�` 7Q` #Qi? K�im`BiB2b-
r?B+? Bb MQi bm`T`BbBM; ;Bp2M i?2`2 Bb Qp2`H�T BM i?2 b2H2+i2/ iQTB+bX h?2 #QiiQK HBM2 Bb
i?�i i?2 b2H2+i2/ M�``�iBp2 bB;M�Hb 7Q` i?2 HQM;@`mM �`2 MQi bQK2 BM/B`2+i T`Qtv 7Q` i?2
BM7Q`K�iBQM i?�i KQp2b b?Q`i@`mM `�i2b- #mi /BbiBM+i BM7Q`K�iBQMX h?Bb `2BM7Q`+2b i?2
TH�mbB#BHBiv Q7 i?2 mM+2`i�BMiv +?�MM2HX

�b � 7m`i?2` 2t2`+Bb2- r2 `2T2�i i?2 b�K2 �M�HvbBb �HbQ BM+Hm/BM; i?2 b2T�`�i2 +QK@
TQM2Mib Q7 i?2 Qp2`�HH vB2H/ +m`p2- rBi? `2bmHib BM h�#H2 RjX h?Bb �HHQrb mb iQ 2tTHQ`2 BM
KQ`2 /2i�BH i?2 BKT�+i Q7 i?2 2tT2+i�iBQMb �M/ /2K�M/ +?�MM2HbX h?2 `2bmHib BM h�#H2 Rj
b?Qr i?�i i?2 M�``�iBp2 bB;M�Hb i?�i 2tTH�BM 2tT2+i�iBQMb BM i?2 i?`22@v2�` 7Q`r�`/ `�i2
�HbQ 2tTH�BM 2tT2+i�iBQMb BM �HH i?2 `�i2b iQ � bBKBH�` /2;`22X JQ`2 ;2M2`�HHv- KQbi Q7 i?2
iQT M�``�iBp2 bB;M�Hb 7Q` 2tT2+i�iBQMb �i �Mv K�im`Biv T`Q/m+2 � bB;MB}+�Mi 6@i2bi r?2M
`2;`2bb2/ QM i?2 2tT2+i�iBQMb `2bB/m�Hb �i �Mv Qi?2` K�im`BivX q?BH2 i?Bb Bb +QMbBbiM2i
rBi? �M 2tT2+i�iBQMb +?�MM2H i?�i T`QpB/2b BM7Q`K�iBQM QM b?Q`i@`mM +QM/BiBQMb �M/ �HbQ
HQM;@`mM +QM/BiBQMb pB� T2`bBbi2M+2- Bi Bb MQi i?2 K�BM /`Bp2` Q7 i?2 Qp2`�HH KQp2K2Mi BM
HQM;@`mM `�i2bX h?2 iQT 7Qm` M�``�iBp2 bB;M�Hb 7Q` 2tTH�BMBM; }p2@v2�`- }p2@v2�` 2tT2+i�@
iBQMb 2tTH�BM QMHv 9W Q7 i?2 Qp2`�HH `2bB/m�H p�`B�M+2X PM i?2 Qi?2` ?�M/- i?2 iQT 7Qm`
bB;M�Hb 7Q` 2tTH�BMBM; i?2 }p2@v2�`- }p2@v2�` i2`K T`2KBmK 2tTH�BM kjW Q7 i?2 Qp2`�HH
`2bB/m�H p�`B�M+2X

h?2 BMp2biQ` /2K�M/ +?�MM2H `2[mB`2b i?2 BM7Q`K�iBQM i?�i KQp2b b?Q`i@`mM 2tT2+@
i�iBQMb iQ �HbQ KQp2 i?2 HQM;@`mM i2`K T`2KBmKX AMbi2�/- i?2 iQT bB;M�Hb 7Q` 2tTH�BMBM;
2tT2+i�iBQMb BM i?2 QM2@v2�` bTQi �M/ i?`22@v2�` 7Q`r�`/ `�i2b 2tTH�BM QMHv RkW URyWV
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�M/ RyW U3WV Q7 i?2 p�`B�iBQM BM i?2 }p2@v2�`- }p2@v2�` U}p2@v2�` 7Q`r�`/V i2`K T`2KBmKX
JQ`2Qp2`- i?2 iQT bB;M�Hb 7Q` 2tTH�BMBM; i?2 HQM;@`mM i2`K T`2KBmK 2tTH�BM �HKQbi MQi?@
BM; �#Qmi b?Q`i@`mM 2tT2+i�iBQMb U9W 7Q` i?2 QM2@v2�` bTQi �M/ jW 7Q` i?2 i?`22@v2�`
7Q`r�`/VX

hQ;2i?2`- i?2 `2bmHib b?Qr i?�i i?2 2tT2+i�iBQMb +?�MM2H K�v BM/22/ QT2`�i2- #mi
i?2`2 Bb HBiiH2 2pB/2M+2 Q7 i?2 BMp2biQ` /2K�M/ +?�MM2HX AM �Mv +�b2- i?2 K�BM /`Bp2` Q7
HQM;@`mM BMi2`2bi `�i2b Bb M�``�iBp2 bB;M�Hb i?�i 2tTH�BM i?2 HQM; `mM BM/2T2M/2MiHv Q7 �Mv
BKT�+i QM b?Q`i@ Q` K2/BmK@i2`K 2tT2+i�iBQMbX h?Bb HQM;@`mM BKT�+i +QK2b H�`;2Hv pB�
i?2 i2`K T`2KBmKX �HH Q7 i?2b2 7�+ib TQBMi iQ i?2 mM+2`i�BMiv +?�MM2H �b i?2 T`BK�`v
K2+?�MBbK i?`Qm;? r?B+? i?2 AM~�iBQM _2TQ`i QT2`�i2b QM HQM;@`mM BMi2`2bi `�i2bX

e _Q#mbiM2bb

eXR LQ x2`Q HQr2` #QmM/
Pm` KQ/2H /Q2b MQi +QMbB/2` i?2 BKT�+i Q7 i?2 w2`Q GQr2` "QmM/ UwG"VX PM2 +QM+2`M
Bb i?�i BM � bBim�iBQM r?2`2 i?2 wG" Bb #BM/BM;- i?2 b?Q`i@2M/ Q7 i?2 vB2H/ Bb /QrMr�`/Hv
`2bi`B+i2/X h?Bb K2�Mb � bB;M�H i?�i 2+QMQKB+ +QM/BiBQMb rBHH #2 T2`bBbi2MiHv r2�F2`-
r?B+? rQmH/ #2 2tT2+i2/ iQ b?B7i i?2 b?Q`i@ �M/ HQM;@2M/ Q7 i?2 vB2H/ +m`p2 2[m�HHv- +�M
QMHv KQp2 i?2 vB2H/ +m`p2 7m`i?2` QmiX h?Bb rQmH/ #2 �M 2tT2+i�iBQMb b?Q+F i?�i �TT2�`2/
iQ QMHv KQp2 i?2 HQM;@2M/X JQ`2Qp2`- iQ i?2 2ti2Mi i?�i i?2 T2`bBbi2Mi r2�FM2bb Q7 i?2
2+QMQKv KB;?i bB;M�H i?�i i?2 2+QMQKv K�v ?�p2 brBi+?2/ BMiQ � M2r `2;BK2 BM r?B+?
/2~�iBQM `BbF Bb ?B;?2`- i?Qb2 2z2+ib K�v +QK2 i?`Qm;? � +?�M;2 BM i2`K T`2KBmKbX

hQ �bb2bb i?2 `QH2 i?�i i?Bb TH�vb BM /`BpBM; Qm` `2bmHib- r2 �M�Hvx2 i?2 2z2+i Q7
`2KQpBM; i?2 wG" T2`BQ/ 7`QK Qm` �M�HvbBbX AM Qm` b�KTH2- i?2 wG" r�b #BM/BM; 7`QK
J�`+? kyyN �M/ bQ i?2 T`2@wG" b�KTH2 Bb `2/m+2/ #v k8 A_ 2p2MibX

AM bTBi2 Q7 i?2 bK�HH b�KTH2- i?2 F2v `2bmHib 7`QK i?2 r?QH2 b�KTH2 �`2 T`2b2Mi BM i?Bb
T2`BQ/X 6B`bi- h�#H2 R9 b?Qrb i?�i i?2 #�bB+ T�ii2`M Q7 i?2 2z2+i Q7 i?2 MmK2`B+ 7Q`2+�bi
BM7Q`K�iBQM ?QH/bc 2tT2+i�iBQM�H bB;M�Hb ?�p2 i?2 ;`2�i2` 2z2+i �i i?2 b?Q`i 2M/ r?BH2
/Bbi`B#miBQM�H BM7Q`K�iBQM Bb `2H�iBp2Hv KQ`2 BKTQ`i�Mi 7m`i?2` QmiX AM 7�+i- i?2 MmK2`B+
BM7Q`K�iBQM 2tTH�BMb KQ`2 Q7 i?2 K�`F2i `2�+iBQM �i �HH TQBMib QM i?2 vB2H/ +m`p2 iQ i?2
A_ #27Q`2 i?2 wG"X

a2+QM/- r2 `2T2�i i?2 BM7Q`K�iBQM i2bi Q7 a2+iBQM 8XkXR mbBM; Dmbi i?2 98 A_b �M/ i?2B`
+Q``2bTQM/BM; M�``�iBp2 bB;M�HbX LQirBi?bi�M/BM; i?2B` #2BM; � bK�HH2` `2bB/m�H H27i iQ
2tTH�BM- i?2 M�``�iBp2 +QMiBMm2b iQ +QMiBMm2 BKTQ`i�Mi BM7Q`K�iBQM i?�i ?2HTb iQ 2tTH�BM
i?Bb `2bB/m�H `2�+iBQMX h�#H2 R8 T`2b2Mib i?2 `2bmHib Q7 i?2 BM7Q`K�iBQM i2biX

h�#H2 Re b?Qrb i?2 +Q``2H�iBQM �+`Qbb i?2 7mHH b�KTH2 �M/ i?2 T`2@wG" b�KTH2 Q7 i?2
iQT iQTB+b K2�bm`2/ mbBM; i?2 iQTB+ p�`B�#H2bǶ b2H2+iBQM T2`+2Mi�;2 7`QK i?2 #QQibi`�T
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h�#H2 R9, 1z2+i Q7 6Q`2+�bi o�`B�#H2b QM J�`F2i uB2H/b @ S`2@wG" a�KTH2

