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1 Introduction

Structural vector autoregressive (SVAR) models are extensively used in empirical macroe-
conomics. Various strategies have been proposed to identify the model, including the in-
troduction of exclusion- and sign restrictions on the effects of structural shocks (Bernanke
& Mihov 1998, Blanchard & Quah 1989, Uhlig 2005), identification via the use of exter-
nal instruments (Stock & Watson 2012, Mertens & Ravn 2013) and exploiting statistical
properties of structural shocks (Rigobon 2003, Lanne et al. 2017, Gourieroux et al. 2017).

In this paper, we discuss identification and estimation of SVARs by a stochastic volatility
(SV) model. Specifically, we assume that the log-variances of structural shocks are latent,
each following independent AR(1) processes, i.e. autoregressive processes of order one.
Drawing on recent advances in Lewis (2019), we show that in conjunction with a fixed
impact matrix, our model yields additional restrictions that allow to pin down a unique set
of orthogonal shocks. Besides identification, we extensively discuss Maximum Likelihood
inference and provide fast algorithms for this purpose.

A stochastic volatility model for the variance of structural shocks can be an attractive
specification for many reasons. First, SV models are very popular to capture volatility
in theoretical and empirical macroeconomics. For example, Justiniano & Primiceri (2008)
and Fernandez-Villaverde & Rubio-Ramirez (2007) allow for SV within fitted DSGE mod-
els, finding substantial time variation in the second moments of their structural shocks.
Furthermore, SV models are often used to complement time-varying parameter VARs and
have been found to provide a good description of volatility patterns in macroeconomic data
(Primiceri 2005, Koop & Korobilis 2010). Finally, the literature has documented great
forecasting performance of VAR models with stochastic volatility (see e.g. Clark (2011),
D’Agostino et al. (2013) and Clark & Ravazzolo (2015)). Given this context, it seems nat-
ural to exploit the model also for identification purposes of SVARs. Second, a stochastic
volatility specification is known to be more flexible than models with deterministic variance
processes. This is because the SV model, in contrast to alternative specifications, includes
shocks in the volatility equation that do not depend on the innovations in the VAR equa-
tion. As pointed out in Kim et al. (1998), this additional flexibility typically translates into

superior fit in comparison to equally parameterized models from the GARCH family. This



is an important aspect, given that recent evidence of Liitkepohl & Schlaak (2018) suggests
that choosing the heteroskedasticity model in SVARs by information criteria translates into
more precise structural parameter estimates.

The additional flexibility of the stochastic volatility model comes at the cost of higher
complexity for likelihood inference. The SV specification implies a nonlinear state space
model, and therefore, standard filtering algorithms cannot be applied to evaluate the like-
lihood function. To cope with this issue, a large part of this paper focuses on the devel-
opment of reliable Expectation Maximization (EM) algorithms. We propose two versions
which trade off computational complexity and accuracy. The first is based on a second
order Taylor approximation of the intractable smoothing distribution necessary to com-
pute the E-step (Durbin & Koopman 1997), and exploits recent advances in sparse matrix
algorithms developed for Gaussian Markov random fields (Rue et al. 2009, Chan 2017).
Therefore, the algorithm is fast and converges within seconds. The second EM algorithm
corrects for the approximation error in the smoothing distribution by Importance Sampling.
Hence, at the cost of an additional computational burden, a greater level of accuracy may
be achieved.

Our paper fits into the literature of identifying structural shocks in SVARs by het-
eroskedasticity. A variety of other models have been proposed in this literature, starting
with a simple breakpoint model (Rigobon 2003), a Markov Switching model (Lanne et al.
2010), a GARCH model (Normandin & Phaneuf 2004) and a Smooth Transition model
(Liitkepohl & Netsunajev 2017b). Furthermore, Lewis (2019) discusses identification and
estimation of heteroskedastic SVARs in a general GMM framework. We complement this
literature by discussing the SV specification in detail. Within a simulation exercise we
provide evidence that, in comparison to the alternative models, the SV-SVAR works par-
ticularly well in estimating the structural parameters under misspecification of the variance
process, proofing itself capable to capture volatility patterns generated by very different
data generating processes. By simulating data from SVAR models subject to four distinct
variance specifications, we find that the SV model compares favourably in terms of the
mean squared error of estimated impulse response functions.

Also related to our paper is the work of Carriero et al. (2019) who exploit a SV model to



identify uncertainty shocks within a SVAR. However, while we focus on the identification
of the traditional SVAR model and implement classical inference, the model of Carriero
et al. (2019) is more structurally tailored to their application, and is based on Bayesian
inference.

We illustrate the usefulness of our methodology contributing to a recent debate on the
importance of oil supply shocks for driving oil prices (Kilian & Murphy 2014, Baumeister
& Hamilton 2019, Herrera & Rangaraju 2019). We find that for this application, the
SV model provides superior fit and is favoured by all conventional information criteria, if
compared to other specifications for the variance. Since the structural shocks identified by
heteroskedasticity are not guaranteed to be economically meaningful, we test instrumental
variable (IV) restrictions used to identify oil supply shocks as overidentifying. We find
no evidence against IV restrictions implied by the supply shock of Kilian (2009) as well
as the news shock of Kénzig (2019). Our main results suggest that conventional supply
shocks are negligible drivers of oil prices, while the news components account for almost all
the variation. A related analysis was conducted in Liitkepohl & Netsunajev (2014), who
also exploit heteroskedasticity to disentangle supply from demand shocks in the crude oil
market. However, in comparison to their study, the model we consider in our application
is closer to state of the art specifications in terms of variables included, lag length of the
VAR, and identifying constraints considered.

The paper is structured as follows. Section 2 introduces the SVAR model with stochas-
tic volatility and discusses under which conditions the structural parameters are identi-
fied. Section 3 considers Maximum Likelihood estimation, reviews procedures to test for
identification and discusses tests for overidentifying restrictions. In Section 4, we present
simulation evidence while in Section 5 we apply the proposed model to study oil supply

shocks. Section 6 concludes.



2 Identification of SVARs by stochastic volatility

Let y; be a K x 1 vector of endogenous variables. We consider the heteroskedastic SVAR(p)

model reading:

p
Y = Vv + Z Ajyt,j + Uy, (21)
j=1
1
uy = BV,*ny, (2.2)

where 7, ~ (0, I) is assumed to be a white noise error term. Equation (2.1) corresponds to
a standard reduced form VAR(p). Here, A,’s are K x K autoregressive coefficient matrices
and v is a K x 1 vector of intercepts. Since we only consider stable time series throughout

the paper, we assume:
det A(z) = det(Ix — A1z — ... — Ap2P) #0, for |z] < 1.

Equation (2.2) models the structural part and is set up as a B-model in the terminology of
Liitkepohl (2005). The reduced form errors u; are linked to the structural shocks ¢, = Vt% Mt
through a K x K invertible contemporaneous impact matrix B. The structural shocks
are potentially heteroskedastic and/or non-normal, captured by Vt%, a stochastic diagonal
matrix with strictly positive elements. To be more specific, we assume that there are r < K
heteroskedastic shocks which are ordered such that they appear first in vector ;. To model
the time-varying second moments of these shocks, we specify independent Gaussian AR(1)’s

for the first » components in &;:

diag(explhis, ..., hn]) 0O

V, = , (2.3)
0 [Kfr
hit = ¢ihiy—1 + \/siwi, fori=1,...,r, (2.4)

where wy; ~ N (0,1), E(e}.,. i) = 0 for wy = (wiy, . . ., wpy)" and [¢;] < 1. Note that omitting
an intercept in equation (2.4) means to set E(h;) = 0fori =1,...,rand t = 2,...,T

due to the stability condition. Furthermore, the initial states are assumed to be initialized



from the unconditional distribution h;; ~ N(0,s;/(1 — ¢#)). This specification yields an

unconditional covariance matrix of the reduced form errors u; given as:
¥ = E(uu;) = BE(V;)B'= BVB, (2.5)

with V' = diag [exp(07, /2), ..., exp(0}, /2), 1k—] and o} = s;/(1 — ¢?) being the uncon-
ditional variance of the underlying log-variance process (i = 1,...,7).

The proposed model for equation (2.2) is similar to the Generalized Orthogonal GARCH
(GO-GARCH) model of Van der Weide (2002) and Lanne & Saikkonen (2007), with the
major difference in the specification (2.3)-(2.4) of V;. While for the GO-GARCH the first
r diagonal components are modeled by deterministic GARCH(1,1) processes, we specify
AR(1)’s for their logarithms. In addition to their stability, we will also assume that their
variances are finite, i.e. 0 < s; < oo. This directly implies that ¢; is a strictly stationary
stochastic process with finite second moment, which will aid in the identification analysis.

In particular, the following basic properties of the model can be derived in a straightforward

manner (see e.g. Jacquier et al. (1994)) fori =1,...,r and 7 > 0:
%i(r) = Cov(e}y, €l yir) = exp(op, ) (exp(ay, o7) — 1), (2.6)
E(e}
C) Bt exp (o2). (27)

The model is able to capture two features that are often observed in structural shocks.
First, heteroskedasticity can be captured when ¢; > 0. The respective autocovariance
function in the second moment of ¢;; is given by equation (2.6), displaying an exponential
decay in ¢;. This autocovariance function is found to be very flexible allowing to capture a
large variety of heteroskedasticity patterns, an argument that we can confirm by simulation
evidence. Second, the model can capture heavy tailed errors and the respective kurtosis
function x; can be decomposed into a part that is due to the kurtosis of the standardized
structural shocks 7;; and a component which inflates the value depending on the underlying
SV parameters. That is, given a conditional Gaussian error distribution in &5, excess
kurtosis kicks in as soon as the SV process is nontrivial, that is s; > 0. This means that

even if a shock is homoskedastic (¢; = 0), the model is still able to capture heavy tails



under conditional Gaussianity. We argue that this is one key advantage with respect to
a model from the GARCH family, which are generally unable to generate homoskedastic
shocks featuring excess kurtosis given the assumption of conditional Gaussianity.

In the following, we will use equations (2.6) and (2.7) to discuss identification in detail.
Due to the symmetry of the covariance matrix, identification in the SV-SVAR model cannot
be discussed based on equation (2.5) solely. For that purpose, we rely on Lewis (2019)
who treats identification by time-varying volatility in a more general context requiring no
specific functional form. In particular, identification can be analyzed based on the lag 7 > 0
autocovariance in the squared reduced form residuals & = vech(usu;). This function takes

the following form (Lewis 2019):
Cov(&,&4r) = Lk (B® B)GxM,.G% (B ® B)' L, (2.8)

where Lk is an elimination matrix such that vech(A) = Lgvec(A), Gk is a selection
matrix such that vec(D) = Gkd for D = diag(d) and M, = diag(y1(7),...,7(7),0x_.).
In the Supplementary Appendix A.1, we derive this function for the SV-SVAR model. Note

5 (i+K—3

1 (5557) unique elements (K > 2), while the structural

that one autocovariance has )
model contains K? entries in B and r autocovariances in ~;(7)’s, implicitly parameterized
nonlinearly by the underlying SV processes. Lewis (2019) proves general identification of
the elements in M, and B under the restriction that the diagonal of B is fixed at unity.
In order to account for the alternative normalization implied by (2.3)-(2.5), Proposition 1

summarizes identification of B for any r < K.

