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1 Introduction

Can we depart from full information rational expectations (FIRE) in a flexible and standardised
manner that is consistent with empirical evidence from macro, micro, and behavioural economics?
This question has renewed focus given that the recent heterogeneous agent New Keynesian (HANK)
literature emphasises the need to match both microeconomic evidence and macroeconomic dynamics,
particularly hump-shaped impulse responses to monetary policy shocks, simultaneously. While Auclert
et al. (2020) propose sticky expectations as a solution to generate persistence in macro humps, this
approach tends to reduce amplification — a feature highlighted by Albuquerque et al. (2025) when
trying to match large impulse responses. Further, the approach ignores microeconomic evidence
that agents not only update their information and expectations infrequently, but in forming their
expectations also tend to extrapolate from current conditions.

Taking stock, this paper proposes a semi-structural departure from rational expectations based
on the micro-founded empirical framework of Kohlhas and Walther (2021). Their reduced-form spec-
ification captures how actual expectations deviate from rational expectations through two channels:
extrapolation from current conditions and underreaction to news. Our main contribution is to flexibly
implement this behavioural expectations process in the sequence space framework for the solution and
estimation of DSGE and HANK models developed by Auclert et al. (2021), allowing for tractable
incorporation of non-rational expectations into complex, quantitatively rich models. In so doing, we
develop a fast and flexible algorithm that solves for these alternative expectations processes in seconds
as a function of the rational expectations solution.! As we show when laying out our theoretical
framework, our implementation of the process building on Kohlhas and Walther (2021) is best un-
derstood as a generalisation of sticky-expectations and informational rigidity models to a richer case,
such that whenever agents infrequently update their information set they incur a further bias from
over- or under-extrapolating from current macroeconomic conditions.

Our framework delivers four key advantages. First, it offers a clean mapping from empirically es-
timated expectation parameters to quantitative macro models. Second, it allows agents to simultane-
ously overreact or underreact to current outcomes while underreacting to news about future economic
conditions — the joint pattern documented in survey data. We further show, for a general class of
hump-shaped impulse responses, that the synergistic interaction between stickiness and over-reactive
extrapolation is necessary and sufficient to generate dynamic overshooting — the pattern documented
by Angeletos et al. (2021) as critical for expectations frictions to drive endogenous amplification of
macroeconomic shocks. Third, it nests as special cases the leading alternative models: FIRE, sticky
information, noisy information, asymmetric attention, cognitive discounting, and extrapolation, en-
abling direct model comparisons. Fourth, it is internally rational in the sense of Adam and Marcet
(2011): agents optimise given their subjective beliefs, expectations converge to rational expectations
in the long run, and a law of iterated expectations holds so that forecast errors are orthogonal to
agents’ own projections. Putting this together, by including just two extra parameters we can open
up the estimation of a DSGE model in the sequence space to capture a wide range of behavioural
frictions in a tractable manner, that a FIRE or purely sticky model could not capture.

We demonstrate the usefulness, speed, and flexibility of our approach by applying it to the two-
asset HANK model of Auclert et al. (2020). The authors in that paper advocate for sticky expectations
in order to produce empirically consistent hump-shaped impulse responses of macroeconomic aggre-
gates while maintaining empirically realistic marginal propensities to consume. Their IRF matching
approach calls for a considerable degree of stickiness in household expectations.? We estimate this
model more generally by allowing for departures from rational expectations outside of the household
sector, and jointly estimate the model’s dynamic and behavioural parameters on US business cycle
data using a full-information Bayesian maximum likelihood approach. We also incorporate survey
expectations data into the estimation explicitly. We compare the properties of the model estimated

'Repository link: https://github.com/s0840389/Flexibile_Deviations_SSJ/tree/main

2Kaplan et al. (2018) discuss how household consumption problems depend on a larger set of inputs — wages, taxes,
and so on — than the RANK equivalent, where the direct real interest rate channel dominates. This makes a HANK
model a more natural setting in which to apply our algorithm, since expectations over a broader array of prices matter
more for general equilibrium outcomes.



under: (1) FIRE; (2) calibrated behavioural parameters based on the empirical evidence of Kohlhas
and Walther (2021); (3) estimated behavioural parameters using US business cycle data and survey
expectations data; and (4) estimated behavioural parameters using US business cycle data without
survey expectations data. To the best of our knowledge, we are the first to estimate a HANK model
jointly on macroeconomic and survey expectations data and to do so with a behavioural expectations
process.

Approaches (2), (3) and (4) all deliver statistically significant improvements over FIRE in terms of
model likelihood and the qualitative properties of the model’s impulse responses. Notably approach
(1) and (2) estimate the same number of parameters. When comparing root mean squared errors
(RMSE) and autocorrelation functions, however, FIRE still performs well outside of the first few
horizons. This is consistent with the main contribution of the behavioural expectations process lying
in the generation of more realistic impulse responses to shocks, particularly in the first few periods
after a shock. Overall across model validation exercises approach (3) that estimates the behavioural
parameters jointly with the other dynamic and shock parameters and includes survey expectations
data performs best.