URV UkV UjV U9V U8V UeV UdV U3V
|∆i0:12;t| |∆i0:12;t| |∆f36;t| |∆f36;t| |∆f60;t| |∆f60;t| |∆f60:120;t| |∆f60:120;t|

oAst yXyyyNj @yXyyyjd yXyyy9e @yXyyyjd yXyyyky @eXy2@ye yXyyyR8 @kX92@y3
πCB
m @yXye8   @yXy8e @yXyj3 @yXy9R yXyRR yXyyRj yXyyNR yXyyRk

amT`(πCB
m ) yXyydk @yXyd9 @yXyk3 @yXRk  @yXyRe @yXy3j @yXyjy @yXyd3

gCB
m yXyjk  yXyyNN @yXyR3 @yXyjN @yXyRd @yXykN @yXyR3 @yXykj
amT`(gCB

m ) yXyy8R yXyy9y yXyd3   yXyje yXy3d   yXyje yXyd8   yXyRN
ỹCB
m;24 yX83 yXd9 yXydd @yXj9 @yXey @RX89 @RXj3 @kXej
|ỹCB

m;24 − ỹCB
m−1;24| eXjj  RjXe   kX99 RyXR   @RXyR jXe8 @yXNk RX83

|ỹCB
m;21 − ỹCB

m−1;24| yXke @eXRN   yXed @jXNN @kXy9 @kXe3 @jXR9 @RXN9
o�`(πCB

m ) @yXRk  @yXR9 @yXydj @yXy88
∆o�`(πCB

m ) yXydy yXy9R @yXyk3 yXyj3
aF2r(πCB

m ) yXy98 @yXy8d @yXydN @yXy9j
∆aF2r(πCB

m ) yXy9k yXydk  yXydk  yXyjd
o�`(gCB

m ) yXRR   yXRk   yXyed yXy98
∆o�`(gCB

m ) @yXyed  @yXydk @yXyj9 @yXyjj
aF2r(gCB

m ) @yXk8   @yXRe @yXy8k @yXyej
∆aF2r(gCB

m ) yXR9   yXy9N @yXyRd @yXyky
*QMbi�Mi @yXy3k  @yXy3e  yXy88 yXy8j yXyej yXyej yXyd8 yXydR

_@b[m�`2/ yXe88 yX3Ne yX9Rj yXe9N yXkNe yX93R yXk93 yX9ky
S�`iB�H _@b[m�`2/ @ yXkeN @ yXjej @ yXj38 @ yX9yN
_@b[m�`2/ LQ oBt yXe9y yX3N8 yX9yN yXe93 yXkN8 yX93R yXk93 yX9ky
*QKTQM2Mi hQi�H hQi�H hQi�H hQi�H hQi�H hQi�H hQi�H hQi�H

LQi2b, h?Bb i�#H2 `2TQ`ib 2biBK�i2b 7`QK `2;`2bbBM; �#bQHmi2 +?�M;2b BM K�`F2i vB2H/b QM
i?2 MmK2`B+ 7Q`2+�bi p�`B�#H2b /2}M2/ BM a2+iBQM 9XRX
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h�#H2 R8, _2bmHib Q7 i?2 AM7Q`K�iBQM h2bib QM i?2 S`2@wG" a�KTH2

|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|
O Q7 a2H2+i2/ L�``�iBp2 a?Q+Fb j9 jj jR j8
S2`Kmi2/ /`�rb ≥ a2H2+i2/ L�``�iBp2 a?Q+Fb y y R y

LQi2b, h?2 }`bi `Qr Q7 i?Bb i�#H2 `2TQ`ib i?2 MmK#2` Q7 M�``�iBp2 b?Q+Fb b2H2+i2/ #v H2�p2@
QM2@Qmi +`Qbb p�HB/�iBQM mbBM; QMHv i?2 T`2@wG" b�KTH2 �M/ Bb �M�HQ;Qmb iQ i?2 BM7Q`K�iBQM
BM i�#H2 8X h?2 b2+QM/ `Qr b?Qrb i?2 `2bmHib Q7 � T2`Kmi�iBQM i2bi 7Q` M�``�iBp2 M2rb U�b
BM };m`2 dVc Bi `2TQ`ib i?2 MmK#2` Q7 /`�rb Qmi Q7 8yy i?�i 2t+22/ i?2 b2H2+i2/ MmK#2` Q7
M�``�iBp2 b?Q+Fb mbBM; i?2 +Q``2+i Q`/2`X

/`�rbX h?Bb i�#H2 `2�bbm`2b mb i?�i Bi Bb mMHBF2Hv iQ #2 i?2 wG" T2`BQ/ i?�i /`Bp2b Qm`
`2bmHib ;Bp2M i?�i i?2 iQT iQTB+b �`2 p2`v bBKBH�` BM i?2 T`2@wG" T2`BQ/X 1p2M KQ`2
`2�bbm`BM;Hv- i?2 BM7Q`K�iBQM i?�i 2tTH�BMb i?2 `2bB/m�H �bb2i T`B+2 M2rb �i i?2 b?Q`i@2M/
Q7 i?2 vB2H/ +m`p2 Bb /Bz2`2Mi iQ i?2 bB;M�Hb i?�i 2tTH�BM i?2 `2bB/m�H KQp2K2Mib �i i?2
HQM;2` K�im`BiB2bX h?Bb Bb b?QrM BM h�#H2 RdX

h�#H2 Re, *Q``2H�iBQM #2ir22M M�``�iBp2 bB;M�H BM+HmbBQM T`Q#�#BHBiB2b BM S`2@wG" �M/
6mHH a�KTH2

�bb2i |∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|
*Q``2H�iBQM yXe3   yX93   yX9k   yXek   

LQi2b, h?Bb i�#H2 b?Qrb i?2 +Q``2H�iBQM �+`Qbb i?2 7mHH b�KTH2 �M/ i?2 T`2@wG" b�KTH2
Q7 i?2 iQTB+ `�MFBM;b K2�bm`2/ mbBM; i?2 iQTB+ p�`B�#H2bǶ b2H2+iBQM T2`+2Mi�;2 7`QK i?2
#QQibi`�T /`�rbX

h�#H2 Rd, S2�`bQM *Q``2H�iBQMb Q7 L�``�iBp2 aB;M�HbǶ a2H2+iBQM S2`+2Mi�;2 �+`Qbb uB2H/b
@ S`2@wG" T2`BQ/

|∆i0:12,t| |∆f36,t| |∆f60,t| |∆f60:120,t|
|∆i0:12,t| R · · ·
|∆f36,t| @yXyk R · ·
|∆f60,t| yXyR yXee   R ·

|∆f60:120,t| yXR9 yX8N   yX33   R

LQi2b, h?Bb i�#H2 `2TQ`ib i?2 S2�`bQM +Q``2H�iBQM +Q2{+B2Mi Q7 i?2 iQTB+bǶ b2H2+iBQM T2`@
+2Mi�;2b �+`Qbb 8yy #QQibi`�T /`�rb 7Q` /Bz2`2Mi vB2H/b �M/ 7Q` /Bz2`2Mi +QKTQM2Mib Q7 i?2
vB2H/ +m`p2X    /2MQi2b bB;MB}+�M+2 �i i?2 RW bB;MB}+�M+2 H2p2HX

eXk �M�HvbBb Q7 `2�H BMi2`2bi `�i2b
q2 ?�p2 i?mb 7�` 7Q+mb2/ QM MQKBM�H `�i2b /m2 iQ H�+F Q7 /�i� �p�BH�#BHBiv 7Q` `2�H `�i2b
#mi Bi Bb `2�H `�i2b i?�i b?QmH/ ?�p2 i?2 #B;;2bi BKT�+i QM `2�H 2+QMQKB+ /2+BbBQMb bm+?
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�b BMp2biK2MiX AM T�`iB+mH�`- `2�H `�i2b /�i� Bb MQi �p�BH�#BH2 Qp2` Km+? Q7 Qm` b�KTH2 7Q`
i?2 R@v2�` bTQi BMi2`2bi `�i2X q2 +�M- MQM2i?2H2bb- +�``v Qmi i?2 #�bB+ �M�HvbBb QM i?2
�p�BH�#H2 `2�H vB2H/b /�i�X

6B;m`2 Ry THQib i?2 M2rb BM 2[mBp�H2Mi `2�H �M/ MQKBM�H vB2H/b QM A_ Tm#HB+�iBQM
/�i2b BM Qm` b�KTH2 7Q` i?2 i?`22 `2�H `�i2bX h?2 KQbi bi`BFBM; Q#b2`p�iBQM- +QMbBbi2Mi
rBi? i?2 }M/BM;b BM L�F�Km`� �M/ ai2BMbbQM UkyRdV- Bb i?�i `2�H �M/ MQKBM�H vB2H/b KQp2
+HQb2Hv iQ;2i?2`X h?2 +Q``2H�iBQM #2ir22M i?2 `2�H �M/ MQKBM�H K�`F2i `2�+iBQMb �`2 yX3R-
yX38 �M/ yX3 7Q` i?2 jv- 8v �M/ 8v8v@7Q`r�`/ `�i2 `2bT2+iBp2HvX �HH �`2 bB;MB}+�Mi �i i?2
RW bB;MB}+�M+2 H2p2HX h?2 BKTHB+�iBQM Bb i?�i BM~�iBQM 2tT2+i�iBQMb- �i H2�bi �i HQM;2`
K�im`BiB2b- /Q MQi `2�+i iQQ Km+? BM `2bTQMb2 iQ i?2 A_X

q2 �HbQ `2T2�i i?2 BM7Q`K�iBQM i2bi �M/ +�M b?Qr i?�i i?2 M�``�iBp2 b?Q+Fb ?�p2
2tTH�M�iQ`v TQr2` 7Q` i?2 `2�H K�`F2i M2rb `2bB/m�HX �M/ i?2 F2v M�``�iBp2 bB;M�Hb
r?B+? /`Bp2 i?2 MQKBM�H vB2H/ +m`p2 �`2 bB;MB}+�MiHv +Q``2H�i2/ rBi? i?2 F2v M�``�iBp2
bB;M�Hb /`BpBM; i?2 `2�H K�`F2i `2�+iBQM- �b b?QrM BM h�#H2 R3X AM T�`iB+mH�`- i?2 bB;M�Hb
i?�i KQp2 i?2 K2/BmK@`mM `�i2b �`2 mM+Q``2H�i2/ rBi? i?Qb2 i?�i KQp2 HQM;@`mM `�i2b
r?B+? Bb BM+QMbBbi2Mi rBi? i?2 bi�M/�`/ 2tT2+i�iBQMb +?�MM2H QM `2�H `�i2bX

h�#H2 R3, *Q``2H�iBQM "2ir22M L�``�iBp2 aB;M�H AM+HmbBQM S`Q#�#BHBiB2b 7Q` _2�H �M/
LQKBM�H uB2H/b