Proposition 1. Let V; be modeled by equations (2.3) and (2.4) with |¢;| < 1, ¢; # 0 and
0 < s <oofori=1,...,r. Let B= (By,By) with By € RE*" and B, € REX(K-"),
Since SV-SVAR model (2.1)-(2.4) implies uncorrelated structural shocks e, with indepen-
dent variance processes fori =1,...,r, these conditions impose that matrix By is identified

up to permutation and sign switches.
Proof. See Supplementary Appendix A.2.

Although r» = K ensures identification of the full B-matrix, this is not a necessary

condition. The orthogonality constraints implied by equation (2.5) and the scaling of V;
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imposed by equation (2.4) yield enough structure to identify the model in case of r = K —1,

which is summarized in Corollary 1.

Corollary 1. Assume the setting from Proposition 1 for the special case r = K —1. Then,
the entire matriz B € RE*K s unique up to multiplication of its columns by —1 and

permutation of its first K — 1 columns.
Proof. See Supplementary Appendix A.3.

The presented results are broadly in line with those provided by Lewis (2019). However,
our results deviate in the sense that identification is given also under r = K — 1 het-
eroskedastic shocks. Furthermore, the simple structure assumed for the SV-SVAR allows
for a much simpler proof.

In case of a lower number of heteroskedastic shocks (r < K — 1), without further
exclusion restrictions the impact matrix is only partially identified. To disentangle the
remaining structural shocks ¢; for ¢ = r + 1,..., K in that case, it is sufficient to impose

a lower triangular structure on the lower right (K —r) x (K — r) block of B:

Corollary 2. Assume the setting from Proposition 1 for r < K — 2. Moreover, separate

By, B
B 11 12 By € R, By, € [R(K—r)xr’ By € RT¥XE=) gnd Byy € RU—TI*(K=1),
By B

Let Boy be restricted to a lower triangular matrix. Then, the full matriz B is unique up to

multiplication of its columns by —1 and permutation of its first r columns.
Proof. See Supplementary Appendix A.4.

Some authors (see e.g. Arias et al. (2018, 2019) or Baumeister & Hamilton (2019))
prefer to work with what is known as A-model in the terminology of Liitkepohl (2005).
An A-model is a re-parameterization of the SVAR in equation (2.1) and (2.2), obtained by
premultiplying both sides with A = B~!. Then, the coefficients in A provide the marginal
effects among the variables and accordingly, give the model implied causal structure. For
r > K — 1, full identification of B up to permutation and sign switches obviously implies
a fully identified A = B~1. In case of partial identification (r < K — 2), the identification
of the first r columns in B is equivalent to the identification of the first » rows in A, and

hence also the first r rows of AA; for j =1,...,p (see Supplementary Appendix A.5).

7



To obtain the identification results, we have only assumed uncorrelated shocks with
independent variance processes. Note that if one is willing to assume mutual independence
of structural errors e;’s, we do not need the assumption of heteroskedasticity (¢; # 0). In
that case, the identification of the SV-SVAR model can be directly obtained from results
in Lanne et al. (2017), requiring that (besides mutual independence) (K — 1) components
in g; are non-Gaussian. Within the SV-SVAR model, this condition is met as soon as the
necessary amount of SV processes are non-trivial (s; > 0). Equivalent results for partial
identification under mutual independence of €;’s are available in Maxand (2018). Note
that, instead of independence, one could assume a set of co-kurtosis constraints and still
obtain equivalent identification results (Lanne & Luoto 2019). In particular, it is easy to

show that the proof of Proposition 1 in Supplementary Appendix A.2 goes through for

¢; = 0, if one assumes E[e}ej] = 0 and Covlej;, €3] = 0 for ¢ # j. In this case, the proof
would rely on the additional information from the covariance matrix of &, instead of the
autocovariance matrix (i.e. equation (2.8) for 7 = 0).

In order to draw on standard asymptotic results during estimation, it is necessary to
restrict our analysis to a uniquely identified SV-SVAR model for any r € {1,..., K}.
Hence, we need to fix a configuration for sign and permutation of the shocks, and impose
the additional restrictions in case of r < K — 2. We can obtain a globally identified

SV-SVAR by considering only impact matrices B that are contained in the set:
Bq(nll)( = {B € R"*¥ : lower right (K —r) x (K —r) block of B is lower triangular}.

Note that the elements of this set are subject to (K —r)(K —r—1)/2 restrictions considered
in Corollary 2, yielding the necessary restrictions to identify the model also if r < K — 2.
We note that an alternative approach, pursued in e.g. in Lanne & Saikkonen (2007) or
Liitkepohl & Milunovich (2016), would be to re-parameterize B exploiting a polar decom-
position of the unconditional variance. Implementing their approach is equivalent to ours
in terms of free parameters (K2 — (K —r)(K —r —1)/2 ), but would require an additional
step of the Delta method to map standard errors back from the polar decomposition to
B. Hence, for r < K — 2 we prefer to work with a restricted B, and in the following

we denote the free parameters of B by f = Spvec(B) where Sg is the corresponding



(K2 —0.5(K —r)(K —r — 1)) x K? selection matrix.
To obtain a globally identified model, we further fix an unique permutation and sign

configuration (Lanne & Saikkonen 2007):
Identification scheme. Let B € Bﬁll)( and transform it to B = M(B) = BPD as follows:

(i) P = diag(Py, Ix_,) with P, ar x r permutation matriz such that G = By Py satisfies
\gii| > |gij| foralli=1,...;r andj=1i+1,... 7.

(i) D is a diagonal matriz with £1 entries such that all diagonal elements of BPD are

positive.

Define BY). = {B € B}, : 3B € B{"). : M(B) = B}.

Then, Proposition 1 and Corollaries 1 and 2 ensure unique identification of model (2.1)-
(2.4) within By

Before we continue with inference, we discuss an additional constraint that we impose
on the log-variances. Note that we identify the scale of the structural shocks by setting
E(hi) = 0. However, this constraint holds only in expectation, and for very persistent
SV processes, the sample moment can be very uninformative about the scale. Therefore,
throughout this paper we additionally fix the sample mean of the log-variances, i.e. we set
1/T Zthl hiy = 0 for i = 1,...,r. Note that this constraint leads to a rank reduction of
the covariance matrix implied by the Gaussian AR(1) model. This is similar in spirit to
imposing the alternative normalizing constraint that E(h;;) = Var(h;;) = 0, implying that
E(uju)) = BB’ which is typically used to identify the scaling in Markov Switching SVAR
models (Lanne et al. 2010, Herwartz & Liitkepohl 2014).

3 Maximum likelihood estimation

In order to estimate the model we propose a full Maximum Likelihood approach. In the
following, denote by 0 = [vec(v, Ay,..., A,), 5, ¢, s'|" the full vector of parameters in the
SV-SVAR model where ¢ = [¢1,...,¢.] and s = [s1,...,s,|. Assuming normality of the

standardized structural shocks 7, the log-likelihood function based on the prediction error



decomposition is given as follows:

K
L£(0) == Tlog|B| + ) logp(=il0),

=1

K T
=~ TloglB+ 303 {_% log(2r) — $Efhil Fis] — 324 Elexp(—hi)| Fooa] |
where &, = By, with v, = 3, — v — Z§:1 Aye—j, and €; = [g41,...,&ir)'. Since the SV
model implies a nonlinear state space model, the predictive distributions p(h,|0, F;_1) that
are necessary to compute the expected values in the log-likelihood are not available in closed
form. To overcome this difficulty, we follow Durbin & Koopman (1997) in evaluating the
likelihood function by Importance Sampling. Furthermore, for maximization we provide
two versions of an Expectation Maximization algorithm that approximate the E-steps with

different levels of accuracy. Both algorithms rely on fast sparse matrix implementations put

forward by Chan & Jeliazkov (2009) and applied to SV models in Chan & Grant (2016).

3.1 Evaluation of the likelihood

To evaluate the likelihood function, it is convenient to split the log-likelihood into the

following components:
L(0) = —Tlog|B| +logp(ey1.r|0) + log p(e,41.x10),

where ¢;,; = [e 7€;;j’T]/ with €;.;, = [€it,...,€;). Note that for i = r+1,... K,

/

INATRRR
Elhi|Fi—1] = 0 and Elexp(—h;)|Fi—1] = 1. Hence, the second term is simply given by
logp(e,y1.x10) = —WIOg(QW) -1 £r+1 th:1 2. To estimate the intractable part
log p(e1.+|0), we use an Importance Sampling (IS) approach. This involves integrating out

the latent log-variances:
p(gl:r|9) :/p(glzrwa hl:r)pc(hlzrw)dhl:m (31)

where p(e1..]0, hi) =[], Hthl(Zﬂ)’% exp(—%hit) exp(—%a?t exp(—hy)) and p°(hy.|0) is a

Gaussian distribution of dimension T governed by the underlying AR(1) structure. Note
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that the corresponding covariance matrix is of reduced rank (7'—1)r as a direct consequence
of the r zero mean constraints that we impose, denoted in the following by Aph1.,. = 0,41
with A, = (lixr ® I,.)/T. Exploiting Bayes theorem (Rue 2001), the constrained density

can be conveniently written in terms of the unconstrained density p(h;.,|#) and correction

terms:
p(h1;r|9)71(14hh1:r|h1;r)
“(h1.,|0) = : 3.2
P 1f) 7a(Aniin, |0) (32
where 1 (Aphi|hiy) = |ARA], ]" = T7/2 if Aphy. = 0,4 holds, and zero else. Further-

more, p(hy,|0) ~ N (5, Q") and mo(Aphy.,|0) ~ N(0, AnQ ' A}), where § = Op,»; and Q
is a (sparse) precision matrix implied by the Gaussian AR(1) model (2.4) that we assume
for the log-variances. In particular, it is given by Q = H'Y,'H where H a (Tr x Tr)
(sparse) matrix with unit diagonal, and elements on the r-th diagonal below the main di-
agonal given by — (1(r_1)x1 ® ¢). Likewise, &), = diag (0,%1, o 0b Loy ® S]/> is a
(T'r x T'r) matrix.

A simulation consistent importance density estimator for the intractable integral in

equation (3.1) is then given by:

R ()
|0, A hi..|0
pEr10) = Z CENUATAUH ), (3.3)
7=1 (hl 7")
where h?ﬁ for j =1,..., R are independent draws from an importance density q(h1..).