Approaches (3) and (4) estimate the behavioural parameters jointly with the other dynamic and
shock parameters. When survey expectations data are included (approach (3)), the estimated be-
havioural parameters are consistent with the empirical evidence of Kohlhas and Walther (2021) of
simultaneous overreaction to current conditions and underreaction to news. Both approaches, how-
ever, call for a considerably greater degree of stickiness than the micro empirical evidence suggests,
in line with the stickiness parameters estimated in macro studies such as Auclert et al. (2020) and
Albuquerque et al. (2025). Despite this, approaches (3) and (4) capture reasonably well the dynamic
response of household and professional inflation forecast errors relative to the data, indicating that
the higher stickiness parameters are not inconsistent with the final combination of model, data and
dynamic empirical forecast errors.

In terms of the other dynamic and shock parameters, we do not find large differences between
the FIRE and behavioural specifications. Perhaps disappointingly the behavioural models do not
significantly reduce the model’s reliance on exogenous shocks to explain the data. We also note that
behavioural frictions do not map to reductions in other real and nominal frictions. This suggests
that the behavioural frictions are not simply substitutes for other frictions in the model but rather
a complementary source of amplification and persistence, with the determination of dynamic and
behavioural parameters reflecting the deep interaction between the model’s structure, its impulse
responses, and the data.

Approaches (2) and (3), which embed stickiness and extrapolation, generate amplified, delayed, and
persistent impulse responses relative to FIRE. The extrapolation channel increases the peak response
of GDP and inflation to a monetary policy shock significantly relative to the purely sticky case.® As
most HANK models are not fully estimated on business cycle data or indeed with the behavioural
frictions that allow it to best match broader macrodynamics, in a final exercise we show that the
impulse response properties of the model estimated on US business cycle data (1978-2018) are more
consistent with the estimated empirical impulse responses to monetary policy based on the Romer
and Romer (2004) series than the more amplified, state-of-the-art impulse responses of Bauer and
Swanson (2023).

1.1 Related Literature

This paper relates to literatures spanning behavioural macroeconomics, particularly the role of ex-
pectations and informational frictions, heterogeneous agent business cycle models, and expectation
formation. Our main theoretical and technical contribution is to flexibly embed the general properties
of these literatures into a mainstream macroeconomic solution method.

A growing body of empirical evidence documents systematic deviations from rational expectations
in survey data and provides suggested micro-foundations for those deviations. Coibion and Gorod-
nichenko (2015) find evidence of information rigidity in the expectations formation process akin to

3By a factor of approximately 2-3 in the calibrated case of approach (2) and 1-2 in the estimated case of approach

3)-



the sticky expectations of Mankiw and Reis (2003), showing that forecast errors are predictable using
past information. Kohlhas and Walther (2021) document that households, firms, and professional fore-
casters simultaneously underreact to news and overreact to current conditions. Bordalo et al. (2018)
propose diagnostic expectations where agents overweight recent news. Adam et al. (2024) studies
the household response to house price movements and documents initial underreaction followed by
overreaction, explaining this through extrapolative expectations. Importantly, Angeletos et al. (2021)
document a new stylised fact that unifies much of this seemingly conflicting evidence: in response to
the main shocks driving the business cycle, expectations initially underreact but subsequently over-
shoot actual outcomes. They show that this pattern of dynamic overshooting speaks in favour of
models combining dispersed, noisy information with overextrapolation. We formally show that the
developed expectations formation framework (i) nests under-reactive expectations models, and (ii)
contrary to the latter is able to help sustain dynamic overshooting on the part of agents—a critical
feature informing the map from aggregate shock processes to equilibrium outputs through the SSJ
implementation.

Our approach is implemented in the sequence space using the methods of Auclert et al. (2021).
Auclert et al. (2020) and Bardéczy and Guerreiro (2024) show how this solution method can be
extended to accommodate departures from FIRE: Auclert et al. (2020) implement sticky expectations,
while Bard6czy and Guerreiro (2024) provide a general treatment of how the sequence-space method
can be applied under deviations from FIRE, combining noisy information, diagnostic expectations,
and long-term memory to study the expectations channel in the design of unemployment insurance.
As in their work, our framework maintains the internal rationality of Adam and Marcet (2011). We
build on their generalisation by mapping it to the reduced-form specification of Kohlhas and Walther
(2021), which we argue provides a specific, empirically grounded, yet sufficiently flexible departure
from rational expectations that approximates the leading alternative models as special cases. We
further derive the behavioural block Jacobian in closed form directly from the fake-news matrix of
Auclert et al. (2021), yielding a fast and modular solver that delivers the behavioural solution block
by block.

Angeletos et al. (2025) study the transition from RANK to HANK models without the assumption
of full information rational expectations, and similarly try to distil multiple expectations processes
into a framework that captures the essence of each. Their work highlights how the interaction be-
tween household heterogeneity and departures from FIRE shapes the transmission of aggregate shocks,
emphasising that the quantitative implications of HANK models depend critically on the assumed ex-
pectations process. Our paper complements their analysis by providing an estimated quantitative
framework that disciplines the expectations process with survey data, and by showing how the specific
combination of sticky expectations and extrapolation affects both the amplification and persistence of
impulse responses in HANK models.