�bb2i |∆f36,t| |∆f60,t| |∆f60:120,t|
*Q``2H�iBQM yXdR   yXe   yX98   

LQi2b, h?Bb i�#H2 b?Qrb i?2 +Q``2H�iBQM �+`Qbb i?2 `2�H �M/ MQKBM�H iQTB+ `�MFBM;b K2�bm`2/
mbBM; i?2 iQTB+ p�`B�#H2bǶ b2H2+iBQM T2`+2Mi�;2 7`QK i?2 #QQibi`�T /`�rbX

6BM�HHv- �Hi?Qm;? r2 +�MMQi i2bi i?2 /Bz2`2M+2 Q7 i?2 bB;M�Hb /`BpBM; i?2 b?Q`i 2M/
�M/ i?2 HQM; 2M/- i?2 j@v2�` 7Q`r�`/- 8@v2�` 7Q`r�`/ �M/ 8@v2�`- 8@v2�` 7Q`r�`/ `�i2b
+Q``2H�iBQM bi`m+im`2 HQQFb bBKBH�` iQ i?�i BM i?2 MQKBM�Hb- �b b?QrM BM h�#H2 RN

h�#H2 RN, S2�`bQM *Q``2H�iBQMb Q7 L�``�iBp2 aB;M�HbǶ a2H2+iBQM S2`+2Mi�;2 �+`Qbb uB2H/b
@ _2�H uB2H/b

|∆r36,t| |∆r60,t| |∆r60:120,t|
|∆r36,t| R · ·
|∆r60,t| yXj9   R ·

|∆r60:120,t| @yXyR yXdR   R

LQi2b, h?Bb i�#H2 `2TQ`ib i?2 S2�`bQM +Q``2H�iBQM +Q2{+B2Mi Q7 i?2 iQTB+bǶ b2H2+iBQM T2`@
+2Mi�;2b �+`Qbb 8yy #QQibi`�T /`�rb 7Q` /Bz2`2Mi vB2H/b �M/ 7Q` /Bz2`2Mi +QKTQM2Mib Q7 i?2
vB2H/ +m`p2X    /2MQi2b bB;MB}+�M+2 �i i?2 RW bB;MB}+�M+2 H2p2HX
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d *QM+HmbBQM
*QKKmMB+�iBQM ?�b Qz2`2/ �M �//BiBQM�H iQQH iQ +2Mi`�H #�MFb iQ KQp2 BMi2`2bi `�i2b
7�+2/ #v #�MFb- }`Kb �M/ ?Qmb2?QH/b 7�+2 �+`Qbb � p�`B2iv Q7 /Bz2`2Mi K�im`BiB2bX PM2
K2+?�MBbK 7Q` i?Bb Bb i?`Qm;? i?2 +2Mi`�H #�MF +QMp2vBM; BM7Q`K�iBQM �#Qmi 2+QMQKB+
+QM/BiBQMbX aQ 7�` i?2 HBi2`�im`2 QM i?Bb BM7Q`K�iBQM 2z2+i ?�b 7Q+mb2/ QM bB;M�Hb �#Qmi
i?2 2tT2+i�iBQMb Q7 i?2 H2p2H Q7 2+QMQKB+ �+iBpBivX Pm` `2bmHib b?Qr i?�i- BM �//BiBQM iQ
i?Bb +QMp2MiBQM�H 2tT2+i�iBQMb +?�MM2H- bB;M�Hb �#Qmi i?2 2tT2+i2/ mM+2`i�BMiv �`QmM/
2+QMQKB+ +QM/BiBQMb +�M ;Bp2 `Bb2 iQ BKTQ`i�Mi 2z2+ib- 2bT2+B�HHv �i i?2 HQM;@`mMX lbBM;
� MQp2H +QK#BM�iBQM Q7 i?2Q`v- mMbi`m+im`2/ /�i� �M/ 2p2Mi bim/B2b- r2 }M/ i?�i i?Bb
mM+2`i�BMiv +?�MM2H TH�vb � /QKBM�Mi `QH2 BM KQpBM; BMi2`2bi `�i2b �i i?2 HQM;@2M/ Q7 i?2
vB2H/ +m`p2 BM `2bTQMb2 iQ Tm#HB+�iBQM Q7 i?2 "�MF Q7 1M;H�M/ AM~�iBQM _2TQ`iX

h?2b2 `2bmHib bm;;2bi i?�i +2Mi`�H #�MFb rBb?BM; iQ BM~m2M+2 HQM;@i2`K BMi2`2bi `�i2b
b?QmH/ i�F2 b2`BQmbHv i?2 +QKKmMB+�iBQM Q7 i?2 /Bbi`B#miBQM Q7 `BbFb �M/ mM+2`i�BMiB2b
�`QmM/ 2+QMQKB+ +QM/BiBQMbX P7 +Qm`b2- KQ`2 `2K�BMb iQ #2 /QM2 iQ mM/2`bi�M/ 7mHHv
i?2 TQHB+v BKTHB+�iBQMb Q7 i?Bb +?�MM2H Q7 +2Mi`�H #�MF +QKKmMB+�iBQM �M/- BM T�`iB+mH�`-
?Qr iQ /2bB;M +QKKmMB+�iBQM bi`�i2;B2b rBi? i?Bb BM KBM/X 6Q` BMbi�M+2- 2�`HB2` rQ`F QM
.2HT?B+ 7Q`r�`/ ;mB/�M+2- �M �TT`Q�+? �/QTi2/ #v K�Mv +2Mi`�H #�MFb BM i?2 H�bi /2+�/2-
?�b bi`2bb2/ i?2 M22/ iQ +QK#BM2 pB2rb QM i?2 7mim`2 2pQHmiBQM Q7 i?2 2+QMQKv iQ;2i?2`
rBi? � /2b+`BTiBQM Q7 ?Qr KQM2i�`v TQHB+v rBHH `2�+i iQ i?2b2 /2p2HQTK2Mib r?2`2�b Qm`
`2bmHib bm;;2bi i?2 TQbbB#BHBiv Q7 TQHB+v@7`22 7Q`r�`/ ;mB/�M+2X h?Bb K�v #2 T�`iB+mH�`Hv
?2HT7mH BM T2`BQ/b r?2M i?2 +2Mi`�H #�MF Bb +QM7`QMi2/ rBi? �M 2z2+iBp2 HQr2` #QmM/ QM
b?Q`i@i2`K BMi2`2bi `�i2bXkd

kd6Q` 2t�KTH2- *�`p�H?Q 2i �HX UkyReV }M/ i?�i QM+2 la BMi2`2bi `�i2b `2�+?2/ i?2B` x2`Q@HQr2` #QmM/-
+QKKmMB+�iBQM +QMiBMm2/ iQ ?�p2 2z2+ib QM HQM;2`@K�im`Biv #QM/b 2p2M r?2M b?Q`i2`@K�im`Biv #QM/b
biQTT2/ `2bTQM/BM;X
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_272`2M+2b
�M/`2�b2M- JX �M/ J2H/`mK- �X UkyR8VX J�`F2i #2HB27b �#Qmi i?2 lE KQM2i�`v TQHB+v

HB7i@Qz ?Q`BxQM, � MQ@�`#Bi`�;2 b?�/Qr `�i2 i2`K bi`m+im`2 KQ/2H �TT`Q�+?X "�MF Q7
1M;H�M/ rQ`FBM; T�T2`b- 89RX

"�F2`- aX _X- "HQQK- LX- �M/ .�pBb- aX CX UkyReVX J2�bm`BM; 1+QMQKB+ SQHB+v lM+2`i�BMivX
h?2 Zm�`i2`Hv CQm`M�H Q7 1+QMQKB+b- RjRU9V,R8NjĜRejeX

"�Mb�H- _X �M/ a?�HB�biQpB+?- AX UkyRjVX � GQM;@_mM _BbFb 1tTH�M�iBQM Q7 S`2/B+i�#BHBiv
SmxxH2b BM "QM/ �M/ *m``2M+v J�`F2ibX h?2 _2pB2r Q7 6BM�M+B�H aim/B2b- keURV,RĜjjX

"2`M�MF2- "X aX �M/ EmiiM2`- EX LX Ukyy8VX q?�i 2tTH�BMb i?2 biQ+F K�`F2iǶb `2�+iBQM
iQ 72/2`�H `2b2`p2 TQHB+v\ CQm`M�H Q7 6BM�M+2- eyUjV,RkkRĜRk8dX

"H2B- .X JX- L;- �X uX- �M/ CQ`/�M- JX AX UkyyjVX G�i2Mi /B`B+?H2i �HHQ+�iBQMX CQm`M�H Q7
J�+?BM2 G2�`MBM; _2b2�`+?- j,NNjĜRykkX

"HBM/2`- �X aX Ukyy3VX h�HFBM; �#Qmi JQM2i�`v SQHB+v, h?2 oB`im2b U�M/ oB+2b\V Q7
*2Mi`�H "�MF *QKKmMB+�iBQMX qQ`FBM; S�T2`b- S`BM+2iQM lMBp2`bBiv- .2T�`iK2Mi Q7
1+QMQKB+b- *2Mi2` 7Q` 1+QMQKB+ SQHB+v aim/B2bX Ry93- S`BM+2iQM lMBp2`bBiv- .2T�`i@
K2Mi Q7 1+QMQKB+b- *2Mi2` 7Q` 1+QMQKB+ SQHB+v aim/B2bX