The accuracy of the IS estimator crucially depends on the choice for the importance
density ¢(hy.) which we discuss in the following. First, note that the zero variance
importance density is given by the intractable smoothing distribution p®(hi..|0,e1.)
(€10, b1 )p°(hi1.|0). We follow Durbin & Koopman (1997) and use a Gaussian impor-
tance density denoted by 7&(hi.-|0,€1..), which is centered at the mode of p®(hy..|0,¢€1.,)
with precision equal to the curvature at this point. Here, we rely on the fast algorithms
that exploit the sparsity of the precision matrix used e.g. in Rue (2001) for general Gaus-
sian Markov random fields and Chan & Grant (2016) for stochastic volatility models in
particular.

To derive 7 (h1.,|0,€1..), we follow the exposition of Chan & Grant (2016). For ease

of exposition, assume there is no linear constraint on the log-variances. Then, the zero

11



variance importance density is proportional to:

1
p(h1r]0,€1.) X exp (—§h’1:rQh1;r + log p(e1., |0, hm)) , (3.4)

A Gaussian importance density can be obtained exploiting a second order Taylor expansion

of log p(€1.+0, h1.,) around some properly chosen 71502

lng(ELTW, hl:?") ~ logp(glzr"gv ﬁgoz) + [hlzr - ]ng())

1 ~ ~
r],f - §[h1:r - hg())]/c[hlr - h§02]7 (35>

T

alogp(gl:r‘oyhlzr) and C — _8210gp(51:r|/9:h1:r)
Oh1.p hlrzilgol ahlzrahl:r h1 _FL(O)

=N

earized kernel into equation (3.4), an approximate smoothing distribution 7e(hi.r0,e1.)

where f = Plugging the lin-
takes the form of a normal distribution for hj., with precision matrix Q = @ + C and
mean § = Q7'b, where b = f + Cﬁgoz The T'r-dimensional density has a tridiagonal
precision matrix which allows for fast generation of random samples and likelihood evalua-
tion. The approximation is evaluated at the mode of the smoothing distribution obtained
by a Newton-Raphson method that typically converges in few iterations. Details on the
Newton-Raphson method and on explicit expressions for f and C' are given in Supplemen-
tary Appendix B.

In order to take into account the linear constraint on the average log-variances, the im-
portance density requires a slight modification. Applying Bayes’ theorem yields a constraint

density 7 (1.0, €1.) which is also Gaussian but has mean and covariance:

E(hl:r‘ea Elury Ahhl:r:O) - 8 - Q_lA%(AhQ_lA%)_lAhgv (36)
COV(h1;7~|0, E1ry Ahhl:r:O> = Q_l - Q_IA;L(AhQ_lA%)_lAhQ_l' (37)

This allows for an easy adjustment of the Newton-Raphson by including the update given
in equation (3.6) at each iteration. However, imposing the linear restriction yields a non-
sparse precision and a reduced rank covariance which impedes efficient sampling and density
evaluation. Following Rue (2001), sampling and evaluation of 7§ (hy..|0,1.) can still be
implemented at trivial extra costs by what is known as ‘conditioning by kriging’. Specif-

ically, a random sample ng,)q is first generated from 7wg(hy.-|0,e1..), exploiting the spar-

12



sity in @7'. In a second step, the draw is corrected for the linear constraint by setting
p) = pY) — Q_lA’h(AhQ_lA%)_lAhﬁg{z. As with the prior distribution, evaluation of the
adjusted IS density can be achieved efficiently evaluating Bayes’ theorem:

7TG<h1:r ’97 61')71'1 (Ahhlzr|h1:r)
WZ(Ahhlzr) ’

7rCG(hl:rw’El:r) = (38)

where 7 (Aphyp|hiy) = T2 and T (Aphi,) ~ N(0, A,Q71A)).

The importance estimator is found to yield a reliable performance at very little com-
putational expense. However, we still recommend to assess the quality of estimator (3.3)
by reporting its standard error which can be computed e.g. by the batch means method.
Furthermore, for the validity of the standard error and v/R-convergence of the IS estimator,
the variance of the importance weights has to exist. Since for the high-dimensional integral
(3.1) this is not clear a priori, we advise to test for the existence of the variance using the
test of Koopman et al. (2009). For sample sizes typically used in macroeconomics we do

not expect this to be a serious issue.

3.2 EM algorithm

In order to optimize the likelihood function, we exploit the Expectation Maximization
algorithm introduced by Dempster et al. (1977). The EM procedure is particularly suitable
for maximization problems under the presence of hidden variables. In our setting, these
hidden variables are the set of r log-variances which for simplicity, are denoted by h = hy.,

in the following. Our goal is to maximize:

£(6) = log p(y9) = log / p(y16, 1)y (h16)dh.

Following Neal & Hinton (1998) and Roweis & Ghahramani (2001), let p(h) be any
distribution of the hidden variables, possibly depending on 6 and y. Then, a lower bound
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on L(0) = log [ p(y|0, h)p(h|@)dh can be obtained by an application of Jensen’s inequality:

L(0) = log / p(y|e,]5 ’E)h]f(hw%a(h)dh (3.9)
> /log (p(yw’g%c(h’e)) p(h)dh (3.10)
— [ o (ptul6. W (hl6)) ) — [ 1og (50 (A (3.11)
=: F(p,0). (3.12)

The EM algorithm starts with some initial parameter vector (%) and proceeds by iteratively

maximizing:

E-step: ) = argmax F(p,0'Y), (3.13)
D

M-step: 0 = argmax F(p",9). (3.14)
9

Under mild regularity conditions the EM algorithm converges towards a local optimum
(McLachlan & Krishnan 2007). It is easy to show that the E-step in (3.13) is given by
setting p¥ equal to the smoothing distribution p(h|#¢~",y). This can be seen by noting
that for this choice, equation (3.10) holds with equality which means that the lower bound
F(p,0) exactly equals the log-likelihood £(#). Furthermore, the M-step in equation (3.14)

is given by maximizing the criterion function:

Q(8; 001 = / log (p(y|6, h)p°(h|6)) 5 (h)dh = Ega-) (Le(6)), (3.15)

where the expectation is taken with respect to 5)(h) and L.(8) = log (p(y|6, h)p°(h|0)) is
the complete data log-likelihood.

For the SV-SVAR model, the complete data log-likelihood is rather simple, implying
that for some tractable o), computing the expectations and maximizing it with respect to
0 is straightforward. However, since the smoothing distribution is not tractable, we cannot
simply set p) = p(h|0¢~Y, y). Instead, we develop two algorithms which approximate this
density to a different extent. The first algorithm relies on an E-step which is based on the

same analytical approximation of the smoothing distribution used as importance density.
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The second algorithm corrects for the approximation error by Importance Sampling.

3.2.1 Analytical approximation

Our analytical approximation is based on the following E-step:
PO (k) = mg; (k60,1 (3.16)

which is the Gaussian approximation of the smoothing distribution that we already intro-
duced as importance density. This E-step corresponds to maximizing F(p,0¢"Y) with
respect to p considering only the family of Gaussian distributions. To motivate this
approach, we follow the arguments of Neal & Hinton (1998) who argue that it is not
necessary to work with the exact smoothing distribution in the EM algorithm to get
monotonic increases in the log-likelihood function £(#). In fact, it can be shown that
F(p,0) = L(0) — Dk (p(h)|[p°(h|y,0)) where Dgr(||-) is the Kullback - Leibler (KL)
divergence measure. Therefore, if the Gaussian approximation is close to the smoothing
density in a KL sense, iteratively optimizing F'(p, @) yields convergence to a point very close
to the corresponding local maximum of £(6). We found the resulting algorithm to perform
very well both in our simulation studies and applications, and in the following we refer to
it as EM-1. Details on the corresponding M-steps are given in Supplementary Appendix
B.3.

3.2.2 Monte Carlo approximation

Recall that the optimal E-step is given by setting 50 = p¢(h|0%~V 4), which we know
only up to normalizing constant. Hence, it is possible to correct for the error of EM-1 by
replacing the integral in the E-step of equation (3.15) by a simulation consistent Importance
Sampling analogue:

R

Q001 = 55 S w6 o (plyl6, ) (110 (317)

j=1
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where the importance weights are given by:

pe(h9]6¢=1 )
e, (h)]gu-1 gl Dy’

w(i)(g(lfl)> o

and the draws hU), j = 1,..., R are generated from the IS density w&(h®]g0-1 £{~D)y,
In the remainder, we call the Monte Carlo based algorithm EM-2 and for details on the
M-steps, we refer to Supplementary Appendix B.3.

Note that compared to EM-1, this algorithm can correct for the approximation error for
R — oo, however, at the cost of a higher computational burden. Therefore, we recommend
to first run EM-1, before starting to iterate based on EM-2. In our experience, both
algorithms EM-1 and EM-2 result in estimates of the SVAR parameter that are almost
indistinguishable. However, the parameter estimates of the SV processes (¢;,s;) could
slightly differ sometimes. Therefore, while EM-1 is likely to suffice for fast exploratory
structural analysis, we recommend to run the more accurate EM-2 to present any final

results.

3.3 Properties of the estimator

Because the SV-SVAR model is a special case of a Hidden Markov Model, the asymptotic
properties of the Maximum Likelihood estimator can be inferred from Cappé et al. (2005).
Let 0 denote the ML estimator, under appropriate regularity conditions and the global
identifying constraints considered in Section 2, § is consistent and asymptotically normally
distributed:

TV2(0 — 0) % N(0,Z(0)7"), (3.18)
where Z(0) = —E (%) is the information matrix. Furthermore, a strongly consis-
tent estimator for the asymptotic variance is given by I/(\H) = T17(0), where J(0) =

_92L(0)
9600’

g—g 18 the observed information matrix evaluated at the ML estimator. We rely on

Oakes identity (Oakes 1999) to evaluate the Hessian, given by:

PLo) [8262(9; o) 9°Q(8;0Y) (3.19)

9000 — | 0000 90000 | 0y,
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In Supplementary Appendix B.4, we provide closed form expressions for the expected gra-
dient 9Q(0;60")/06 and Hessian 9?Q(0;01)/(00060") of the complete data log-likelihood.
Finally, the Jacobian of the expected gradient with respect to ) is computed using fi-
nite differences. We use the same underlying uniform random variables to re-compute the
expectations when we compute the Jacobian for estimates of EM-2.

Identification of the SVAR model is ultimately useful to conduct structural analysis.
Since Impulse Response Functions (IRFs) and Forecast Error Variance Decompositions
(FEVDs) are likely to be the most widely used tool for that purpose, we describe in Sup-
plementary Appendix B.5 how to conduct inference on these quantities within our model.
In particular, we describe a Delta Method approach to quantify uncertainty of the identified
IRFs and FEVDs, following work of Liitkepohl (1990) and Briiggemann et al. (2016).