Relating more broadly to the HANK literature, Auclert et al. (2020) argue that departures from
rational expectations are key to simultaneously matching the macro and micro evidence in the cali-
bration of HANK models. They rely upon sticky expectations in their application, which we compare
to both quantitatively in terms of model estimation against both empirical IRFs and US business
cycle data and theoretically, as the proposed behavioural expectations model robustly nests and ex-
tends their focus on macro-inattention by incorporating extrapolation from current conditions as a
source of further bias, above and beyond the Calvo rigidity, whenever agents update their information
sets. Albuquerque et al. (2025) directly leverages the methodology outlined in this paper in order to
match the simultaneous response of house prices and rents to a monetary policy shock in a HANK
model, where they find sticky expectations insufficient to generate the requisite amplification and
hump-shaped dynamics, and instead require a combination of sticky expectations and extrapolation
from current conditions to match the empirical evidence.

Finally, this paper contributes to a growing literature that uses survey expectations data as observ-
ables in the Bayesian estimation of DSGE models. Pioneering work by Del Negro and Eusepi (2011)
showed that including SPF inflation expectations among the observables provides strong discrimi-
nating power between alternative models of expectations formation, significantly improving model fit
and helping to pin down the behaviour of latent expectation processes. Del Negro and Schortheide



(2013) demonstrated that incorporating survey forecasts into DSGE model estimation improves out-
of-sample forecasting performance. Slobodyan and Wouters (2012) estimate a medium-scale DSGE
model with adaptive learning and find that the beliefs implied by learning are more closely related to
survey evidence on inflation expectations than those under rational expectations, while also reducing
the estimated persistence of exogenous shock processes. Our contribution to this literature is twofold.
First, we estimate a HANK model in the sequence space—rather than the state-space representative
agent models that dominate the existing literature on estimation with survey observables. Second,
we allow for differences in expectations formation between households and firms—this directly lever-
ages for identification purposes the modular nature of our framework and SSJ solver, allowing for
asymmetric departures from the FIRE benchmark within different blocks of the DSGE model.

2 Generalised Expectations Framework

Our framework captures the key insight from Kohlhas and Walther (2021) that agents may simulta-
neously over or underreact to current conditions while underreacting to news about the future. We
do so using a small number of reduced-form parameters. We start from the reduced-form regression
equations of Kohlhas and Walther (2021) that express the forecast errors of agents about an input z,
k periods ahead, as a function of observations of z today and news about future z.*

Topk — fittern = o + 2+ 6(fivein — Fror@eanr) + € et (1)

The parameter v captures extrapolation from current conditions (the “Extrapolation” effect), while
d captures the reaction to news (the “News” effect). In empirical applications statistically significant
differences from zero in either + or § are a rejection of the rational expectations hypothesis. Studies
such as Coibion and Gorodnichenko (2015) consistently find that ¢ is statistically significant and
greater than zero even for professional forecasters, indicating a tendency to underreact to news about
future economic conditions. Kohlhas and Walther (2021) further demonstrate that not only is § > 0
consistently across surveys and agent types, but simultaneously 7 is consistently and statistically
significantly less than zero, indicating that agents overreact to x; today while underreacting to news
about future z;;,. Coibion and Gorodnichenko (2015) show that for the case v = 0, the reduced
form of equation 1 is consistent with either sticky expectations, where agents update their forecasts
infrequently, or with a noisy information setup, where agents observe x with measurement error. For
the more general case v # 0, Kohlhas and Walther (2021) show that equation 1 is consistent with
asymmetric attention, whereby agents pay different levels of attention to different components of news
about x.

By remaining agnostic about the precise micro-foundation, our reduced-form approach is flexible
enough to nest several prominent models from the literature. Beyond the sticky information and noisy
information frameworks discussed by Coibion and Gorodnichenko (2015), the specification accommo-
dates Bordalo et al. (2018)’s diagnostic expectations — where agents overweight states made more
likely by recent data — through v, which reflects the overweighting of salient current information. The
framework is also consistent with extrapolative expectations, where agents project recent trends into
the future. Where v and § are allowed to vary by input z, it can also approximate rational inattention
models, where agents optimally choose to remain uninformed about certain aspects of the economy
due to information processing costs. Finally, by allowing § to be time-varying we can implement
cognitive discounting, where less weight is given to news further ahead in time. This flexibility allows
the specification to remain agnostic about the precise source of departures from rational expectations,
while capturing the key asymmetric patterns in attention and updating that characterise different
expectations processes.

4As is typical in this literature, news about future « is proxied empirically by the average forecast f of x in the current
and previous period.



2.1 Implementation in the Sequence Space and the Behavioural DSGE Solver

We now describe how to map the reduced-form equation 1 into the sequence space so that we can
apply the framework of Auclert et al. (2021) under this more general expectations process. For ease of
exposition we focus on the case of constant § and -, which can be relaxed as shown in Appendix A.5.
These parameters can also vary by input z as required or supported by the empirical evidence.