"HBM/2`- �X aX UkyR3VX h?`Qm;? � +`vbi�H #�HH /�`FHv, h?2 7mim`2 Q7 KQM2i�`v TQHB+v
+QKKmMB+�iBQMX �1� S�T2`b �M/ S`Q+22/BM;b- Ry3,8edĜdRX

"HBM/2`- �X aX- 1?`K�MM- JX- 6`�ixb+?2`- JX- >��M- CX .X- �M/ C�Mb2M- .X@CX Ukyy3VX
*2Mi`�H "�MF *QKKmMB+�iBQM �M/ JQM2i�`v SQHB+v, � am`p2v Q7 h?2Q`v �M/ 1pB/2M+2X
CQm`M�H Q7 1+QMQKB+ GBi2`�im`2- �K2`B+�M 1+QMQKB+ �bbQ+B�iBQM- 9eU9V,NRyĜ98X

"HQQK- LX UkyyNVX h?2 AKT�+i Q7 lM+2`i�BMiv a?Q+FbX 1+QMQK2i`B+�- ddUjV,ekjĜe38X

"QmFmb- 1X �M/ _Qb2M#2`;- CX UkyyeVX h?2 BM7Q`K�iBQM +QMi2Mi Q7 6PJ* KBMmi2bX h2+?@
MB+�H `2TQ`i- 62/2`�H _2b2`p2 "�MF Q7 L2r uQ`FX

"mM/B+F- "X- >2``B7Q`/- hX- �M/ aKBi?- �X GX UkyRdVX 6Q`r�`/ :mB/�M+2- JQM2i�`v SQHB+v
lM+2`i�BMiv- �M/ i?2 h2`K S`2KBmKX _2b2�`+? qQ`FBM; S�T2` _qS Rd@d- 62/2`�H
_2b2`p2 "�MF Q7 E�Mb�b *BivX

*�KT#2HH- CX- 1p�Mb- *X- 6Bb?2`- CX- �M/ CmbiBMB�MQ- �X UkyRkVX J�+`Q2+QMQKB+ 1z2+ib
Q7 62/2`�H _2b2`p2 6Q`r�`/ :mB/�M+2X h?2 "`QQFBM;b S�T2`b QM 1+QMQKB+ �+iBpBiv-
aT`BM;,RĜ89X

*�`p�H?Q- *X- >bm- 1X- �M/ L2+?BQ- 6X UkyReVX J2�bm`BM; i?2 2z2+i Q7 i?2 x2`Q HQr2`
#QmM/ QM KQM2i�`v TQHB+vX qQ`FBM; S�T2` a2`B2b kyRe@e- 62/2`�H _2b2`p2 "�MF Q7 a�M
6`�M+Bb+QX

*?�M;- CX- :2``Bb?- aX- "Qv/@:`�#2`- CX GX- �M/ "H2B- .X JX UkyyNVX _2�/BM; i2� H2�p2b,
>Qr ?mK�Mb BMi2`T`2i iQTB+ KQ/2HbX AM �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM;
avbi2KbX

*B2bH�F- �X �M/ a+?`BKT7- �X UkyR3VX LQM@KQM2i�`v M2rb BM +2Mi`�H #�MF +QKKmMB+�iBQMX

9N



*HQvM2- CX �M/ >Ƀ`i;2M- SX UkyReVX h?2 J�+`Q2+QMQKB+ 1z2+ib Q7 JQM2i�`v SQHB+v, �
L2r J2�bm`2 7Q` i?2 lMBi2/ EBM;/QKX �K2`B+�M 1+QMQKB+ CQm`M�H, J�+`Q2+QMQKB+b-
3U9V,d8ĜRykX

*QQF- hX �M/ >�?M- hX URN3NVX h?2 2z2+i Q7 +?�M;2b BM i?2 72/2`�H 7mM/b `�i2 i�`;2i QM
K�`F2i BMi2`2bi `�i2b BM i?2 RNdybX CQm`M�H Q7 JQM2i�`v 1+QMQKB+b- k9UjV,jjRĜj8RX

.`�;?B- JX UkyRdVX _2K�`Fb �i *2Mi`�H "�MF *QKKmMB+�iBQMb *QM72`2M+2X 1*"X

.`2+?bH2`- AX- a�pQp- �X- �M/ a+?M�#H- SX UkyR3VX � KQ/2H Q7 KQM2i�`v TQHB+v �M/ `BbF
T`2KB�X h?2 CQm`M�H Q7 6BM�M+2- djURV,jRdĜjdjX

1HHBbQM- JX �M/ hBb+?#B`2F- �X UkyR3VX "2�miv *QMi2bib �M/ i?2 h2`K ai`m+im`2X KBK2Q-
lMBp2`bBiv Q7 Pt7Q`/X

62`M�M/2x@oBHH�p2`/2- CX- :m2``QM@ZmBMi�M�- SX- _m#BQ@_�KB`2x- CX 6X- �M/ l`B#2- JX
UkyRRVX _BbF J�ii2`b, h?2 _2�H 1z2+ib Q7 oQH�iBHBiv a?Q+FbX �K2`B+�M 1+QMQKB+
_2pB2r- RyRUeV,k8jyĜk8eRX

6`B2/K�M- CX- >�biB2- hX- �M/ hB#b?B`�MB- _X UkyRyVX _2;mH�`Bx�iBQM S�i?b 7Q` :2M2`�HBx2/
GBM2�` JQ/2Hb pB� *QQ`/BM�i2 .2b+2MiX CQm`M�H Q7 ai�iBbiB+�H aQ7ir�`2- jjURVX

:2`iH2`- JX �M/ E�`�/B- SX UkyR8VX JQM2i�`v TQHB+v bm`T`Bb2b- +`2/Bi +Qbib- �M/ 2+QMQKB+
�+iBpBivX �K2`B+�M 1+QMQKB+ CQm`M�H, J�+`Q2+QMQKB+b- dURV,99ĜdeX

:`B{i?b- hX GX �M/ ai2vp2`b- JX Ukyy9VX 6BM/BM; b+B2MiB}+ iQTB+bX S`Q+22/BM;b Q7 i?2
L�iBQM�H �+�/2Kv Q7 a+B2M+2b- RyRUamTTHX RV,8kk3Ĝ8kj8X

:Ƀ`F�vM�F- _X aX- EBb�+BFQ;Hm- "X- �M/ q`B;?i- CX >X UkyR3VX JBbbBM; 1p2Mib BM 1p2Mi
aim/B2b, A/2MiB7vBM; i?2 1z2+ib Q7 S�`iB�HHv@J2�bm`2/ L2rb am`T`Bb2bX *2Mi`2 7Q`
1+QMQKB+ SQHB+v _2b2�`+? U*1S_V .SRjR8j- *2Mi`2 7Q` 1+QMQKB+ SQHB+v _2b2�`+?
U*1S_VX

:Ƀ`F�vM�F- _X aX- a�+F- "X- �M/ ar�MbQM- 1X Ukyy8VX .Q �+iBQMb aT2�F GQm/2` h?�M
qQ`/b\ h?2 _2bTQMb2 Q7 �bb2i S`B+2b iQ JQM2i�`v SQHB+v �+iBQMb �M/ ai�i2K2MibX
AMi2`M�iBQM�H CQm`M�H Q7 *2Mi`�H "�MFBM;- RURVX

:Ƀ`F�vM�F- _X aX- a�+F- "X- �M/ ar�MbQM- 1X Ukyy8VX h?2 b2MbBiBpBiv Q7 HQM;@i2`K BM@
i2`2bi `�i2b iQ 2+QMQKB+ M2rb, 1pB/2M+2 �M/ BKTHB+�iBQMb 7Q` K�+`Q2+QMQKB+ KQ/2HbX
�K2`B+�M 1+QMQKB+ _2pB2r- N8URV,9k8Ĝ9jeX

>�H/�M2- �X �M/ J+J�?QM- JX UkyR3VX *2Mi`�H #�MF +QKKmMB+�iBQM �M/ i?2 ;2M2`�H
Tm#HB+X �1� S�T2`b �M/ S`Q+22/BM;b- RURV,6Q`i?+QKBM;X

>�Mb2M- aX �M/ J+J�?QM- JX UkyReVX a?Q+FBM; G�M;m�;2, lM/2`bi�M/BM; i?2 J�+`Q2@
+QMQKB+ 1z2+ib Q7 *2Mi`�H "�MF *QKKmMB+�iBQMX AM L"1_ AMi2`M�iBQM�H a2KBM�` QM
J�+`Q2+QMQKB+b kyR8- L"1_ *?�Ti2`bX L�iBQM�H "m`2�m Q7 1+QMQKB+ _2b2�`+?- AM+X

>�Mb2M- aX- J+J�?QM- JX- �M/ S`�i- �X UkyR3VX h`�MbT�`2M+v �M/ /2HB#2`�iBQM rBi?BM
i?2 7QK+, � +QKTmi�iBQM�H HBM;mBbiB+b �TT`Q�+? X h?2 Zm�`i2`Hv CQm`M�H Q7 1+QMQKB+b-
RjjUkV,3yRĜ3dyX

8y



>�MbQM- aX :X �M/ ai2BM- CX *X UkyR8VX JQM2i�`v TQHB+v �M/ HQM;@i2`K `2�H `�i2bX CQm`M�H
Q7 6BM�M+B�H 1+QMQKB+b- RR8UjV,9kNĜ993X

>�biB2- hX- hB#b?B`�MB- _X- �M/ q�BMr`B;?i- JX UkyR8VX ai�iBbiB+�H G2�`MBM; rBi? aT�`bBiv,
h?2 G�bbQ �M/ :2M2`�HBx�iBQMbX LmK#2` R9j BM JQMQ;`�T?b QM ai�iBbiB+b �M/ �TTHB2/
S`Q#�#BHBivX *_* S`2bbX