3.4 Testing for identification

To test how many columns of B can be identified by heteroskedasticity, we recommend to
follow well established procedures proposed by Lanne & Saikkonen (2007) and Liitkepohl &
Milunovich (2016) to test identification in SVAR-GARCH models. The idea is to conduct

the following sequence of tests:
Hy:r=rg VS Hy:r >, (3.20)

forrg =0,..., K—1. If all null hypotheses up to ro = K—2 can be rejected, there is evidence
that all parameters in B can be identified by heteroskedasticity. The testing problem
given in (3.20) is nonstandard since parts of the parameter space differ between null and
alternative hypothesis. Therefore, Lanne & Saikkonen (2007) suggest test statistics which
require estimation under Hy only. If rq is the true number of heteroskedastic errors, one can
separate the structural shocks e, = B™lu; = (¢],,€5,)’ into a heteroskedastic part e;; € R™
and homoskedastic innovations e, € RE. Under the null (r = ry), g2 ~ (0,1 _,)
is homoskedastic white noise, which can be tested for remaining heteroskedasticity. A
detailed description of these test are given in Supplementary Appendix C. We highlight
that according to simulation evidence by Liitkepohl & Milunovich (2016), these tests display

17



a substantial lack of power in sample sizes typically available in macroeconomics. Hence,
if the null hypothesis can be rejected for all ry’s up to K — 2, this can be interpreted as
strong evidence in favor of model identification.

Alternatively, a new testing procedure is proposed in Lewis (2019). In particular, he first
establishes a minimum rank of the covariance matrix Cov(&;, &1, ), such that a SVAR can
be identified by heteroskedasticity. In a second step, he proposes to use the test statistic
of Cragg & Donald (1996) to determine the rank of the sample counterpart. While this

testing strategy seems promising, the small sample properties are yet to be explored.

3.5 Testing overidentifying restrictions

Identification by heteroskedasticity is a statistical procedure and therefore, needs to be
combined with economic theory before the results can be interpreted in a meaningful way.
One way to introduce economic theory into the SV-SVAR is to statistically test economi-
cally motivated restrictions, as they become overidentifying in the heteroskedastic model.
If there is no evidence against a certain set of (economic) restrictions, the corresponding
shock(s) can be interpreted in the usual way. See for example, Normandin & Phaneuf
(2004) and Liitkepohl & Netsunajev (2017a) who test conventional short- and long run
restrictions imposed to identify monetary policy shocks. Within the Likelihood framework
considered in this paper, these restrictions can be easily tested e.g. via Likelihood ratio- or
Wald tests.

Avoiding exclusion restrictions, an alternative identification strategy involves the use of
instrumental variables (IV) (Mertens & Ravn 2013, Stock & Watson 2012). The identifying
assumptions are that an external instrument z; is correlated with the structural shock it is
designed for (relevance) and uncorrelated with all remaining shocks (exogeneity). Without
loss of generality, assume that the first shock is identified by the instrument. Then, Mertens
& Ravn (2013) show that these assumptions can be translated into the following set of linear

restrictions on be1, denoting the first column of B:

ba.r,1 = (Z;}/lxzug)/bl,l- (3.21)
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where be1 = (b1,1,by.c)" With by scalar and by € RE=1. Furthermore, Cov(z,u}) =

Yow = [Baur, Yiwy] with X, scalar and X w € RX=1. In a previous version of this paper, we

iz
proposed to replace theoretical moments with sample moments and simply use Likelihood
ratio tests to test the IV restrictions given in equation (3.21). However, given the stochastic
nature of the constraint, the test is likely to reject too often using critical values from the
corresponding x*(K — 1) distribution. This problem was noted in Podstawski et al. (2018)
who instead, propose to augment a heteroskedastic SVAR model with an equation that
relates the instrument to the structural shock. Within the augmented model, Likelihood
ratio tests are valid as they take into account the uncertainty of the moment constraint.
In the following, we describe a simpler two-step procedure to test the identifying con-

straints from an IV approach. Given a set of estimated structural shocks from the SV-SVAR

model &;, we conduct an auxiliary regression as a simple device for testing IV conditions:
2 = Yé + o,uy, (3.22)

where uy ~ (0,1) is a white noise error term. First, consider the relevance constraint
which implies E[ey;2;] # 0. This can be tested through the null hypothesis Hy : ¢; = 0
vs. Hy : 1 # 0. If the null is rejected, this can be interpreted as evidence in favor of
instrument relevance. In turn, exogeneity requires that Elej:2;] = 0,7 > 1. Likewise, one
can set up a null hypothesis Hy : (¢q,...,¢x) = 0 vs. Hy : 35 € {2,...,K} : ¢; # 0,
and rejecting the null constitutes statistical evidence against instrument exogeneity. Given
asymptotic normality of the auxiliary regression parameters, TV2(¢) — 1)) 4N (0, V™),
simple Student ¢- and Wald tests can be conducted.

Note that V* needs to account for the fact that &,’s are constructed based on estimates
for 0, the parameters of the SV-SVAR. Let Ly(1),0,]0) be the log-likelihood function of
auxiliary regression (3.22) under normality of u}. Then, following Greene (2000) and
Murphy & Topel (2002), a valid asymptotic covariance matrix for the second step is given
by:

V* = Vo + W|FViF — RV, F' — FVi RV,

where V7 is the asymptotic covariance matrix of the SV-SVAR parameters 6, V5 is the

19



0Ly  OLo ]

asympotic covariance matrix of 1& ignoring the fact that &, is estimated, F' = E [ T

and R=E [%—ff . %} In practice, we replace F' and R with sample averages, while for 1,

we use the standard asymptotic covariance matrix Vy = 62(3./_, &,é,/T)".

4 Monte Carlo study

An important question for practitioners is how a heteroskedastic SVAR model performs
in estimating structural parameters under misspecification of the variance process. To
shed some light on this question, we conduct a comparative Monte Carlo (MC) study.
Specifically, we compare the estimation performance of the SV-SVAR model under mis-
specification to that of alternative heteroskedastic SVARs, namely a simple Breakpoint
model (BP-SVAR), Markov Switching models (MS-SVAR) and a GARCH model (GARCH-
SVAR). Furthermore, we also compare the performance to a GMM estimator which does
not make any assumptions about the volatility process.

Our analysis involves generating a large number of data sets from the four stated het-
eroskedastic SVARs. Then, we estimate each model and compare the relative estimation
performance of the misspecified to the correctly specified model. We focus on estimation of
structural IRFs which are probably the most widely used tool in SVAR analysis. Further-
more, they are nonlinear functions of both, the structural impact matrix and reduced form
autoregressive parameters. Thus, they are particularly suited to summarize the overall
estimation performance of a SVAR model. As a metric of comparison, we use cumulated
Mean Squared Errors (MSEs) of the IRF estimates.

The following data generating processes (DGPs) are specified to simulate the data sets,
closely resembling the MC design of Liitkepohl & Schlaak (2018). Time series of lengths
T € {200,500} are generated by the following bivariate VAR(1) process:

Y = A1 + Uy,
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with u; ~ N (0, BAyB’) for t =1,...,T and:

0.6  0.35 1 0
A = . B=
01 07 0.5 2

For the diagonal matrix A;, the following DGPs are specified:

1. BP-SVAR: The BP-SVAR is subject to a one time change in the variance. We set
ANy=DLfort=1,...T/2 and A; = diag(2,7) for t =T/2+1,...T.

2. MS(2)-SVAR: The specified MS-SVAR involves a switching variance with the same
regimes than the BP-SVAR. We specify the transition probability matrix:

95 .05
19

Based on simulated states sq,...,sr € {1,2}, A1 = Iy and Ao = diag(2,7).
3. GARCH-SVAR: For this specification, the diagonal elements of A; = diag(A1¢, Aot)
follow univariate GARCH(1,1) processes with unit unconditional variance:
Xt = (1—a; — B8;) + cuey g + Bidig—, i€{1,2},
where ¢, = B~ 'u, is the vector of structural shocks at time t. We set a; = 0.15 and
B =08 (i=1,2).

4. SV-SVAR: For this DGP, A; = diag(exp(hi;), exp(hat)) with:
hie = Gihii—1 + \/Siwit,

where wy; ~ N(0,1). We set ¢; = 0.95 and s; = 0.04 (i = 1,2) what corresponds
to fairly persistent processes in the variance often observed in macroeconomic and

financial data.

To avoid that our results are influenced by weak identification, we only accept data sets

in the MS(2)-SVAR DGP if at least 25% of the observations are associated with either of
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the regimes. Likewise, for the GARCH and SV DGPs, only data sets with an empirical
kurtosis of the simulated structural shocks of at least 3.6 are accepted.

A total of M=1000 data sets are simulated for each variance specification. In the
following, let é]kz(m) for j,k € {1,2} denote the estimated impulse response function in
variable 7 caused by structural shock k after ¢ periods based on estimates for the m-th data

set. Our metric of comparison is then given as:

M h
MSE (04),, = % > (Z (éjk,i(m) - @jk,i>2> . (4.1)
m=1 \i=0
We choose horizon h=5 as in Liitkepohl & Schlaak (2018). To compute parameter esti-
mates, we use algorithm EM-1 for the SV-SVAR model. For the BP-SVAR we maximize a
Gaussian likelihood over a grid of possible break-dates, while for the MS-SVARs we use the
EM algorithm outlined in Herwartz & Liitkepohl (2014). Finally, for the GARCH-SVAR
we compute ML estimates based on the procedure of Lanne & Saikkonen (2007). The
GMM estimator is implemented with a simple two-step procedure, where the first step is
based on the unconditional variance E[u,u}] and the second step based on the first order
autocovariance of & = vech(uu}), hereby following Lewis (2019). Note that the estimated
models rely on different normalizing constraints for the structural shocks which is why we
rescale all impulse response functions to unit shock size.