2.1.1 Behavioural Forecast and Forecast Mappings

The first step is to derive a forecasting equation for . We take expectations® over equation 1, assuming
no correlation of €; ;4 across agents. Rearranging yields the average k-period-ahead forecast of z:

_ 1 _
JiTeik = c+ 115 (0ft1@eqn + Ef[wrik] — ) (2)

where ﬁmt+k = E[fuwri+x] and E* is the expectations operator conditional on the full information
set for x. Since in the sequence space this information set coincides with the time-zero one, this is
equivalent to perfect foresight, and we suppress the operator in the derivations below. We additionally
assume: (1) agents have unbiased expectations in the steady state, i.e. ¢ = ﬁxss; (2) for some large
T, agents expect a return® to the steady state zs; and (3) a law of iterated expectations holds
for agents, so that they do not expect to make forecast errors. Together these assumptions ensure
agents are internally rational in the sense of Adam and Marcet (2011), as set out in appendix A.2.
Agents optimise given subjective beliefs that are unbiased and stationary in the long run ((1)—(2)) and
subjectively consistent in that agents do not forecast their own errors (3). The friction therefore resides
entirely in how the subjective measure is formed—through infrequent updating and extrapolation—
rather than in any failure of agents to act optimally given it. In particular, assumption (3) holds
with respect to each agent’s own information set and subjective measure, and is fully consistent with
forecast errors that are predictable under the objective DGP: the over- and under-reaction induced by
~ and 0 are visible to the econometrician but, by construction, orthogonal to agents’ own projections.
Under these assumptions it can be shown in appendix A.1 that, at a first-order perturbation around
the steady state, the law of motion for the behavioural forecast is:

_ 1 _
frdry g = 155 (6 fi—1daign + dayyy — vdy) .

This can be rewritten as:

Stickiness: P(2; = Q¢—1) Pr. update
0 1
fedxi i = — fi _1dx ——  (dxppp — yday) .
JtdTiik 116 Jt—1dzeyp + 16 (dzit — ydre)
The forecast at time t is a weighted average of the previous period’s forecast — arising from Calvo-
style stickiness with weight §/(1 + ¢) on information updates — and the innovation made by the

fraction 1/(1 + §) of agents who update at the start of this period. Contrary to the purely sticky
case, updating agents still make a forecast error through extrapolation, —vdx;, from the economic
conditions prevailing when they update. We can express the same dynamics in terms of a law of
motion for the forecast error on aggregate input = at some fixed future period ¢t + k. The forecast
error is:

htF = dzyg — frdn.

Using the law of motion for the forecast, this implies, for all ¢, k:

) 1 a
Rtk — (1—4%5) dxsyg + m(’}/dl't — 0 fi1dxy)

5The natural application is to average over all households, though the same logic applies to distinct groups as long as
expectation differences are permanent. This is consistent with the block-level aggregation in Auclert et al. (2021), which
combines policy function choices with distributional dynamics.

5This implies that equation 2 holds for k < T and that the model must converge to .. in general equilibrium.



0 0 1
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1+06
t+k g t+k 1
hy = hi™ +—— vdxy (3)
posterior forecast error prior forecast error extrapolation

The forecast error at time t is a weighted average of the prior forecast error and extrapolation from
current conditions (ydxy), with weight 6/(1+3). The forecast error therefore evolves as a weighted av-
erage of past forecast errors and current extrapolation — a structure analogous to a filtering algorithm
from the econometrician’s perspective.

Whether extrapolation or the prior forecast error dominates depends on the degree of stickiness:
as § — 00, the forecast error law of motion approaches a unit root process, and extrapolation from
current conditions ceases to matter. More formally, modelling the updating process as i.i.d. Bernoulli
trials with success probability (1 — @), where

> 0

s=0

is the expected number of periods before agents update,” the law of motion for the forecast error can
equivalently be written as:

hy™* = Ot + (1 = 0)yday. (4)

The two behavioural channels interact in complementary ways. The news-revision parameter § sus-
tains inertia in forecast revisions over time, while extrapolation (with v < 0, i.e. overreaction to current
conditions) makes the forecast error depend pro-cyclically on current conditions. This interaction is
key to the model’s ability to generate stronger endogenous amplification at similar levels of inatten-
tion, while preserving the hump-shaped dynamics familiar from inattentive-agent models. Finally, for
bounded positive 0 (so that 6 lies within the unit circle), the forecast error converges to zero along any
non-stochastic path where aggregate shocks have settled to zero (see Assumption 4 in Appendix A.2).

2.1.2 Backward solution and behavioural forecast mapping

To derive the general equilibrium SSJ solver, as in Bardéczy and Guerreiro (2024), we construct a
mapping &; : dX — X*7 = A, dX from the space of true aggregate input sequences dX to the space
of time-7 expectations on the path of inputs dX*7. Starting from the steady state, we trace how the
forecast of x = x4s + dxy evolves as we move from period 0 (when shocks first hit) to period k:®

de’o

fOxk Tss t+ d(l?k -

1 Y
1456 146

1 ) y 6
110 (1+5)2)dx’“ T+~ Ay o™

_ t 5 t—j t—j 1
ftxk:xs”;)(ur&) 1+5 72(1+5> T+ oi 5)

For t < k, the first sum represents the news effect, which grows over time and asymptotically converges
to perfect foresight for § > 0. With bounded d, so that there is always a positive probability of
updating, almost-sure asymptotic rationality is equivalent to the set of never-updating households

flmk = Tss + (

"The number of periods s elapsed before a single household updates, and under a law of large numbers the fraction
of agents who last updated s periods ago, follow the geometric distribution with failure probability 6.

8This is shown in Appendix A.1.

9Noting that for any t:



having measure zero.!® The second sum captures the extrapolation effect: agents extrapolate from
observed realisations of x up to period k, with greatest weight on the most recent observations.
Forecasts are therefore linearly decomposable as a function of the history of x and news about future
x.