>2M/`v- aX �M/ J�/2H2v- �X UkyRyVX h2ti JBMBM; �M/ i?2 AM7Q`K�iBQM *QMi2Mi Q7 "�MF
Q7 *�M�/� *QKKmMB+�iBQMbX qQ`FBM; S�T2`b Ry@jR- "�MF Q7 *�M�/�X

Cm`�/Q- EX- Gm/pB;bQM- aX *X- �M/ L;- aX UkyR8VX J2�bm`BM; lM+2`i�BMivX �K2`B+�M
1+QMQKB+ _2pB2r- Ry8UjV,RRddĜRkReX

EmiiM2`- EX LX UkyyRVX JQM2i�`v TQHB+v bm`T`Bb2b �M/ BMi2`2bi `�i2b, 1pB/2M+2 7`QK i?2
72/ 7mM/b 7mim`2b K�`F2iX CQm`M�H Q7 JQM2i�`v 1+QMQKB+b- 9dUjV,8kjĜ899X

G�m#�+?- hX �M/ qBHHB�Kb- CX *X UkyyjVX J2�bm`BM; i?2 L�im`�H _�i2 Q7 AMi2`2biX h?2
_2pB2r Q7 1+QMQKB+b �M/ ai�iBbiB+b- 38U9V,RyejĜRydyX

G2QK#`QMB- JX- o2/QHBM- �X- o2Mi2`- :X- �M/ q?2H�M- SX UkyR3VX *2Mi`�H "�MF *QKKm@
MB+�iBQM �M/ i?2 uB2H/ *m`p2X *1S_ .Bb+mbbBQM S�T2`b RkNdy- *X1XSX_X .Bb+mbbBQM
S�T2`bX

J�HBF- aX �M/ J2H/`mK- �X UkyReVX 1p�Hm�iBM; i?2 `Q#mbiM2bb Q7 lE i2`K bi`m+im`2
/2+QKTQbBiBQMb mbBM; HBM2�` `2;`2bbBQM K2i?Q/bX CQm`M�H Q7 "�MFBM; �M/ 6BM�M+2-
ed,38ĜRykX

J�`iBM- AX �M/ _Qbb- aX UkyR3VX LQi2b QM i?2 vB2H/ +m`p2X qQ`FBM; S�T2`b Rd@Rk- GQM/QM
a+?QQH Q7 1+QMQKB+bX

J�`iBM- AX qX _X UkyRjVX *QMbmKTiBQM@"�b2/ �bb2i S`B+BM; rBi? >B;?2` *mKmH�MibX h?2
_2pB2r Q7 1+QMQKB+ aim/B2b- 3yUkV,d98ĜddjX

J2BMb?�mb2M- LX �M/ "Ƀ?HK�MM- SX UkyyeVX >B;?@.BK2MbBQM�H :`�T?b �M/ o�`B�#H2 a2@
H2+iBQM rBi? i?2 G�aaPX h?2 �MM�Hb Q7 ai�iBbiB+b- j9UjV,R9jeĜR9ekX

JB`�M/�@�;`BTTBMQ- aX �M/ _B++Q- :X UkyR8VX h?2 h`�MbKBbbBQM Q7 JQM2i�`v SQHB+v
a?Q+FbX .Bb+mbbBQM S�T2`b RdRR- *2Mi`2 7Q` J�+`Q2+QMQKB+b U*6JVX

L�F�Km`�- 1X �M/ ai2BMbbQM- CX UkyRjVX >B;? 6`2[m2M+v A/2MiB}+�iBQM Q7 JQM2i�`v LQM@
L2mi`�HBivX L"1_ qQ`FBM; S�T2`b RNkey- L�iBQM�H "m`2�m Q7 1+QMQKB+ _2b2�`+?-
AM+X

L�F�Km`�- 1X �M/ ai2BMbbQM- CX UkyRdVX >B;? 6`2[m2M+v A/2MiB}+�iBQM Q7 JQM2i�`v LQM@
L2mi`�HBiv, h?2 AM7Q`K�iBQM 1z2+iX h?2 Zm�`i2`Hv CQm`M�H Q7 1+QMQKB+bX 6Q`i?+QKBM;X

_22p2b- _X �M/ a�rB+FB- JX UkyydVX .Q 6BM�M+B�H J�`F2ib _2�+i iQ "�MF Q7 1M;H�M/
*QKKmMB+�iBQM\ 1m`QT2�M CQm`M�H Q7 SQHBiB+�H 1+QMQKv- kjURV,kydĜkkdX

_QK2`- *X .X �M/ _QK2`- .X >X UkyyyVX 62/2`�H `2b2`p2 BM7Q`K�iBQM �M/ i?2 #2?�pBQ` Q7
BMi2`2bi `�i2bX �K2`B+�M 1+QMQKB+ _2pB2r- NyUjV,9kNĜ98dX

8R



_QK2`- *X .X �M/ _QK2`- .X >X Ukyy9VX � M2r K2�bm`2 Q7 KQM2i�`v b?Q+Fb, .2`Bp�iBQM
�M/ BKTHB+�iBQMbX �K2`B+�M 1+QMQKB+ _2pB2r- N9U9V,Ry88ĜRy39X

a?BHH2`- _X CX UkyRdVX L�``�iBp2 1+QMQKB+bX �K2`B+�M 1+QMQKB+ _2pB2r- RydU9V,NedĜRyy9X

h�M;- CX UkyR8VX lM+2`i�BMiv �M/ i?2 bB;M�HBM; +?�MM2H Q7 KQM2i�`v TQHB+vX qQ`FBM;
S�T2`b R8@3- 62/2`�H _2b2`p2 "�MF Q7 "QbiQMX

oHB2;?2- :X UkyReVX JQM2i�`v TQHB+v 2tT2+i�iBQMb �M/ HQM; i2`K BMi2`2bi `�i2bX aT22+?
;Bp2M #v :2`iD�M oHB2;?2- 1ti2`M�H JS* K2K#2`- "�MF Q7 1M;H�M/ �i GQM/QM "mbBM2bb
a+?QQH QM RN J�v kyReX

qQQ/7Q`/- JX UkyyRVX JQM2i�`v TQHB+v BM i?2 BM7Q`K�iBQM 2+QMQKvX S`Q+22/BM;b @ 1+Q@
MQKB+ SQHB+v avKTQbBmK @ C�+FbQM >QH2- T�;2b kNdĜjdyX

wQm- >X �M/ >�biB2- hX Ukyy8VX _2;mH�`Bx�iBQM �M/ o�`B�#H2 a2H2+iBQM pB� i?2 1H�biB+ L2iX
CQm`M�H Q7 i?2 _Qv�H ai�iBbiB+�H aQ+B2iv a2`B2b "- edUkV,jyRĜjkyX

8k



�TT2M/Bt

� AM~�iBQM _2TQ`i 1p2Mi aim/v
AM i?Bb b2+iBQM- r2 +QM/m+i �M 2p2Mi bim/v iQ �bb2bb i?2 �p2`�;2 K�`F2i BKT�+i Q7 A_
Tm#HB+�iBQM �M/ Qi?2` "�MF Q7 1M;H�M/ +QKKmMB+�iBQMbX h?Bb 2ti2M/b i?2 rQ`F Q7 _22p2b
�M/ a�rB+FB UkyydV- r?Q +QM/m+i � bBKBH�` �M�HvbBb QM � b?Q`i2` b�KTH2X a22 a2+iBQM �
BM i?2 K�BM i2ti 7Q` `2H�i2/ /Bb+mbbBQMX q2 /2}M2 i?2 7QHHQrBM; 2p2Mib rBi?BM Qm` b�KTH2
T2`BQ/, URV A_ Tm#HB+�iBQMc UkV TQHB+v `�i2 �MMQmM+2K2Mic UjV bT22+? #v JS* K2K#2`c
U9V `2H2�b2 Q7 KBMmi2b Q7 JS* K22iBM;X q2 /2}M2 � /mKKv p�`B�#H2 7Q` 2�+? 2p2Mi- �M/
2biBK�i2 i?2 KQ/2H

|∆uB2H/|t = α + β1D(A_)t + β2D(_�i2)t + β3D(aT22+?)t + β4D(JBM)t + εt U�XRV

7Q` 2�+? vB2H/X h?2 2biBK�i2/ +Q2{+B2Mib 7`QK Q`/BM�`v H2�bi b[m�`2b UPGaV 2biBK�i2b
�`2 BM +QHmKM URV Q7 h�#H2b �XR�@�Xk#X AM +QHmKMb UkV@U8V Q7 i?2b2 i�#H2b r2 2biBK�i2
[m�MiBH2 `2;`2bbBQMb �i p�`BQmb TQBMib BM i?2 /Bbi`B#miBQMX

*QM}`KBM; i?2 pBbm�H 2pB/2M+2 7`QK i?2 F2`M2H /2MbBiB2b BM a2+iBQM kXj- �i b?Q`i2`
K�im`BiB2b i?2 A_ Bb � /QKBM�Mi KQp2` Q7 K�`F2i BMi2`2bi `�i2bX h?2 PGa +Q2{+B2Mib
7Q` i?2 QM2@v2�` bTQi �M/ i?`22@v2�` 7Q`r�`/ `�i2b �`2 #Qi? ?B;?Hv bB;MB}+�Mi �M/ �T@
T`QtBK�i2Hv irB+2 �b H�`;2 �b i?2 +Q2{+B2Mi 7Q` TQHB+v �MMQmM+2K2MibX h?2`2 Bb � /`QT
BM bB;MB}+�M+2 7Q` i?2 }p2@v2�` 7Q`r�`/ `�i2- #mi i?2 K�;MBim/2 Q7 i?2 A_ +Q2{+B2Mi Bb
2[mBp�H2Mi iQ i?�i 7Q` TQHB+v �MMQmM+2K2MibX h?Bb bm;;2bib � H�+F Q7 TQr2` ;Bp2M i?2`2
�`2 i?`22 iBK2b �b K�Mv �MMQmM+2K2Mib �b A_ /�i2b Qp2` i?2 b�KTH2 T2`BQ/X >Qr2p2`-
i?2`2 Bb � bB;MB}+�Mi 2z2+i Q7 A_ `2H2�b2b BM i?2 `B;?i i�BH- �b b22M BM +QHmKM U8VX 6Q`
i?2 }p2@v2�` �?2�/- }p2 v2�` 7Q`r�`/ `�i2 i?2`2 Bb � K�`;BM�HHv bB;MB}+�Mi +Q2{+B2Mi BM
+QHmKM U8V- �M/ Bib K�;MBim/2 Bb �;�BM i?2 H�`;2bi Q7 �Mv ivT2 Q7 +QKKmMB+�iBQMX