The results of the simulation study are provided in Table 1. For improved readability, we
report relative MSEs in comparison to the correctly specified model. Overall, we find that
the SV-SVAR model performs very well regardless of the true DGP or the sample size for
each of the impulse responses O;;. In fact, the largest deterioration that we document in
terms of MSE is 75% in O,; of the Markov Switching DGP. This contrasts all other models
included into the Monte Carlo study which are subject to a very heterogeneous performance.
Whenever they are inherently misspecified, we find relative MSEs of much higher orders
of magnitude. For example, with detoriations of up to 24 times, estimates based on a
MS(2)-SVAR seem completely unreliable for data generated by the SV and GARCH DGPs.
Admittedly, the complexity of a MS model can be increased by adding additional states.
Therefore, we also report estimates based on a MS(3) for the SV and GARCH DGPs.
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Table 1: Cumulated MSEs at horizon h = 5

T=200 T=500

@11 @12 @21 @22 @11 @12 @21 @22

~ | BP 1.00 1.00 1.00 1.00| 1.00 1.00 1.00 1.00
Q| Ms(2) 100 1.01 101 1.00| 100 100 100 1.00
~ | GARCH | 1.60 1.79 158 1.14| 120 124 119 1.04
M| GMM | 674 837 7.23 1.57| 920 11.77 1040 1.65
SV 127 139 131 107| 110 1.12 110 1.03
o | BP 323 3.72 471 1.37| 7.98 975 12.01 1.79
Q| MS(2) | 100 1.00 100 1.00| 100 100 100 1.00
& | GARCH | 3.89 443 345 1.26| 352 414 390 1.28
= | GMM | 495 561 505 1.40| 848 10.30 9.30 1.58
SV 157 172 175 1.09| 1.20 138 133 1.08
% | BP 388 4.23 256 1.26 | 11.58 12.67 4.99 147
2| MS(2) |837 916 3.62 1.27|21.40 24.15 7.24 1.38
% MS(3) |4.02 430 200 1.13| 558 6.01 233 1.20
& | GARCH | 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00
S| GMM | 594 645 3.04 1.52| T4l 824 337 1.65
SV 114 1.14 1.04 1.01| 1.09 1.09 1.06 1.04
BP 359 3.86 236 1.19| 860 9.64 437 1.36
5/ MS(2) |6.15 681 3.50 1.19|14.34 16.03 564 1.31
A MS(3) [4.90 539 211 1.14| 315 338 1.72 1.15
= | GARCH | 260 287 1.85 1.16| 151 156 123 1.08
GMM | 7.01 7.88 395 1.36|1221 1381 5.05 145
SV 1.00 1.00 1.00 1.00| 1.00 1.00 1.00 1.00

Note: MSEs of impulse response functions calculated as in (4.1) and displayed

relative to true model MSEs.

While indeed this yields substantial improvements, we still register deteriorations in MSE
up to 500%. The GMM implementation also struggles with precise estimation and yields
relatively poor performance in comparison to likelihood methods. Our findings are in line
with the simulation conducted in Lewis (2019), who explains this by the inherent difficulty
to estimate higher order moments precisely.

If we compare the IRF estimates of the SV-SVAR to all other misspecified models in a
certain DGP, we find it to perform strictly better in two out of three DGPs. Specifically,
for residuals generated by a MS(2) and a GARCH model, all impulse responses estimated
by the SV-SVAR have lower cumulative MSEs than the other misspecified models. Only
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if the structural errors are simulated with a one time shift in the variance there is no clear
advantage of the SV model over the MS model. However, this is not surprising given that
the latter is perfectly able to capture such sudden shifts in the variance.

Finally, we find that the SV-SVAR model also compares favorable if its performance is
directly matched to the most related model, the GARCH-SVAR. In particular, the SV-
SVAR model always performs better when both models are misspecified. Furthermore,
while there is almost no deterioration in the MSE of the SV-SVAR estimates in a GARCH-
DGP, the other way around we record substantially higher relative MSEs.

Summing up, our small simulation study yields promising results indicating that the
SV-SVAR may be a good choice to identify structural shocks for different types of het-

eroskedasticity patterns and to estimate the corresponding impulse response functions.

5 The importance of oil supply shocks for oil prices

Since Kilian (2009), a large amount of research has been devoted to understand the drivers
of oil prices in terms of supply and demand shocks. Using variance decompositions of
structural VAR models, a wide range of estimates has been found for the relative importance
of oil supply shocks, ranging between close to 0% to more than 40% depending on the
underlying identification strategy. In particular, papers that have imposed very small
short term supply elasticities for identification, arrive at estimates close to the lower bound
(Kilian & Murphy 2012, 2014, Herrera & Rangaraju 2019). On the other hand, when larger
supply elasticities are imposed for identification, one may find supply shocks to be equally
important than demand shocks (Baumeister & Hamilton 2019, Caldara et al. 2019). Finally,
recent evidence by Kénzig (2019) suggests that rather than traditional supply shocks, news
about future oil supply are the main drivers of oil prices. In the remainder of this section,
we use the methodology developed in this paper to reassess the importance of oil supply

shocks for driving oil prices.
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5.1 Model and identifying constraints

We follow the convention by Kilian & Murphy (2014) and Baumeister & Hamilton (2019)
(BH19 henceforth) and study structural disturbances within a four-dimensional SVAR

model based on:

Y = [100Ag;, 100Awip;, 100p;, 100Ainv,],

where ¢; is the log of global crude oil production (in million barrels per day), wip; is the
log of an index for world industrial production (see BH19), p; is the log of real WTIT (West
Texas Intermediate) spot price, and Ainv, is the change in global inventories expressed as
fraction of last period’s oil production. As in BH19, we set p = 12 and use monthly data
covering January 1974 until December 2016, thereby excluding earlier data when oil prices
were regulated.

To identify different oil supply shocks, we primarily rely on identification by heteroskedas-
ticity. In a second step, we use the two-step procedure outlined in Section 3.5 to test IV
restrictions implied by using a set of instruments for oil supply shocks. While this ensures
that the statistical shocks can be interpreted economically, it also allows to discriminate
between a competing set of instruments. For conventional oil supply shocks, we will con-
sider the shocks series of Kilian (2009) (K09), BH19, Caldara et al. (2019) (CCI19) and
Kilian (2008) (K08). For a supply news shock, we take the instrument constructed by
Kénzig (2019) (DK19). K09 and BH19 are structural shocks from identified SVAR models,
while CCI19 and KO8 are constructed with a narrative approach. Finally, the instrument
of DK19 exploits high frequency variation in oil price futures around quota announcements

from the Organization of the Petroleum Exporting Countries (OPEC).

5.2 Statistical and economic analysis

We start our analysis with formal model selection for the variance specification following
the suggestion of Liitkepohl & Schlaak (2018). By means of information criteria, we com-
pare the SV model to a set of alternatives available in the literature: a GARCH(1,1), a
Smooth Transition (ST) and different specifications of a Markov Switching model. Table 2

reports corresponding log-likelihood values, Akaike information criteria (AIC) and Bayesian
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Table 2: Model selection
| linear  MS(2)  MS(3) STVAR GARCH(1,1) SV (EM-2)

InL | -3649.96 -3515.60 -3424.76 -3514.01 -3447.38 -3417.20
AIC | 7735.92  7467.21 7301.51 7464.03 7334.76 7274.41
BIC | 8661.57 8387.73 8255.81 8384.55 8263.73 8203.38

Note: In L - log-likelihood, AIC=—2InL + 2 x n, and BIC=—2In L + In(T") x n, with n,
the number of free parameters. For the likelihood of the SV model, application of the batch
means method yields a standard error of 0.04. The test of Koopman et al. (2009) indicates
that the variance of the importance weights is finite.

Table 3: Tests of identification
‘Ql(l) dof p-value @y(1)  dof  p-value LM(1) df  p-val

ro=01] 25.36 1.00 0.00 232.74 100.00 0.00 252.31 100.00 0.00
ro=11] 31.66 1.00 0.00 122.14  36.00 0.00 121.93 36.00 0.00
ro = 26.83 1.00 0.00  68.71 9.00 0.00  67.32 9.00 0.00
ro=31] 440 1.00 0.04 4.40 1.00 0.04 3.78 1.00  0.05

Note: Sequence of tests for the number of heteroskedastic shocks in the system. See C for more

details about the test statistics.

information criteria (BIC) for a linear VAR and the heteroskedastic models. Our results
suggest that including time-variation in the second moment is strongly supported by both
information criteria. Furthermore, we find that the SV model performs best in terms of
information criteria. Therefore, from a statistical point of view, the SV model is the most
suitable to continue our analysis.

Before we can test the IV restrictions as overidentifying, we make sure that there is
enough heteroskedasticity in the VAR residuals to identify the structural shocks. As de-
scribed in Section 3.4, we apply a sequence of tests with Hy : r = rg against Hy : r > 1y
for 1o = 0,1,... K — 1. The results are reported in Table 3. We find strong evidence that
r > 3 in our model, implying that the model can be fully identified by heteroskedasticity.
For the remaining analysis, we continue with r = 4, given that all p—values are smaller or
equal to 5% when testing rq = 3 against ry > 3.

Given strong evidence in favor of identification by heteroskedasticity, we can proceed
with testing the IV restrictions implied by the external instruments included in our anal-
ysis. As outlined in Section 3.5, we do so regressing each external instrument on the

estimated structural shocks. In Table 4, we report simple pairwise correlations as well as

26



Table 4: Correlations, regression coefficients and tests for instrument relevance/exogeneity

| K09 BH19 K08 CCI19 DK19
Corr (&1, 2¢) 0.89 0.85 0.24 0.81 0.09
Corr (&, 2¢) 0.07 0.00 0.02 0.10 0.02
Corr (s, 2¢) 0.01 —0.42 —0.07 —0.58 0.38
Corr(éys, 2¢) 0.00 0.05 0.12 0.25 0.01
b1 (s.e.) 0.55 (0.06)  0.97 (0.06) 0.16 (0.10)  0.90 (0.12)  0.20 (0.14)
by (s.€.) 0.07 (0.05)  0.06 (0.08) 0.02 (0.05) 0.29 (0.09) —0.16 (0.13)
)3 (s.e.) —0.02 (0. 03) -0.55 (0. 07) —0.04 (0.05) —0.04 (0.09) 0.70 (0.15)
1[)4 (S.e.) —0.01 ( ) 0.06 ( ) 0.08 (0.04) 0.42 (0 11) 0.06 (0.12)
Elziej:] # 0 j=1 j=1 j=1 j=1 j=3
relevance (p-val) 0 0 0.11 0 0
exogeneity (p-val) 0.5 0 0.23 0 0.40

Note: Sample correlations, regression coefficients 1/31-,2' = 1,..., K and standard errors (s.e.) from the

instrumental variables tests discussed in 3.5. Instruments included: Kilian (2009) (K09), Baumeister &
Hamilton (2019) (BH19), Kilian (2008) (K08), Caldara et al. (2019) (CCI19) and Kanzig (2019) (DK19).

the estimated coefficients with their standard errors. We find that the first structural shock
€1, 1s strongly correlated with the instruments for conventional supply shocks (K09, BH19,
K08 and CCI19), displaying correlations from 25% up to 89%. In turn, the instrument
for the news shock (DK19) is highly correlated (38%) with the third shock of the model.
Therefore, we consider £q; as our candidate for the conventional supply shock, while &3, will
be our candidate for the news shock.