This backward solution for the linearised forecast forms the basis for the mapping from actual
aggregate input paths to time-varying expectations used to construct the sequence-space DSGE solver.
Letting dfixy = fixr, — x4, equation (5) can be rewritten as:

t t—1g

- 1 0 J

dfive = 1752 . (m) (dey = vde;)
J:

¢
dfixy = (1-0) ) 0" (duy — ydzy) (6)
j=0
where we have used the identification of 4 with the macro-inattention parameter 6 from above. Sim-
ilarly to Auclert et al. (2020), the average behavioural forecast can be viewed as the cross-sectional
average of forecasts from agents who differ in the time they last updated, where =7 is both the
probability of not having updated for the j periods preceding ¢, and — under a law of large numbers
— the fraction of agents who last updated at ¢ — j. Relative to pure sticky expectations, agents in
the behavioural framework who update their information sets incur a further bias from pro-cyclical
extrapolation from current conditions at the time of updating, —yx. Suppressing this extra bias, as
noted in Coibion and Gorodnichenko (2015), yields the nested purely sticky case.

2.1.3 Generalisation of the Sequence-Space Jacobian to Linear Forecast Mappings

While the original SSJ framework relies on a FIRE assumption for constructing the Jacobian J of any
given forward-looking agent block — such to identify inputs path with the perfect foresight equilibrium
path — as Barddczy and Guerreiro (2024) point out this can be viewed as a restriction of a more
general case in which forecasts themselves enter as inputs in the forward looking agents’ problems in
an augmented space of sequences (X,Z, U) — (X,X¢ Z,U).!! In theory, given the derived laws of
motion for forecasts over the sequence space, one could thus always explicitly solve for an augmented
Jacobian with respect to both realised inputs and forecasts J (dX,dX¢) — dY. However, this
strategy would prove soon computationally very expensive, particularly so when departures from
FIRE involve multiple blocks, include heterogeneous agents one, or are time-varying — all of which are
supported in the proposed framework. A brute force approach here would substantially slow down
the solution and consequently hamper scalability to structural estimation through modern Bayesian
methods.

Expectations revisions as iterative Fake-News shocks. We propose a solver that generalises
the SSJ approach of Auclert et al. (2021) to accommodate departures from FIRE, operating under the
assumptions of (i) internal rationality and (i) the existence of a linear approximation dX®" = A,dX
to the expectations process around the steady state mapping realised inputs dX to expectations dX®*
in force at time t. The solver is based on the insight that, under internal rationality and particularly

it follows from the Neumann Series Lemma that

t t—j oo j —1
. 1 ) / 1 5y 1 )
tli‘Eo1+5_=0(1+5) _1+5;(1+5) _1+5(1_1+5) =t

J

0 his follows from the first Borel-Cantelli Lemma:

E P(A;) < o0 — P(liminf A;) < P(limsup A;) =0,
- J j
J

where A; is the set of households who fail to update for j consecutive periods and P is the associated probability measure.
H1n Appendix A.3 we relate our derivation which builds on the Fake News matrix to the generalised derivation of
Bardéczy and Guerreiro (2024).



the assumed law of iterated expectations, the behavioural Jacobian J can be expressed as a function
of the Fake-News matrix'? with respect to the realised or perfect-foresight inputs only. The key object
is the forecast unlearning matrix Py, which computes the impact of the iterative unlearning of prior
forecasts as new expectations are formed at time h. The core economic logic is threefold, exploiting
the fact that because the fake-news matrix is a partial equilibrium object, it does not matter whether
the shocks it maps are realised shocks or shocks to expectations:

1. Under internal rationality, at any time ¢ shocks to future expectations formed at s > t are
unanticipated and therefore have no impact at ¢.

2. For the same reason, shocks to expectations at time ¢ unanticipated at ¢t — 1 are equivalent to a
new set of time-zero shocks. Because the end of period distribution is a pre-determined variable
when these hit, their impact is through the adjustment of optimal policies only — that is, the
first row of the Fake News matrix.

3. At time ¢, once off shocks to expectations at time ¢ — s for s s = 1, ..., ¢ has no impact on optimal
policies at time ¢t. However, they have an impact on current aggregates via the adjustment
caused to the end of period distribution at ¢ — s — forecast unlearning is the same as a fake-news
shock: expectations on shocks announced at ¢ — s are retracted or unlearnt at t — s+ 1. Because
at time t — s shocks to expectations at that time are like time-zero shocks, then the impact of
unlearning them at ¢t — s 4+ 1 is captured by the (¢t — s) — th row of the fake-news matrix.

The overall intuition can be stated as follows: iterative forecasts revisions between successive
periods t — 1,¢ are equivalent to iteratively unlearning the previously held forecast at the end of the
previous period and learning a new forecast at the beginning of the current period. The impact can
thus be decomposed into two channels: (i) the unlearning of prior forecasts, that is retracting at the
beginning of time ¢ expectations news previously announced at time ¢t — 1 — this is essentially a fake-
news shock in Auclert et al. (2021) which propagates through the distributional dynamics; and (ii)
the impact of newly formed forecasts, which propagate through the first row of the fake-news matrix
as if they were time-zero shocks. The fake-news matrix therefore spans the mapping from shocks to
expectations to the impact on aggregate outcomes.