�R



h�#H2 �XR, 1biBK�i2/ *Q2{+B2Mib Q7 1p2Mi@aim/v _2;`2bbBQM

U�V R@v2�` bTQi `�i2
URV UkV UjV U9V U8V

J�BM _2;`2bbQ`b |∆i0:12;t| |∆i0:12;t| |∆i0:12;t| |∆i0:12;t| |∆i0:12;t|

A_ yXyRe   yXyydj yXyR9   yXyRN  yXyjR
(yXyyy) (yXjRd) (yXyyk) (yXyRj) (yXR8R)

�MMQmM+2K2Mi yXyy39   yXyyyde yXyykj yXyyjj yXyj3
(yXyyk) (yX8kk) (yXkje) (yXjN9) (yXR9N)

aT22+? @yXyykk  @yXyyRj  @yXyyRN  @yXyyk9 @yXyyj9
(yXyjj) (yXyjN) (yXyjy) (yXRy3) (yXjNe)

JBMmi2b yXyy9e  @yXyyRR yXyyRN yXyye8  yXyk9   
(yXykN) (yXjyk) (yXj99) (yXyj8) (yXyyk)

oAst yXyyyN3   yXyyykd   yXyyyej   yXyyRj   yXyyjy   
(yXyyy) (yXyyy) (yXyyy) (yXyyy) (yXyyy)

*QMbi�Mi yXyyk9 yXyykk   yXyyjN   yXyy9y  yXyykk
(yXyNj) (yXyyR) (yXyyy) (yXyR8) (yXee9)

_@b[m�`2/ yXRkR
Zm�MiBH2 PGa Xk8 X8 Xd8 XN8
a�KTH2 �HH �HH �HH �HH �HH

U#V j@v2�` 7Q`r�`/ `�i2
URV UkV UjV U9V U8V

J�BM _2;`2bbQ`b |∆f36;t| |∆f36;t| |∆f36;t| |∆f36;t| |∆f36;t|

A_ yXyR3   yXyy9R yXyRR yXykd  yXyeR   
(yXyy8) (yXjkd) (yXRjd) (yXy8y) (yXyyy)

�MMQmM+2K2Mi yXyydR   yXyykd yXyRR   yXyyNd   yXyy33
(yXyyd) (yXkd9) (yXyyy) (yXyy9) (yXjjN)

aT22+? yXyyjN  @yXyyRe yXyyk8 yXyye3   yXykk   
(yXyjy) (yXR9j) (yXjRk) (yXyy3) (yXyy8)

JBMmi2b yXyy9k yXyyRe yXyyk3 yXyRk  @yXyykd
(yXRyN) (yX9y9) (yX9e9) (yXyjR) (yX8NR)

oAst yXyyyNk   yXyyyk8   yXyyyNR   yXyyRj   yXyyjy   
(yXyyy) (yXyyy) (yXyyy) (yXyyy) (yXyyy)

*QMbi�Mi yXykk   yXyyN3   yXyR9   yXyjy   yXy98   
(yXyyy) (yXyyy) (yXyyy) (yXyyy) (yXyyy)

_@b[m�`2/ yXy8j
Zm�MiBH2 PGa Xk8 X8 Xd8 XN8
a�KTH2 �HH �HH �HH �HH �HH

LQi2b, h?2b2 i�#H2b `2TQ`i [m�MiBH2 `2;`2bbBQMb iQ 2t�KBM2 i?2 2z2+i QM K�`F2i BMi2`2bi
`�i2b �++Q`/BM; iQ r?2i?2` URV �M A_ Bb `2H2�b2/- UkV � TQHB+v /2+BbBQM 7`QK i?2 JS* Bb
�MMQmM+2/- UjV �M JS* K2K#2` K�F2b � Tm#HB+ bT22+?- U9V KBMmi2b 7`QK JS* K22iBM;b
�`2 `2H2�b2/- Q` U8V MQM2 Q7 i?2 �#Qp2X h?2b2 i�#H2b +QKTH2K2Mi i?2 F2`M2H /2MbBiB2b BM
};m`2 jX

�k



h�#H2 �Xk, 1biBK�i2/ *Q2{+B2Mib Q7 1p2Mi@aim/v _2;`2bbBQM

U�V 8@v2�` 7Q`r�`/ `�i2
URV UkV UjV U9V U8V

J�BM _2;`2bbQ`b |∆f60;t| |∆f60;t| |∆f60;t| |∆f60;t| |∆f60;t|

A_ yXyye8 yXyyRN @yXyyjN yXyyeN yXy9j   
(yXkdR) (yX8d3) (yX99N) (yX88d) (yXyyk)

�MMQmM+2K2Mi yXyyej yXyyjk yXyy8N yXyRy   yXyyjk
(yXy88) (yXkjj) (yXRye) (yXyy9) (yX38d)

aT22+? yXyy99  @yXyyy9R yXyyjy yXyy8d  yXyk8   
(yXykj) (yXd8j) (yXR3R) (yXy9k) (yXyyy)

JBMmi2b yXyyjd yXyy9e yXyy8y yXyy9y @yXyy88 
(yXR8N) (yXRRk) (yXyNe) (yXk3j) (yXyd8)

oAst yXyyRy   yXyyyke   yXyyydR   yXyyR9   yXyyk3   
(yXyyy) (yXyyy) (yXyyy) (yXyyy) (yXyyy)

*QMbi�Mi yXykR   yXyyNd   yXyRN   yXyjR   yXy8k   
(yXyyy) (yXyyy) (yXyyy) (yXyyy) (yXyyy)

_@b[m�`2/ yXy8k
Zm�MiBH2 PGa Xk8 X8 Xd8 XN8
a�KTH2 �HH �HH �HH �HH �HH

U#V 8@v2�` �?2�/- 8@v2�` 7Q`r�`/ `�i2
URV UkV UjV U9V U8V

J�BM _2;`2bbQ`b |∆f60:120;t| |∆f60:120;t| |∆f60:120;t| |∆f60:120;t| |∆f60:120;t|

A_ yXyykR @yXyyR8 @yXyyR9 @yXyyR9 yXyjd 
(yXe33) (yX8Nk) (yXdN3) (yX33N) (yXyd9)

�MMQmM+2K2Mi yXyy9N yXyyyy39 yXyyR9 yXyyd3 yXyy9e
(yXR89) (yXNd3) (yXe9R) (yXRdN) (yXeeN)

aT22+? yXyyj8 @yXyyy8y jXd2@ye yXyyke yXykR   
(yXydy) (yXe38) (yXNN3) (yX9jd) (yXyyy)

JBMmi2b yXyyje yXyye8 yXyy9d yXyy9j @yXyyRk
(yXR83) (yXy3R) (yXy8R) (yX9NR) (yX3j3)

oAst yXyyyNd   yXyyykd   yXyyyeR   yXyyRj   yXyykd   
(yXyyy) (yXyyy) (yXyyy) (yXyyy) (yXyyy)

*QMbi�Mi yXykR   yXyyN9   yXyky   yXyjk   yXy8R   
(yXyyy) (yXyyy) (yXyyy) (yXyyy) (yXyyy)

_@b[m�`2/ yXy9N
Zm�MiBH2 PGa Xk8 X8 Xd8 XN8
a�KTH2 �HH �HH �HH �HH �HH

LQi2b, h?2b2 i�#H2b `2TQ`i [m�MiBH2 `2;`2bbBQMb iQ 2t�KBM2 i?2 2z2+i QM K�`F2i BMi2`2bi
`�i2b �++Q`/BM; iQ r?2i?2` URV �M A_ Bb `2H2�b2/- UkV � TQHB+v /2+BbBQM 7`QK i?2 JS* Bb
�MMQmM+2/- UjV �M JS* K2K#2` K�F2b � Tm#HB+ bT22+?- U9V KBMmi2b 7`QK JS* K22iBM;b
�`2 `2H2�b2/- Q` U8V MQM2 Q7 i?2 �#Qp2X h?2b2 i�#H2b +QKTH2K2Mi i?2 F2`M2H /2MbBiB2b BM
};m`2 jX

�j



" PKBii2/ S`QQ7b
"XR S`QQ7 Q7 S`QTQbBiBQM R
S`QQ7X h?2 }`bi bi2T Bb iQ i�F2 i?2 2tT2+i�iBQM Q7 URjV +QM/BiBQM�H QM IJE

t X P#b2`p2
i?�i [

vm+i

∣∣ IJE
t

]
= µ̂*"

m+i,m 7Q` i = 1, . . . , h.

�HbQ- #2+�mb2 i?2 +2Mi`�H #�MF Bb "�v2bB�M- r2 ?�p2
[
µ̂*"
m+i,m+k

∣∣ IJE
t

]
= µ̂*"

m+i,m 7Q` i = 1, . . . , h; k < i.

PmibB/2 i?2 +m``2Mi 7Q`2+�bi ?Q`BxQM Ui > hV- r2 ?�p2
[
vm+i

∣∣ IJE
t

]
=

[
µ̂*"
m+i,m+k

∣∣ IJE
t

]
=

0 bBM+2 i?2 A_ BM KQMi? m +QMi�BMb MQ `2H2p�Mi M2rb �#Qmi +v+HB+�H b?Q+Fb KQ`2 i?�M
h KQMi?b �?2�/X 1tT2+i�iBQMb Qp2` i?2K �`2 i?2`27Q`2 +QKTmi2/ mbBM; i?2 x2`Q@K2�M
T`BQ` /Bbi`B#miBQM 7`QK r?B+? µ Bb /`�rMX

*QK#BMBM; i?2b2 Q#b2`p�iBQMb ;Bp2b

[ [
ωm+k+h

∣∣ I*"
m+k

] ∣∣ IJE
t

]
= ρk+hωm +

h∑

i=1

ρk+h−iµ̂*"
m+i,m.