Moreover, Table 4 also provides p-values that we obtain testing both instruments rele-
vance and exogeneity separately (see Section 3.5). For these tests, we assume that K09,
BH19, K08 and CCI19 are targeting the conventional supply shock (£1;), while DK19 aims
to identify the news shock (£3;). First, we find evidence that with the exception of the K08
series, all the external instruments are relevant for the shock they are targeting. Only for
K08, a p-value of 11% means that one cannot reject the null hypothesis of non-relevance
at any conventional significance level. These findings confirm evidence in Montiel Olea
et al. (2018) that the K08 might be a weak instrument. With respect to exogeneity, we
find strong evidence against using BH19 and CCI19 as an instrument for a supply shock.
On the contrary, we cannot reject the null hypothesis of exogeneity for the remaining in-

struments (K09, KO8 and DK19). Based on our test results, we conclude that there is no
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Figure 1: Impulse responses for oil supply shocks
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IRFs up to a horizon of 72 months with 90% confidence intervals (CIs). Solid lines give IRFs obtained by
identification through heteroskedasticity, while dashed lines give IRF's based on identification by SVAR-IV.
CIs for the latter are computed using the methodology of Montiel Olea et al. (2018).

evidence against identifying £1; by the shock series of K09. Moreover, there is no evidence
against imposing the IV restrictions implied by the DK19 instrument. While these results
are valuable on their own, they also allow us to continue with structural analysis labeling
£1; as a conventional supply shock and £3; as a supply news shock.

In Figure 1, we plot IRFs with 90% confidence intervals for the effects of conventional
supply (£1¢) and supply news shocks (e3;). For comparison, we also draw IRFs obtained
from (homoskedastic) models identified by K09, BH19 and DK19 as respective external
instruments. First, note that the IRFs from IV-SVARs identified by K09 and DK19 are
very similar to those obtained by the SV-SVAR. This is in line with our testing results,
suggesting that K09 and DK19 are valid instruments in this setting. In turn, IRFs based
on an IV-SVAR identified by BH19 differ substantially, particularly in the response of oil
prices. Ultimately, this explains why the corresponding IV restrictions are rejected in the

heteroskedastic model.
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Table 5: Forecast error variance decomposi-
tion of real oil prices

\h 12 h=24 h=48 h=T72

049 050 049  0.49
(0.82) (1.13) (1.30) (1.35)

95.75  95.97  96.17  96.22
(11.44) (15.15) (20.86) (27.18)

Note: Expressed as share (%) of total variation. Val-

ues in brackets indicate estimated standard errors.

Our findings suggest that a conventional supply shock, normalized to decrease global oil
production by 1%, is associated with a slight decrease in world industrial production, an
increase in price of about 0.5%, and a drop in inventories. However, the 90% confidence
intervals suggest that there is substantial uncertainty associated with these estimates. A
supply news shock, standardized to increase real oil prices by 1%, is associated with a
slowly decreasing oil production and a drop in world economic activity. On the contrary,
inventories seem to slowly build up over time. The full set of IRFs including a comparison
with results from other heteroskedasticity models is provided in Supplementary Appendix
D.

Finally, to shed light on the drivers of oil prices, Table 5 provides estimates for the
contributions of supply shocks to the corresponding forecast error variance. With values
around 0.5%, we find that for all horizons between 1-6 years, supply shocks account for
very little variation in oil prices. On the contrary, for the same horizons, oil supply shocks
are estimated to account for as much as 95% of the variation. These results support the

findings in Kilian (2009), Kilian & Murphy (2014) as well as Kénzig (2019).

6 Conclusion

In this paper, we have considered stochastic volatility to identify structural parameters of
SVAR models. The resulting model (SV-SVAR) can generate patterns of heteroskedasticity
which are very typical in VAR analysis and therefore, we expect it to be useful in a wide

range of applications.
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We discuss conditions for full and partial identification and propose to estimate the model
by full Maximum Likelihood. For this purpose, we develop two efficient EM algorithms
which approximate the intractable E-step to a different extent. One algorithm is based on
a Laplace approximation while the other corrects for the approximation error using Monte
Carlo integration. Besides discussing estimation algorithms, we state the main properties
of the estimator and present tools to approximate the asymptotic covariance matrix. Tests
considered by Lanne & Saikkonen (2007) and Liitkepohl & Milunovich (2016) can be used
to determine the number of heteroskedastic shocks and to test for identification. To label
the shocks, one possibility is to test economic restrictions as overidentifying. Here, we
provide a novel two-step approach to test identification by instrumental variables.

To demonstrate the flexibility of the SV-SVAR model, we conduct a Monte Carlo study
investigating how precise Impulse Response Functions are estimated under misspecification
of the variance process. In contrast to alternative heteroskedastic SVARs, we find that the
proposed model performs very well regardless of the DGP specified for the variance.

In an empirical application, we revisit a current debate on the importance of supply
shocks for oil prices. Formal model selection strongly supports a SV specification in the
variance if compared to other heteroskedastic SVARs. We use the SV-SVAR to test IV
restrictions as overidentifying. We find no evidence against identification of supply shocks
using the shock series of Kilian (2009) and Kénzig (2019). We find that supply news
shocks explain for almost all the variation in oil prices, while conventional supply shocks

are negligible in that context.
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Appendix A Derivations and proofs

To ensure identification of impact matrix B in model (2.1)-(2.4) we show that under suffi-
cient heterogeneity in the second moments of the structural shocks, i.e. r > K — 1, there
is no B different from B except for column permutations and sign changes which yields
an observationally equivalent model with the same time-varying second moment proper-
ties in reduced form errors u; for all t = 1,...,T. Furthermore, for r < K — 1, we show
which parameters in impact matrix B are identified and which are not. This also yields an
identification scheme for this scenario. We start with the derivation of the autocovariance

function of the second moments of reduced form residuals w;.

A.1 Autocovariance function of the second moments

The autocovariance function of the second moments of the structural shocks for 7 > 0 is:

Cov (VeC (5,552) ,vec (8t+7'€:€+7—)) = [E (€it€jt€]§’t+75l7t+7—) —F (6it5jt) FE (€k7t+75l:t+7—)]ijkl .
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Since the structural shocks are uncorrelated and have independent variance processes, the
law of iterated expectations yields that the entries of this expression are only non-zero if

bothi=j=4k=1and i <r hold for i, j,k,l € {1,..., K}. Thus, it is:
Cov (vec (g:8}) , vee (eqreyy ) ) = Gr MG,

with Gk being a selection matrix such that vec(D) = Ggd for a diagonal matrix D =
diag(d) and M, = diag(n(7),...,7(7),0k_) with v(7) = exp(o}.)(exp(aj,¢7) — 1) and
op. = s;/(1 — ¢7). Briefly recall that we define & = vech (uu;) = Lgvec (uuy) (Lewis

2019). Consequently, the autocovariance function in & reads:

Cov (&, &r) = LgCov (Vec (uguy) , vec (ut+7u2+T)) Ly
= Lk (B ® B) Cov (vec (g¢}) , vec (e4r6,.)) (B® B) L
= Lg (B® B)GgM, G (B® B) L.

A.2 Proof of Proposition 1

Proof. Suppose B = BQ and &, = Q ‘e, with Q = @ @ , where Q1 € R™", (2, Q% €

Q2 @4
RE=>" and Q, € RE-X(K=7) define an observationally equivalent model. Hence, the

log-variances h; of & for i = 1,...,r are modeled by AR(1) processes (2.4) with parameters

1§l <1, ¢i # 0 and 0 < §; < oo. Consequently, restriction (2.5) implies:
E(uwu)) = BQVQ'B' = BV B/, (A1)
where V = E(V;) = diag(V4, [x—,), V1 = diag(exp(ailﬂ), . ,exp(J}ZLT/2)), 0}2” =s;/(1—¢2)

and V analogue. Since s;,§; > 0fort=1,...,r, the diagonal elements of V7, V} are nonzero

why they are of full rank. The diagonality of QVQ' = V due to (A.1) implies:

Q2V1Q) + QuQy =0, (A.2)
Q2V1Qh + QuQ) = I, (A.3)
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Furthermore, the autocovariance function with lag 7 > 0 in the second moment of the

reduced form errors & = vech(usu}) defined in (2.8) imposes:

Cov(&, &urr) = Li(B ® B) G MG (B® B) L
Lx(B® B)GxM,G (B ® BYL (A.4)
Lx(B® B)(Q ® Q)GxM,G1(Q® Q)'(B® B) L,

where M, = diag(11(7),...,7%(7),0k_,) with elements v;(7) = exp(c} )(exp(op. ¢7) — 1)

and M, analogue for the autocovariance in vec(£€)). As s;, 8 > 0 and ¢, b; # 0, it is

Yi(1),7:(7) # 0 for i = 1,...,r. Furthermore, (A.4) implies (Q ® Q)GxM,.G%(Q ® Q) =

Gk M. G’ what yields the following conditions:

e Zq,m = 7,(1) #0, (A.5)

Va; € {0,1,2,3} : Za] =4: Z (H q]l> . (A.6)

Because of (A.6), it is Y qu qguy(r) = 0 for all i,j € {1,..., K} with i # j. As Q is
=1 S—

=:Aij1
a full rank matrix, its column vectors g,; are linearly independent such that A;; = 0 for

all L € {1,...,r},4,5 € {1,...,K} i # j. As in addition %;(7) # 0, considering the first
r columns of ), i.e. matrix (Q},®Q5)’, only one element per column can be different from
zZero.

Because of (A.5), in each row of r x r matrix (), at least one element has to be non-zero.
Following the previous argument, these r non-zero entries correspond to the r non-zero
entries in (@}, Q,)". This directly implies that @ is a zero matrix and (); has exactly one
element different from zero per row and column.

The fact that @ = 0 and (A.3) directly imply Q4@ = Ix_,, i.e. Q4 is an orthogonal
matrix. Then, (A.2) yields that Q3 = 0.

Since ()1 has exactly one non-zero entry per row and column, it can be decomposed into
Q1 = D1P S, where D, is diagonal with £1 entries, P; is a permutation matrix and S

is any diagonal matrix that rescales the columns of B. Regardless of sign switches and

38



permutations, think of rescaled structural shocks €;; = ¢;ej;. For the reduced form errors

this means:

j=1 j=1 7j=1
K K ~
- hji + 2log(c;) - hji
= ]221 bi; exp (—j 9 2 Njt = ngl b;; exp 7J Njt-

Hence, the restriction of the log-variance process to mean zero fixes the scaling of B (Kast-
ner et al. 2017), i.e. Sy = I,. Therefore, it is @1 = D; P, and thus an orthogonal matrix
why also full matrix @ is orthogonal. Moreover, it is shown that block B is identified up

to permutation and sign switches.