Generalised SSJ solver. To build intuition more formally, consider the following stylised deviation
from FIRE: agents make forecast errors in period zero but converge to FIRE immediately afterwards —
the set of forecast matrices is thus {Ag,I,...}. With the initial distribution pre-determined on impact
and internally rational expectations, agents do not anticipate reversion to FIRE in the next period and
the response of aggregates is through the adjustment in optimal policies only: dYy = Yy = FoAedX
as in Auclert et al. (2020). By contrast, at the beginning of t = 1, the aggregate response is:

_0dYi | 9dv;
- 9X§  0X¢
= .7:17; AodX + [0 ]:0,;_1] dX,

~~ N————

dD1|dX€*0 dy1|dX971

dy; = FiodX§" + F1.dX20, + Fo,1dX 2,

Forecast revision between periods 0 and 1 is thus a mixture of two shocks: an unanticipated
and hence time-zero like shock to optimal policies, and a fake-news shock to the beginning of period
distribution equivalent to the impact of unlearning or retracting the previously held forecast. Suppose
reversion to FIRE now occurs instead at ¢t = 2, then:

12Recall from Auclert et al. (2020) that for some scalar-valued shock dz — 0 of the s-th period input with all else kept
the same, the (t,s) element of the fake-news matrix F is defined as (eq. 18):

]:t,sdfﬁ = dYt,s - d}/t,s—l = (y;sA/ss)(th,s - th—l,s—l) = ySS(A’ss)t_lle,S

where dD; s is the change in the end-of-period distribution at ¢ = 1 from a shock to the s-th period input. Hence the
(t, s)-th element captures the impact on the aggregate outcome at time ¢ of learning at time zero a shock the s-th period
input and unlearning it at the beginning of period 1.



dYo = .FQﬂ;AOdX + flﬂ;AldX + [0 0 Fgﬁ;_g]dX

Similarly to the above, the second two terms capture respectively the current impact of unlearning
at time ¢t = 2 the forecast formed at ¢ = 1 and the impact of the newly formed forecast at t = 2.
The newly appeared first term instead captures the sluggish propagation through the distribution of
unlearning the time zero forecasts at ¢ = 1. Carrying this forth this delayed reversion algorithm, in
general the aggregate response at time ¢ when expectations revert to FIRE in that period can be
expressed as:

dY, =) FijAdX 4 [0 FpJdX
7=0

Where the first term accumulates the impact of prior fake-news shocks — unlearning the one formed
at t — 1 plus the propagation of iteratively unlearning the (f — s) forecast at (t — s + 1) — and the
second term encodes the shock to optimal policies from the unanticipated forecast formed at t.

Because at any time ¢ the impact of outcomes today only depends on expectations formed from
time zero through to now, and not on future expectations under internal rationality, the above stylised
case with sequentially delayed reversion to FIRE applies even when forecasts at ¢ do not revert to the
FIRE one — i.e. dX®' = A;dX with A; # I at t. The above delayed reversion algorithm therefore
recursively generates the requisite mapping dX®°,...,dX%? — dY,; — stacking the expansions and
writing them in compact form via the matrix Pp and differentiating with respect to dX yields the
generalised Jacobian J as a function of the fake-news matrix and the forecast matrices Ay:

J = Puh (7)

h>0

(0
Ph= (Oh F )
is the forecast-unlearning matrix that slides the fake-news matrix F along the main-diagonal to the
appropriate period h. The above solver breaks down the mapping from expectations to aggregate
response into two components: (1) applied iteratively as we move forward in time (along the main
diagonal), the first non-zero row of P; maps impact of newly formed forecasts at time ¢, which propagate
as if they were time-zero shocks; and (2) for any fixed ¢, each row h < t of P; captures the impact of

prior forecasts formed at h that are unlearned at h 4+ 1, which propagate through the distribution as
fake-news shocks.'?

where

2.2 Generalised SSJ Solver with Behavioural Forecast Mapping

The forecast matrices Ay follow directly from the backward solution in equation 5. Each A has
four distinct regions. The top-left region is the identity matrix I, 1, reflecting the fact that agents
observe current and past inputs perfectly. Below it is Ay, which captures the extrapolation effect:
how each observed z (along the columns) affects forecasts of future X (down the rows), and persists
but dampens (6 > 0) through time. Each entry reflects the pass-through —v at the time agents last
updated, weighted by (6/(1 + 6))"7, the probability they have not updated since. The bottom-right
region is the news effect, a diagonal matrix B; which captures how as we move forward in time
from the shock, agents update their forecasts towards the FIRE value. By collects along its main
diagonal the news-revision coefficients on the forecast input at time h, corresponding to the combined
probability of agents incorporating news on the forecast input at times t = 0,..., h.

13See Appendix A.3 for more details on the derivation of the generalised Jacobian J.