"v i?2 H�r Q7 Bi2`�i2/ 2tT2+i�iBQMb r2 �HbQ Q#i�BM

[ [
ωm+k+h

∣∣ I*"
m+k

] ∣∣ IJE
t−1

]
= ρk+hωm +

h∑

i=1

ρk+h−i
[
µ̂*"
m+i,m

∣∣ µ̂JE
m+i,t−1, im

]
.

h?2 T`QTQbBiBQM 7QHHQrb BKK2/B�i2HvX

"Xk S`QQ7 Q7 S`QTQbBiBQM j
S`QQ7X q2 #2;BM rBi? #�bB+ T`QT2`iB2b Q7 i?2 HQ;MQ`K�H /Bbi`B#miBQMX "v 2tT�M/BM; i?2
biQ+?�biB+ T`Q+2bb 7Q` pQH�iBHBiv U3V- r2 Q#i�BM

log σ2
m+h+k = ρkσ log σ

2
m+h + (1− ρkσ) log σ

2
0 +

k∑

i=1

ρk−i
σ um+h+i

aQ log σ2
m+h+k | σ2

m+h Bb MQ`K�HHv /Bbi`B#mi2/ rBi? K2�M ρkσ log σ
2
m+h + (1− ρkσ) log σ

2
0 �M/

p�`B�M+2
∑k

i=1 ρ
2(k−i)
σ σ2

uX h?2`27Q`2 r2 Q#i�BM

[
σ2
m+h+k

∣∣ σ2
m+h

]
= exp

[
ρkσ log σ

2
m+h + (1− ρkσ) log σ

2
0 +

σ2
u

2

k∑

i=1

ρ2(k−i)
σ

]

7`QK r?B+? r2 Q#i�BM

lim
ρσ→1

[
σ2
m+h+k

∣∣ σ2
m+h

]
= exp

[
log σ2

m+h +
kσ2

u

2

]
= σ2

m+h exp

[
kσ2

u

2

]
.
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"v bBKBH�` �`;mK2Mib

lim
ρσ→1

[
σ2
m+h+k

∣∣ σ2
m+h−1

]
= σ2

m+h−1 exp

[
(k + 1)σ2

u

2

]
.

q2 #2;BM #v +?�`�+i2`BxBM; i?2 p�`B�M+2 Q7 URjV +QM/BiBQM�H QM IJE
t X 6B`bi MQi2 i?�i

i?2 p�`B�M+2 Q7 µ̂*"
m+i,m+k /Q2b MQi /2T2M/ QM A_ Tm#HB+�iBQM r?2M2p2` i > k ≥ h #2+�mb2

i?2 A_ BM KQMi? m +QMi�BMb MQ BM7Q`K�iBQM QM i?2 +2Mi`�H #�MFǶb 7Q`2+�bi KQ`2 i?�M h
KQMi?b �?2�/X Ai Bb i?2`27Q`2 bm{+B2Mi iQ +QKTmi2

o�`
[

k∑

i=1

ρk+h−ivm+i

∣∣∣∣∣ I
JE
t

]
=

k∑

i=1

ρ2(k+h−i)o�`
[
vm+i

∣∣ IJE
t

]

r?2`2 r2 +�M 7m`i?2` 2tT�M/

o�`
[
vm+i

∣∣ IJE
t

]
= o�`

[
µm+i

∣∣ IJE
t

]
+ o�`

[
εm+i

∣∣ IJE
t

]
.

q?2M i ≤ h i?2b2 +QM/BiBQM�H p�`B�M+2b �`2 #v �bbmKTiBQM o�`
[
µm+i

∣∣ IJE
t

]
=(

sJE
m+i,t

)2 �M/ o�`
[
εm+i

∣∣ IJE
t

]
= σ2

m+iX
q?2M i > h- r2 ?�p2 o�`

[
µm+i

∣∣ IJE
t

]
= s2 bBM+2 MQ BM7Q`K�iBQM Bb �p�BH�#H2 QM µm+i

#2vQM/ i?2 T`BQ` /Bbi`B#miBQM- r?Qb2 p�`B�M+2 Bb s2X h?2 +QM/BiBQM�H p�`B�M+2 Q7 εm+i +�M
#2 /2+QKTQb2/ #v i?2 H�r Q7 iQi�H p�`B�M+2 �b

o�`
[
εm+i

∣∣ IJE
t

]
=

[
o�`

[
εm+i

∣∣ IJE
t , σ2

m+i

] ∣∣ IJE
t

]
+

o�`
[ [

εm+i

∣∣ IJE
t , σ2

m+i

] ∣∣ IJE
t

]
.

h?2 b2+QM/ i2`K Bb x2`Q bBM+2 i?Bb Bb i?2 K2�M Q7 i?2 7mM/�K2Mi�H mM+2`i�BMiv b?Q+F BM
�HH T2`BQ/bX 6Q` i?2 }`bi i2`K- r2 +�M mb2 i?2 `2bmHib �#Qp2 iQ Q#i�BM

lim
ρσ→1

o�`
[
εm+i

∣∣ IJE
t

]
= lim

ρσ→1

[
σ2
m+i

∣∣ σ2
m+h

]
= σ2

m+h exp

[
(i− h)σ2

u

2

]
.

*QK#BMBM; i?2b2 `2bmHib iQ;2i?2` vB2H/bk3

o�`
[

k∑

i=1

ρk+h−ivm+i

∣∣∣∣∣ I
JE
t

]
=

h∑

i=1

ρ2(k+h−i)
((

sJE
m+i,t

)2
+ σ2

m+i

)
+

k∑

i=h+1

ρ2(k+h−i)

(
s2 + σ2

m+h exp

[
(i− h)σ2

u

2

])
.

k3h?Bb 2tT`2bbBQM Bb p�HB/ 7Q` k > hX 6Q` k = h i?2 +Q``2+i 2tT`2bbBQM Bb bBKTHv i?2 }`bi i2`K BM i?2
bmKX
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h?2 2[mBp�H2Mi 2tT`2bbBQM 7Q` i?2 p�`B�M+2 +QM/BiBQM�H QM IJE
t−1 Bb

o�`
[

k∑

i=1

ρk+h−ivm+i

∣∣∣∣∣ I
JE
t−1

]
=

h−1∑

i=1

ρ2(k+h−i)
((

sJE
m+i,t−1

)2
+ σ2

m+i

)
+

ρ2k
((

sJE
m+h,t−1

)2
+ σ2

m+h−1 exp

[
σ2
u

2

])
+

k∑

i=h+1

ρ2(k+h−i)

(
s2 + σ2

m+h−1 exp

[
(i− h)σ2

u

2

]
exp

[
σ2
u

2

])
.

h?2 bi�i2K2Mi Q7 i?2 T`QTQbBiBQM i?2M 7QHHQrb /B`2+iHvX

�e



* .2i�BHb Q7 *`Qbb o�HB/�iBQM S`Q+2/m`2
>2`2 r2 /2i�BH i?2 +`Qbb@p�HB/�iBQM T`Q+2/m`2 r2 mb2 iQ b2H2+i λ BM Qm` 2biBK�iBQM Q7 i?2
2H�biB+ M2i `2;`2bbBQMb BM i?2 T�T2`X :Bp2M Qm` bK�HH b�KTH2 bBx2- H2�p2@QM2@Qmi +`Qbb
p�HB/�iBQM Bb +QKTmi�iBQM�HHv 72�bB#H2 �M/ r2 �/QTi BiX h?2 bT2+B}+ �H;Q`Bi?K Bb,

RX 6Q` 2�+? Q7 � b2[m2M+2 Q7 TQbbB#H2 λ T2M�Hiv +Q2{+B2Mib,

U�V 6Q` 2�+? Q7 i?2 N /�i� TQBMib,
BX _2KQp2 i?2 TQBMi 7`QK i?2 b�KTH2X
BBX 6Bi URdV QM i?2 `2K�BMBM; N − 1 TQBMibX
BBBX *�H+mH�i2 i?2 7Q`2+�bi2/ p�Hm2 7Q` i?2 ?2H/@Qmi TQBMi 7`QK i?2 }ii2/ KQ/2H-

�M/ +QKTmi2 i?2 b[m�`2/ 2``Q`X

kX a2H2+i i?2 ?B;?2bi p�Hm2 Q7 λ i?�i ?�b � K2�M b[m�`2/ 2``Q` UJa1V rBi?BM QM2
bi�M/�`/ /2pB�iBQM Q7 i?2 Ja1@KBMBKBxBM; λ �+`Qbb N Qmi@Q7@b�KTH2 7Q`2+�bibX

h?2 KQ/2H b2H2+iBQM `mH2 �i bi�;2 k Bb bT�`b2` i?�M i?2 KQ/2H rBi? i?2 KQbi �++m`�i2
Qmi@Q7@b�KTH2 T`2/B+iBp2 TQr2` #2+�mb2- �b λ BM+`2�b2b- i?2 2H�biB+ M2i b2H2+ib 72r2` +Q@
p�`B�i2bX h?Bb BM+`2�b2b Qm` +QM}/2M+2 i?�i �Mv b2H2+i2/ i2ti b?Q+F p�`B�#H2b ?�p2 �
`Q#mbi `2H�iBQMb?BT rBi? K�`F2i BMi2`2bi `�i2bX

�d



. amTTH2K2Mi�`v h�#H2b

h�#H2 .XR, *QMi`B#miBQM Q7 LmK2`B+ pbX L�``�iBp2 o�`B�#H2b iQ R2

URV UkV UjV U9V U8V UeV
|∆i0:12;t| |∆i0:12;t| |∆i0:12;t| |∆f36;t| |∆f36;t| |∆f36;t|

oAst yXyyk9   yXyyRj  yXyyy8y yXyykj  yXyykj yXyyjd  
(yXyy) (yXyk) (yXj9) (yXyj) (yXR8) (yXyk)

hQTB+ Gk8 RX3y   
(yXyR)

hQTB+ .k9 @yXee @RXjN
(yXRj) (yXRe)

hQTB+ G8 @RXjk  
(yXyk)

hQTB+ Gke @RXj9  
(yXyj)

hQTB+ .k8 @jXR3
(yXRy)

hQTB+ Gk3 RXd9  
(yXyj)

hQTB+ .kj RXRd
(yXkR)