A.3 Proof of Corollary 1

Using Proposition 1 shows that an observationally equivalent model with the same auto-
covariance function in the second moment of the reduced form errors can be obtained by
Q1

. 0
B = BQ if and only if () has the structure , Q1 = D P, with D; a diagonal
0 Q4

matrix with +1 entries on the diagonal, P, a permutation matrix and Q, € RE—7)x(K=7)
any orthogonal matrix. Thus, the decomposition B = (Bj, By) with B; € RE*" and
By € REX(E=") yields uniqueness of By apart from multiplication of its columns by —1 and
permutation. Moreover, in case that » = K — 1, column vector By is also unique up to

multiplication with —1:

Proof. For r = K — 1, matrix Q, is a scalar with Q3 = 1 = Q4 = +1. So, full matrix Q
can be decomposed in a diagonal matrix with +1 entries and a permutation matrix that

has an entry of one in the very right bottom corner. This proves the uniqueness of the full
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matrix B apart from sign reversal of its columns and permutation of its first r = K — 1

columns. O

A.4 Proof of Corollary 2

0 B B
Proof. Let Q = @ be a K x K matrix such that BQ = 1y B2l has

Q4 By1Q1 BQq

the same structure as B, i.e. Byy@Q)y is still a lower triangular matrix. Thereby, it directly
follows that )4 is a lower triangular matrix itself. Moreover, because ()4 is orthogonal,
it is also normal and therefore diagonal. Any diagonal and orthogonal matrix has +1
entries on the diagonal. So, full matrix ) can be decomposed in a diagonal matrix D
having £1 entries and a permutation matrix P having an identity block in the lower right
(K —r) x (K —r) block. Thus, matrix B is unique up to multiplication of its columns with

—1 and permutation of its first r columns. O

A.5 Partial identification of A-model

Let B be unrestricted and partitioned as in Corollary 2. If B@Q should imply an observa-
tionally equivalent model with the same autocovariance function in the second moment of
the reduced form errors, it is Q = diag(Q1,Q4) with Q1 = D1 P, with D; a diagonal ma-
trix with £1 entries on the diagonal and P, a permutation matrix. For the corresponding

A-model this implies:

_ All A12
A= (BQ) L 7
A21 A22

with A1y = QB! + Q| By Bia(Bas — Boy By,  Bi2) ' Boy Byi' and A1y = —Q) By7' Bia(Bas —
Bo1 B! B1o) ™! (Magnus & Neudecker 2019). Hence, the first 7 rows of A do not depend on
@4 but only on Q1 = D, P;. Consequently, they are identified up to permutation and sign

switches. The structural model in A-model form reads:

P
Ay, =v+ ZAjyt—j + &4,
=1
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with 7 = Av and /Ij = AA; (j = 1,...,p). Consequently, the first r equations of the

A-model are identified up to permutation and sign switches.

Appendix B Estimation

B.1 Importance density

To derive the Gaussian approximation of the (unrestricted) IS density g (h1.|0, 1), we
closely follow the exposition of Chan & Grant (2016). We start with an application of

Bayes’ theorem which gives the zero variance importance density:
logp(hlzrlea 5i) X 10gp(£1:r|0a hl:r) + logp(hlzr)' (Bl)

The assumption of normality in both the transition and measurement equation gives:

log p(n.) o< — 1, Qs (B.2)

ro T
log p(e1.4+|0, hy.) Z Z —% (hit + 6?te_h“) ) (B.3)

i=1 t=1
Since the measurement equation is nonlinear in h;, the normalizing constant of the smooth-
ing distribution in equation (B.1) is not known. An approximate distribution, however, can
be obtained by a second order Taylor approximation of the measurement equation (B.3).

The corresponding partial derivatives are given as:

dlogp(eit|0, hit) L1, !
= —— —Ex t=: f; = = wrly ey J 1 )
Ohs 5 + 2%6 fit [ =(f 1 fi ,T)
0?1 it|d, h; 1 _ .
_ ogp(e;\ t) _ _glzte—hzt = ¢, = C=diag(clr,...,C1or),
ahlt 2 K b
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with fi,.. = [fit,..., fre] and c1.p = [c11, ..., ¢e). A second order Taylor approximation

around B§°2 then yields:

- - 1 - -
log p(ererlf, her) = J0gplens 0, hi0) + (iee = B2Y S = 5 (e = B2Y Clhy = i)

Lo / 7 (0) (B.4)
X __[hlerhliT - 2hl:r (f + Chl:r)]'
2 ~———

=:b

Combining (B.1), (B.2) and (B.4) provides an approximation of the smoothing distribution

which takes the form of a normal kernel:

1
1ng<h‘l‘97 €i> & __[h’ll:r (C + Q) hli?‘ - 2h’llrb]
2 ——
=Q

Consequently, the approximate smoothing density is:

(ye (hlzrm; 81:7‘) ~ N (57 Qil) ) with 5 = Qilb-

The restricted density 7§ (hi.-|0, €1.+) is constructed as outlined in Section 3. Note that
7& (h1.|0, €1.) yields a good approximation only if E§°} is chosen appropriately. In the
following, we sketch how the Newton-Raphson method is used to evaluate the IS density

at the mode of the smoothing distribution (B.1).

B.2 Newton-Raphson method

The Newton-Raphson method is implemented as follows: h;., is initialized by some vector
h§?2 satisfying the linear constraint, i.e. Ahhg?z = 0yx1. Then, hﬁll is used to evaluate Q, 9

and to iterate:

P = n) Q7 (~Qn) +b) =@ =3,

1 1or >

D = RUY QA (AnQ 1AL T ARLTY

for [ > 0 until convergence, i.e. until th{j” — hgll < ¢ holds for a specified tolerance level

E.
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B.3 EM algorithms

To fix notation, define the following quantities:

Y= (y1,...,yr) K xT,
A= A,... A K x (Kp+1),
e (/N | Kpx1,
Xy = 1,Yt0/>/ (Kp+1) x1,

X = (21,...,27) (Kp+1) x T,
y° = vec(Y?) KT x 1,

a = vec(A) [K(Kp+1)] x1,
U:=(uy,...,ur) K xT,

u = vec(U) KT x 1,
Vic1) == (exp(—h1),...,exp(—hr)) K xT.

Using this, VAR equation (2.1) can be compactly written as:
0 _
Yy = Za+ u,

with Z = (X' ® Ik).
This yields the following compact representation of the complete data log-likelihood:

£l0) o= T B = 3 (o = Za) (I © B7)'S; (I @ B7) (4~ Za)
- T 1 2 1 2 2 d 2
+ Z D) In(s;) + 9 In (1 - ¢z) T 9. [1 - sz] hiy + Z (hit — ¢ihi,t—1)
i=1 ’ t=2
+11n< T<1—¢%>—2¢@-(1—¢?)>}’

2 \(1-¢?) T2 (1 — ¢;)°
(B.5)

where X! = diag(vec(V(_1))) and the last term origins from the constraint imposed on the
prior (see equation (3.2)). In particular, it is obtained when multiplying out % In(A,Q1A}),

the normalizing constant of mo(Aphy..|0).
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The EM algorithm requires starting values, which we simply set:

a9 = ([(XX)'X] @ Ix) o,
B(O) = Spvec <B(O)> , with BO = (TﬁlUU/)%Qa and U =Y° — AX?

where () is a K x K orthogonal matrix uniformly drawn from the space of K-dimensional
orthogonal matrices. In case that r < K — 1, we postmultiply () with a fixed orthogonal

matrix Q, that rotates B such that the lower right (K —r) x (K —r) block of BOQ, is

lower triangular. Furthermore, we set the r x 1 vectors:

¢ =10.95,...,0.95],
5 =10.02,...,0.02],

which correspond to persistent heteroskedasticity with initial kurtosis of about 3.7 for the

estimated structural shocks é;,¢ =1,...,r.

A ~ /

!/
Based on starting values 00 = [d(o)/,ﬂ(o)/,gb(o) 807 the EM algorithm iteratively

cycles through the following steps for [ > 1:

E-Steps

Recall that the E-step is computing the expected value of the complete data log-likelihood:

Q(6;0"7) = Egun [L(0)],
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where the expectations are built with respect to the smoothing distribution p(hy.,|0¢", y).

The expected complete data log-likelihood is given by:

EG(Z—U [‘Cc(g)] x —Tln |B| - 1 (yO - ZO&)l (IT ® B~ ) E@(l 1) (]T ® B~ ) (yO — ZO()
= . l 1_¢2 _2¢z(1_¢T)
+Z{ In(s;) + 1 (1 ( o)
S; 1 r
X(l_—lQS?)> - 2_31 <[1 - gb j| E@(l 1) + tz; E@(l 1)
—2¢;Ega- [hithig-1] + &7 Ega-n [h7,_4] ) }

Therefore, we require computing the expectations of Eyu-1)[X, 1], with elements
Ee(zfl) [eXp(—hit)], Ee(lfl) [hft] = Varg(lfl) [hit] + (Eg(lfl) [hit])27 and
Ega-n [hithit—1] = Covgu-n [hit, hig—1] + Ega-v [hir] Ega-v) [Ri—1].

1. EM-1: Here, we compute the moments based on the Gaussian approximation of the

smoothing density 7¢ <h11r|0(l*1), 55{;1)). The first two moments are given by:

E(hlzr|0(l‘1),e(1l;1),Ahhm ):5 O AL (A, Q L AL) 1AL, (B.6)

Cov (m:rw(l—”, D), Ahhwzo) — Q7 - QM AL(A,Q T A) A0 (BT)

Computation of both variances Vargu-1 [hy] and first order autocovariances

Covga—n [hit, hisy1] can be obtained without computing the whole inverse of @ using
sparse matrix routines (Rue et al. 2009). An efficient implementation in Matlab is
available at the MathWorks File Exchange (see sparseinv by Tim Davis). Finally, we
compute:

E9(1_1) [exp(—hit)] = exp (_Eg(l—l) [hzt] + 0.5Var9(z_1) [hzt]) s (B.8)
which follows from (approximate) normality of hy.,.

2. EM-2: Here, we compute the corresponding moments by Importance Sampling. In
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particular, we approximate the moments by a Monte Carlo integral:

Ee(lfl) [g(hl’/‘)] = /g(hlr)p <h1:7’|€gl:;1)7 90_1)) dhl:r ~ R_l Z w(j)g(hgjv)")’ (Bg)

p(h100 e0)
me, (h2100D D)
that in practice, it is computationally more efficient to repeat the IS estimators of

(-1

where A is drawn from 7, (hlzr|«9(l_1),51:r ) and w(j) o . Note

equation (B.9) for each h;,i = 1,...,r separately. Furthermore, we recommend to
start iterating with EM-2 only after EM-1 has converged. To facilitate convergence
analysis, we compute the expectation always with the same underlying uniform ran-
dom numbers until convergence. We find that for sample sizes typically used in
macroeconomics (7'~ 500), one should choose R >> 10000 in order to guarantee a

sufficient level of accuracy. In our application, we set R = 50 000.

M-Steps

Conditional on the approximate smoothing density of log-variances h; (i = 1,...,7), we

update parameters of both state and measurement equation of the SV-SVAR model.