10



1 0 0 0 0
oo |0 T ’
Tl 00 s 0
= 0 0 0 1
T+6 T+o
1 0 0 0 0
0 1 0 0 0
—9 — 1 4
OoP 5 45 T e 0 0
A= —7 = 0 A4 9 0
{a+6)2 1+ +3 " 1+9)2
—~8 — : 1 é
(1415)2 1_+76 0 0 T+ T [Tre)2
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
R -9 - 1 ) 52
M=y oor 5 Tt aoE o 0
;‘ﬁ =6 :L 0 A48 42
(146)3  (149)2 146 149 T (1+6)2 (1+6)3
For arbitrary h, the pattern generalises to:
_ (In+1 Opuyryx(r—(ht1))
where the block matrices Ay and By, are defined by:
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5! .
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Asymptotic rationality requires that the forecast matrix satisfies limj_ .o A, = I, so that the

forecast eventually converges to the perfect foresight (and hence FIRE) case. Based on an analogous
argument to that in footnote (7), it is straightforward to see that the news-revision matrix By, converges
to an identity matrix:

lim Bk = I7

k—o0

while the extrapolation block matrix A converges to a matrix with zero entries:
lim Ay =0,
k—o0

which taken together with the definition of Ay imply the limit condition is satisfied.
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2.3 General Equilibrium Solver

We now assemble the partial-equilibrium objects — the forecast mappings A, and the behavioural
Jacobian J — into a general-equilibrium solution. The central observation is that behavioural expecta-
tions enter the solver only through the Jacobians of blocks that contain forward-looking expectations,
and that these Jacobians enter the general-equilibrium computation as nothing more than the building
blocks of a chain rule. We can therefore replace the FIRE Jacobian of any forward-looking block with
its behavioural counterpart and then solve for general equilibrium by exactly the same steps as under
FIRE.

A DSGE model can be written as a root-finding problem in the space of length-T' sequences of
endogenous aggregate unknowns U € R"*T and aggregate shocks Z € R™*7":

H(U,Z) = 0,

where H denotes the target block (the equilibrium conditions that must hold in general equilibrium).
As shown in Auclert et al. (2021), a first-order sequence-space solution is obtained by linearising
around the steady state,

HydU+HzdZ=0 = dU=-H;'H;dZ,

where Hy = 0H/0U and Hy = O0H/0Z are the derivatives of the target conditions evaluated at the
steady state. The T" x T" matrix
G=-H;'Hy

is the general-equilibrium Jacobian, whose columns collect the linearised impulse response functions
of aggregate unknowns to each aggregate shock.

To compute G, Auclert et al. (2021) represent the model as a directed acyclic graph (DAG) of
blocks, each mapping a set of inputs to a set of outputs and summarised by its partial Jacobians: for
an output o and a direct input m of the same block, the partial (block) Jacobian J*™ is the 7" x T
matrix mapping dm into do holding all other inputs of that block fixed. The total Jacobian J*' of an
output o with respect to a shock or unknown ¢ € Z U U is then assembled by forward accumulation
along the DAG: initialising J** = I and proceeding in topological order over blocks b,

Jo,i _ z Jom Jm,i,

meTy

where 7; denotes the inputs of block b. This is simply the chain rule applied block by block: the factor
Jom is the partial Jacobian of the current block, while J™¢ is the already-accumulated total Jacobian
of its input m with respect to ¢ (equal to the identity, and hence absent, when m = i). Collecting the
total Jacobians of the target block delivers Hy = J HU andH, =J H’z, and hence G = —Hl}lH z; the
impulse responses of any other output are recovered by the same recursion, G*%4 = Zmer Jom gmiZ,

Within this representation, a forward-looking block is simply a node whose partial Jacobian J*"
with respect to an input m embeds an expectation of the future path of m. Under FIRE that
expectation is perfect foresight; under our framework it is the behavioural forecast generated by
the mappings Ap. The partial Jacobian of any such block is therefore replaced by its behavioural
counterpart Jom  constructed exactly as in Section 2.1. This construction transfers to any forward-
looking block — not only the heterogeneous-agents block for which it is derived — because it relies only
on the law of iterated expectations and the resulting fact that forecast revisions arrive as unanticipated,
re-dated time-zero shocks, a property of the forecast mapping Ay rather than of any particular block.
Because forward accumulation only ever multiplies and sums these partial Jacobians, substituting
Jom for Jom in any subset of blocks leaves every subsequent step — the total Jacobians, Hy, Hyz,
and G — structurally unchanged. The general principle is that wherever a solver G(J) applies under
FIRE, the behavioural solver G(j ) is obtained by swapping J for J in those blocks where agents form
expectations about future aggregates, and leaving all other blocks untouched.

Crucially, nothing in this argument is specific to the heterogeneous-agents block: the same swap
applies to any forward-looking block, since each is just a node of the DAG carrying its own partial Ja-
cobian. Whether that Jacobian is computed under perfect foresight or under behavioural expectations

12



is a property of the block in isolation and does not interact with the composition rules that deliver
G. This block-local character of the substitution is also what lets us assign different behavioural
parameters — different degrees of stickiness ¢ (or #) and extrapolation v — to different blocks of the
model. Each block’s J is built from forecast mappings Ay that use that block’s own parameters, so
expectations can differ across sectors simply by constructing the corresponding blocks’ Jacobians with
distinct (0,7), while the general-equilibrium assembly proceeds unchanged.

3 Extrapolation, Overreaction, and Dynamic Overshooting

A key stylised fact documented by Angeletos et al. (2021) is that expectations initially underreact to
aggregate shocks before subsequently overshooting actual outturns, and that this dynamic overshooting
is critical for expectations frictions to drive amplification rather than merely introducing inertia. In
this section we formalise the conditions under which dynamic overshooting arises in our behavioural
expectations framework. We show formally that for a broad class of impulse responses extrapolation
is a necessary condition for dynamic overshooting, and establish conditions under which it is also
sufficient. 4 Pure stickiness (6 > 0, = 0) produces forecasts error that vanish asymptotically — as the
set of sequentially non-updating agents shrinks in measure to zero — as the average forecast approaches
the perfect foresight path from below. While stickyness warrants under-reaction on impact, sluggish
incorporation of news is never enough on its own to overshoot the outturn, making extrapolation
necessary. In terms of sufficiency we require extrapolation that is sufficiently strong to eventually
dominate the decaying stickiness component but not strong enough so as to dominate on impact.
While the formal necessity results rely on some specific assumptions, the established conditions remain
natural diagnostics in richer general equilibrium settings.