*QMbi�Mi @yXyRR @yXydy yXyR9 yXyRy @yXyke @yXye8
(yX9R) (yXy3) (yX3R) (yXeR) (yXeN) (yXjk)

_@b[m�`2/ yXk3e yX8ej yXeNj yXR8y yXje3 yX8Rj
AM+Hm/2 oBt u2b u2b u2b u2b u2b u2b
AM+Hm/2 qt LQ u2b u2b LQ u2b u2b
S�`iB�H R2 X yXjN yXkN X yXke yXkj
6@i2bi T@p�Hm2 X yXy98 yXyyR X yXyky yXydy

LQi2b, *QHmKMb URV@UjV UU9V@UeVV b?Qr ?Qr Km+? K�`F2i M2rb 7Q` |∆i0:12;t| U|∆f36;t|V +�M
#2 2tTH�BM2/ #v �//BM; MmK2`B+ BM UkV �M/ i?2M- BM UjV- MmK2`B+ �M/ M�``�iBp2 BM7Q`K�iBQM
+�Tim`2/ #v i?2 iQT 9 iQTB+bX h?Bb BM7Q`K�iBQM Bb `2~2+i BM i�#H2 RR BM i?2 K�BM i2tiX

�3



h�#H2 .Xk, *QMi`B#miBQM Q7 LmK2`B+ pbX L�``�iBp2 o�`B�#H2b iQ R2

URV UkV UjV U9V U8V UeV
|∆f60;t| |∆f60;t| |∆f60;t| |∆f60:120;t| |∆f60:120;t| |∆f60:120;t|

oAst yXyyR9 yXyyR3 yXyyj8   yXyyRR yXyyRd yXyyjy   
(yXky) (yXkj) (yXyR) (yXRN) (yXR8) (yXyy)

hQTB+ Gk3 RX93  
(yXyk)

hQTB+ .Rd RX9R RXdd  
(yXy3) (yXyR)

hQTB+ .R3 @kXjN @jXj9 
(yXkj) (yXye)

hQTB+ Gky RXjN kXyd   
(yXy3) (yXyy)

hQTB+ .Rj @jXke   
(yXyR)

*QMbi�Mi yXyky yXyR9 @yXy8j yXyky yXy9j @yXyydy
(yXjj) (yX3j) (yX99) (yXke) (yX9e) (yX3N)

_@b[m�`2/ yXye8 yXk3y yX8yk yXy83 yXkd9 yX89k
AM+Hm/2 oBt u2b u2b u2b u2b u2b u2b
AM+Hm/2 qt LQ u2b u2b LQ u2b u2b
S�`iB�H R2 X yXkj yXjR X yXkj yXjd
6@i2bi T@p�Hm2 X yXyyy yXykj X yXyy9 yXyy9

LQi2b, *QHmKMb URV@UjV UU9V@UeVV b?Qr ?Qr Km+? K�`F2i M2rb 7Q` |∆f60;t| U|∆f60:120;t|V +�M
#2 2tTH�BM2/ #v �//BM; MmK2`B+ BM UkV �M/ i?2M- BM UjV- MmK2`B+ �M/ M�``�iBp2 BM7Q`K�iBQM
+�Tim`2/ #v i?2 iQT 9 iQTB+bX h?Bb BM7Q`K�iBQM Bb `2~2+i BM i�#H2 RR BM i?2 K�BM i2tiX
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ỹC
B

m
;2
4

@y
Xy
j9

yX
RN

kX
99
 

yX
jk

kX
ey
  

@y
XN
9

RX
e9

@R
XN
j 
 

(y
XN
d8
)

(y
Xj
j8
)

(y
Xy
3y
)

(y
Xe
Ne
)

(y
Xy
k8
)

(y
Xk
RN
)

(y
XR
y8
)

(y
Xy
9y
)

|ỹ
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h�#H2 .X9, 1z2+i Q7 hQT 1tT2+i�iBQMb �M/ h2`K S`2KBmK L�``�iBp2 a?Q+Fb QM R2

URV UkV UjV U9V U8V UeV
|∆i0:12;t| |∆i0:12;t| |∆i0:12;t| |∆f36;t| |∆f36;t| |∆f36;t|

oAst yXyyy8y yXyyyj3 yXyyRk  yXyyjd  yXyykN yXyyje  
(yXj9) (yX99) (yXyj) (yXyk) (yXRR) (yXy9)

hQTB+ Gk8 RX3y   RXeR  RXyR
(yXyR) (yXyR) (yX9k)

hQTB+ .k9 @yXee @yX9N @RX9k @RXkR
(yXRj) (yXjd) (yXRR) (yXkk)

hQTB+ G8 @RXjk  @RXkj  
(yXyk) (yXyj)

hQTB+ Gke @RXj9  @RX3e   
(yXyj) (yXyR)

hQTB+ .k3 RXk8
(yXR3)

hQTB+ GN @yXkR
(yXe3)

hQTB+ .j kXRd
(yXRN)

hQTB+ .d RX83
(yXRd)

hQTB+ .k8 @kXNR @jXe8  
(yXR9) (yXy8)

hQTB+ Gk3 RXj8 RXkj
(yXy8) (yXR9)

hQTB+ .R9 kXyy
(yXk3)

hQTB+ .R kX8d  
(yXy9)

hQTB+ .Rd yX88
(yX8e)

hQTB+ Gd @yX9e
(yXej)

hQTB+ .R3 @RXjk
(yX8e)

*QMbi�Mi yXyR9 yXy9e @yXy3k @yXy83 @yXyd8 @yXyjN
(yX3R) (yX9N) (yXye) (yXj8) (yXk8) (yX83)

_@b[m�`2/ yXeNj yXeNN yXeRR yX8Ry yX9eR yX98d
hQTB+b Pp2`�HH 1tT2+i�iBQM h2`K S`2KBmK Pp2`�HH 1tT2+i�iBQM h2`K S`2KBmK
AM+Hm/2 oBt u2b u2b u2b u2b u2b u2b
AM+Hm/2 qt u2b u2b u2b u2b u2b u2b
S�`iB�H R2 yXkN yXjR yXRR yXkj yXR8 yXR8
6@i2bi T@p�Hm2 yXyyR yXyyk yXkj9 yXRky yXyye yXj8j

LQi2b, *QHmKMb URV@UjV (U9V@UeV) b?Qr ?Qr Km+? K�`F2i M2rb 7Q` |∆i0:12;t| U|∆f36;t|V +�M
#2 2tTH�BM2/ #v i?2 Qp2`�HH vB2H/ iQT M�``�iBp2 b?Q+Fb BM URV (U9V)- i?2 iQT M�``�iBp2 b?Q+Fb
7Q` i?2 vB2H/ 2tT2+i�iBQMb +QKTQM2Mi BM UkV (U8V)- �M/ i?2 iQT M�``�iBp2 b?Q+Fb 7Q` i?2 i2`K
T`2KBmK +QKTQM2Mi BM UjV (UeV)X

�RR



h�#H2 .X8, 1z2+i Q7 hQT 1tT2+i�iBQMb �M/ h2`K S`2KBmK L�``�iBp2 a?Q+Fb QM R2

URV UkV UjV U9V U8V UeV
|∆f60;t| |∆f60;t| |∆f60;t| |∆f60:120;t| |∆f60:120;t| |∆f60:120;t|

oAst yXyyj8   yXyyjj  yXyykk yXyyjy   yXyykR yXyyk9  
(yXyR) (yXy9) (yXR9) (yXyy) (yXRy) (yXy9)

hQTB+ Gk3 RX93  RXee  
(yXyk) (yXyk)

hQTB+ .Rd RX9R RX8j RXdd  RX89  
(yXy3) (yXRR) (yXyR) (yXy8)

hQTB+ .R3 @kXjN @kXdR @jXj9 @jXjy 
(yXkj) (yXky) (yXye) (yXyN)

hQTB+ Gky RXjN kXyd   
(yXy3) (yXyy)

hQTB+ .k9 @yX9N yXyje
(yXek) (yXNd)

hQTB+ .R yX9d yXky
(yXdR) (yX3d)

hQTB+ .k8 @RXNj @kXyN
(yXkd) (yXRN)

hQTB+ .Rj @kXNk @jXke   @jXjd  
(yXyd) (yXyR) (yXyk)

hQTB+ .ky yXd8
(yX8R)

hQTB+ .3 yXed yX33
(yXjj) (yXR9)

*QMbi�Mi @yXy8j @yXyjk yXykj @yXyydy yXyRd yXyjN
(yX99) (yXej) (yXdk) (yX3N) (yXdN) (yX9N)

_@b[m�`2/ yX8yk yX9k8 yXj38 yX89k yXjyj yX9jN
hQTB+b Pp2`�HH 1tT2+i�iBQM h2`K S`2KBmK Pp2`�HH 1tT2+i�iBQM h2`K S`2KBmK
AM+Hm/2 oBt u2b u2b u2b u2b u2b u2b
AM+Hm/2 qt u2b u2b u2b u2b u2b u2b
S�`iB�H R2 yXjR yXRN yXR9 yXjd yXy9 yXkj
6@i2bi T@p�Hm2 yXykj yXy3e yXk9k yXyy9 yXedk yXyee

LQi2b, *QHmKMb URV@UjV UU9V@UeVV b?Qr ?Qr Km+? K�`F2i M2rb 7Q` |∆f60;t| U|∆f60:120;t|V
+�M #2 2tTH�BM2/ #v i?2 Qp2`�HH vB2H/ iQT M�``�iBp2 b?Q+Fb BM URV (U9V)- i?2 iQT M�``�iBp2
b?Q+Fb 7Q` i?2 vB2H/ 2tT2+i�iBQMb +QKTQM2Mi BM UkV (U8V)- �M/ i?2 iQT M�``�iBp2 b?Q+Fb 7Q`
i?2 i2`K T`2KBmK +QKTQM2Mi BM UjV (UeV)X

�Rk