1. Update ¢; and s; fori=1,...,r:
Conditional on the moments of the approximate smoothing density we maximize the
expected value of the complete data log-likelihood (B.5) with respect to the state

equation parameters. Therefore, define:

2 2
G5 b [0 L] HG.3) = | 99 v
) 8¢/7 os' | .. ’ %L, 9°Lc
$=,5=5 0s0¢"  050s' /' 4§ 53

The detailed expressions for first and second derivatives of the expected complete data
log-likelihood are printed in Section B.4. Then, set qg(k) = ¢~ and 3 = 8"V and

update parameters using Newton-Raphson, i.e. set:

Cg(kJrl) _ Qg(k) B (H ((ﬁ(k)ﬁ(k)))_lVG <g5(k)a§(k))’

S(k+1) S(k)

>
>
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-

(k+1)

until is smaller than a specified threshold, e.g. 0.001. Then,

/\

8(k+1)
set o) = <Z5 k+1) and S(Z) S(k+1)-

2. Update a. Let Z = (X' ® If), then:

—1 N
with 51 = (1 ® Bl 1>> 51 (IT®B<H>) and 371 = Eyu_n[271].

3. Update 3. Recall 8 = Sgvec(B), define U = Y° — ADX and set:

@(l) :argénax E {50(5)‘/1(1)7 gg(l), §(l)’ y}

~

1
oc—Tln|B|—§vec(B LUYS vee(BID).

Finally, set 600 = d(l)/,ﬁ(l)',éa)/ 50 } [ =1+ 1 and return to the E-step. We iterate
between E-step and M-steps until the relative change in the expected complete data log-
likelihood becomes negligible. To be more precise, the algorithm is a Generalized EM

algorithm since the M-step of impact matrix B depends on VAR coefficients .

B.4 Derivatives expected complete data log-likelihood

The respective derivatives of the expected complete data log-likelihood (B.5) are given in
the following. If a certain cross derivative is not stated explicitly, it is zero. Define S,,; =

1 E[hit)? + Var(ha), Syyi = Yo Elha)? + Var(hy) and Suyi = 32 Elha|Elhis—1] +
COV(hZ‘t, hm_l), and:

si T(—¢) 20 (1-9¢]) s o
(1—¢?) T2 (1 - ¢,)’ T(1-67) " (1 ¢2Z ne

Jj=1

C;, =
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Then, the complete set of first and second derivatives are given by:

oLO)] T  1—¢7 5 1 ) dilng;
E { 9s: | 2s, + 252 E[hu] 28?(Syy,z 20iSay,i + 7 Sza) + 9,
oL.(0)] oy gzﬁl 5 1 1 dilng;
B[ T5a | =~ BRI S S+ T
[0°L.(0)] Bi i1 9 1 9?3 In¢;
E I 8@83@ ] - __ZE[hZI] - gsxy,i + S_?wa,ngz + a¢ZaSZ ;
[O%L.(0)] T 1 9*Llng
E ass )| - 55~ 5 Sui = 280060 + 01 S + (1 = )EIY]) + —25—,
. [0°L(0)] _ Sawi 1+ N E[h?] N 9?3 Inc;
| 097 | si (=072 s a¢;
where the derivatives with respect to %ln ¢; are given by:
Oilne, 1 0¢; 1 1 2 Tl(T ) o
= 5. 9. =) —J) 77 = |
(%i QCi 8si 2 C; (1 — ¢2) T2 et (1 — ¢12)
oL nc; « . (= it i+
51nc :i@cZ _ 2¢; EZ(T 5) Cb ) ¢ 5.
Ipi 2¢; 06 2¢; \ T(1—¢?)? T s -7 (1—¢7)

PLlng 1 20; 2 2 T A 1 9dc; Oc;
p NG _ L LQ_F_Z(T_” JPi 2 + 2¢; 2 _ 28_6(9_0’

82% In¢; 1 [0¢\>
02 2 (3_«9) ’

9?3 Ing; 1 0%¢ 1 /9 \?
007 2¢,007 20 <%)

a%@_5(2u+3ﬁ>
2

(i =2y
S ].)((j—wz-? 261 20+ 8ol ))

00}

+

B ¢ A-@R U-@r 1-ap

=1

<.

Furthermore, let E[X;'] = B~VE[V,'|B~! whereas E[V;"| = diag (E[V;;'], Ix_) and
E[V;'] = diag (E[exp(—hy,)], ..., Elexp(—h,)]). Thereby, E[exp(—hy)] is obtained using
(B.8) for EM-1 and (B.9) for EM-2, respectively. Moreover, let 5 = Spvec(B), a = vec(A),
X, = (2,®I), such that vec(Az,) = X, and KK be the K2 x K? commutation matrix.
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Then, the first and second derivatives of (B.5) with respect to o and f are given as:

B.5

T (B—l ® [B*}’) K55 -3 (e, @ B[Z, )

t=1

_ (Z (B @ E[2; ue,) + (gtu;E[zg] ® [B‘l]/>> K(KK)] St

t=1

Inference on impulse response functions and variance de-

compositions

Following Liitkepohl (2005), the IRF's are elements of the coefficient matrices ©; = ®;B in

the Vector Moving Average (VMA) representation of the model:

Yt = My + ngith
i=0

1
where ¢, = V;?n, are the structural shocks, u, = (Ix —A;—...— A,) 'v is the unconditional

mean of y; and @; € REXK (7 =0,1,..

.) is a sequence of exponentially decaying matrices
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given as: ¢; = JA'J with J = [I,0,...,0] and:

A Ay L Ay A,

Ix 0 ... 0 0
A=]0 Ix 0 0
0

0 0 Ix 0

The elements of ©;, ©;;’s are the impulse response functions in variable j to a structural
innovation k after ¢ periods.

We conduct inference on the estimated quantities O, based on their asymptotic distri-
bution. Given that the IRFs are nonlinear functions of the model parameters, the distribu-
tion can be inferred based on the result that TV2(6 — 6) 5 N(0,Z(6)71). Let a = vec(A)
with A = (Ay,...,A,), i.e. the intercept v is not included in « only in this subsection,

B = Spvec(B) and partition the asymptotic covariance matrix of 0 into:

b)Y

Ya 2a
Z0) ' =%g= 2,5 Zas s

Yvg Yag Lge Yo
Yis s Ups Nps s

Asin Briiggemann et al. (2016), an application of the Delta method yields the asymptotic

distribution of the structural impulse responses:
VT(0, - 0,) S N(0,Zg), i=0,1,2,...,

where:

Zéi = CLQZQCZ{’(X + CZ-ﬁZgC{ﬂ =+ C@QEZXWBCZ{’B + Ci,gEa,/ng

7,000

i—1

with Cpa = 0, Ciq = 29900 = (B' @ I5)G; and G; = 220 = S~ [J(A/)=11] @ &, for
j=0

i > 1. Finally, C;3 = mgc—é,@i) = (Ix ® 9;)S% for i > 0. Similarly, for the accumulated
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n
structural impulse responses =, = > O;, we get:
i=0

ﬁ(an—zn) LNO0,5:), n=012.. .,

where:
Ye = P.YoP, 4+ P.YsP, + P,X, 3P, + P,Sa s P,
with P, = (B' @ I)Fay Fy = 0, Fy = Gy + -+ G, Py = (Ix @ 0,)Sp and ¥, = 3. &,
Since we also consider structural impulse responses that are normalized to unitgfionote
that the Delta method yields for ©f = &,B* (i = 0,1,2,...) and B* = BB with B =
diag(1gx1 @ b), b = diag(B) and @ being the elementwise division:

\/T(é);‘—@;‘) LN0,Dg,),  i=0,12,...,

where:
E@: = Ci,a* EQC’L{,a* + 01,5*2502”3* + Ci:a*E;,,BCZ{,IB* —|— Ci,ﬁ* Eavﬂcl(,a’H

b ® b])G%]Ss, Gk a selection matrix such that vec(D) = Ggd for a diagonal matrix
D = diag(d) and ® being the elementwise multiplication.

The proportion of the h-step ahead forecast error variance in variable k that is accounted
for by innovations in variable j is denoted by:

h—1

Chjh = Z(egg@iej)Q/MSEk(h)a

1=0

h=1
where e; is the j-th column of Ixx and MSEy(h) = ) e, ®;BB'®e;,. Corresponding stan-

i=0
dard errors can be obtained by a slight modification of the Delta method used in Liitkepohl
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(1990) for k,j=1,...,K and h > 1:

\/T (ﬁkj,h - ij,h) i> N (O, Eékj,h> , with

S, = drjnSady;, + ka,hzgciggj,h + cikj,hza,ﬂd;j,h + dkj,hz’aﬁci;jﬁh,

Ckj,h

h—1 h—1
dijp = 2 Z [MSEk(h)(e;@iej)(e;B’ ® e)Gi — (€,0:¢5)° Z(e%@mBB' ® e;.)Gm

m=1

/MSE;(h)
h—1

djn = Z IZMSEk(h)(ez@iej)(eg ® e} ®;) — (€,0,¢)* <Z e P @ €, Py, >

1=0
S / MSE: (h) ,

and K(55) being the K? x K? commutation matrix.

(K(K,K) + ]KQ) (B® Ig)

Appendix C Tests for identification

In this part, we quickly describe the tests for identification via heteroskedasticity proposed
by Lanne & Saikkonen (2007) and Liitkepohl & Milunovich (2016). Recall the following
sequence of tests:

Hy:r=mrg Vs Hi:r>nrg. (C.1)

Suppose that rg is the true number of heteroskedastic errors, and separate the structural
shocks &, = B7lu; = (&),,€),) into a heteroskedastic part ; € R™ and homoskedastic
innovations ey, € RE~"0. Under the null (r = rg), e ~ (0, Ix_,,) is homoskedastic white
noise. To test for remaining heteroskedasticity in ey, Lanne & Saikkonen (2007) propose
to use Portmanteau types of test statistics on the second moment of €5;. In particular, they

construct the following time series:

T
pr = Ep€0s — T Z S (C.2)

t=1

¥ = vech(egey,) ! Z vech(egey,), (C.3)
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with vech(+) being the half-vectorization operator as defined e.g. in Liitkepohl (2005). Based
on these time series, autocovariances up to a prespecified horizon H are tested considering

the following statistics:

where 5(h) = T" S/, pepe—n and T(h) = TS5 99, Tt is shown that under

the null, Q,(H) % y2(H) and Qs(H) -5 2 (L1H(K —ro)*(K —ro + 1)?). Alternatively,

Liitkepohl & Milunovich (2016) propose a test based on the auxiliary model:
1§t = (5(] + Dlétfl + ...+ Dngtfh + ét, (C6>

where J, = vech(ege),). Under the null hypothesis, Dy = ... = D, = 0, and a standard
LM statistic is given by:

LM(H) = %T(K — 7o) (K — 7o+ 1) = Ttr[S:I(0)7"],

where f]g is the estimated residual covariance matrix from auxiliary model (C.6). Under

the null, the test statistic converges to LM (H) -5 2 (FH(K —r)*(K —ro + 1)%).

Appendix D Complementary results
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Figure 2: Complete set of standardized IRFs with 90% confidence intervals (solid lines).
For comparison, we also provide estimates identified by alternative volatility estimators:

MS(2) (triangle), MS(3) (circles), STVAR (diamonds) and GARCH (stars).
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