3.0.1 Formal Analysis of Dynamic Overshooting

We work with a generalised, parametrically hump-shaped impulse response of the form:

dry = x(t) = (1+0t)p, pe(0,1), b>0, (9)

normalised so that dxg = 1. This is a non-negative, single-peaked response: treating ¢ as continuous,
2/ (t) = p'[b+ (1 + bt) In p| vanishes at

1
[In p|

*

1
- 57 (10)

so z rises to an interior peak at t* when b > |In p| and declines monotonically from impact otherwise;
the AR(1) response is the special case b = 0. In all cases dz; > 0 for every ¢ and dz; — 0.

Consider the k-period-ahead forecast error under behavioural expectations at a first-order pertur-
bation, hy 41 = dri4r — dxg, with the behavioural expectation formed from time zero,

t

dof = (1-0)) 0" (dwyp — v daj), (11)
j=0

where 6 € (0,1) captures inattention and vy < 0 captures extrapolation bias. Substituting and using
the identity 1 — (1 — 6) Z;:o §t=7 = §*+1 the forecast error decomposes as

t

hagk = 0 daey, — 11— 0)>6' dey, (12)
—— =
hg,t-‘-k
hY ik

HSpecifically a class of linear hump-shaped IRFs {z(t) = (1 + bt)p’} that do not overshoot (oscillate). We show
in footnote 16 that oscillatory IRFs (b < 0) can generate a pattern consistent with dynamic overshooting, mimicking
over-reactive extrapolation.
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u
where h tt+

t14x 18 the stickiness (under-reaction) component and h
interaction. Under the functional form (9) these are, explicitly,

i 1s the stickiness—extrapolation

t

Pon = 0T DEFR) P, R == 0)S, Sii=) 6 (14 b)) (13)
7=0

where S; is the history of the economy through time ¢ from which agents extrapolated at the time
of their last update j < ¢, weighted by the relative probability of having last updated at that time.
Note that h?,t 41 depends on ¢ but not on the forecast horizon k. We establish three results in turn:
the necessity of extrapolation, an on-impact undershooting condition, and the eventual domination of

extrapolation.

Proposition 1 (Necessity). Under (9), if v > 0 then hy sy, > 0 for all finite t, k, so the forecast error
exhibits no dynamic overshooting. Dynamic overshooting therefore requires v < 0.

Proof. 1f v = 0 the interaction term vanishes and hy 1 = by ) = OUFL(1 + b(t + k))ptt*, a product
of strictly positive factors, hence > 0 for all finite ¢,k and — 0 as ¢ — oco. If v > 0 the interaction
term enters (12) with a positive sign, so h¢ ¢y > hi'; 11, > 0. In neither case does the error cross zero
from above, so there is no undershooting-then-overshooting pattern. O

Pure informational stickiness thus generates a forecast error that peaks on (or near) impact and
decays to zero from above without ever overshooting. With v < 0, dynamic overshooting requires
that stickiness dominate at least on impact, so that the error begins in the undershooting (positive)
region.

Proposition 2 (On-impact undershooting). Under (9) with v < 0, the forecast error undershoots on
impact, ho > 0, if and only if
0 dxy 0 &
— — = —— (14 0bk)p". 14
ol < pog g = g (14 bkl (14)
Proof. Evaluating (12) at ¢t = 0, where Z?:O 07 dx; = dxo, gives hop = Odxr — (1 — 0)|y| dxo.
Rearranging hqx > 0 yields (14), and dzg = 1, dzy = (1 + bk)p* give the explicit form. O

Extrapolation must therefore not be too strong relative to the persistence of the response at the
forecast horizon: a longer horizon k (smaller dxy) tightens the bound, requiring weaker extrapolation to
preserve on-impact undershooting. The complementary requirement is that the interaction component
eventually overtake the stickiness component, driving the error negative. Under the functional form
this holds for any |y| > 0, with no lower bound required.

Proposition 3 (Eventual domination). Under (9), for any |y| > 0,
tire — m>0 as t— oo, (15)

where m is bounded, and since thJrk — 0 as t — oo, there exists a finite horizon T'(k) such that
ht,t+k <0 fO'/’ all t > T(k)

Proof. The key observation is that S; is a convolution of two convergent absolutely summable se-
quences: the geometric decay from a, = 6% and the dampened growth from b; = (1 + bj)p’, with
k =t — j. By the Cauchy product theorem,'® the convolution S; thus converges to a finite limit as
t — oo. Since hf, ;. = [7|(1 — 0)Sy, it follows that h?,, converges to a finite limit as well. The limit
is a positive constant. In particular, we have that:

t
; 1
; =y — __—
f 20 =g
]:

5 .
50r convolution theorem.
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where the second equality uses the chain rule to differentiate the geometric series. Therefore, we have
that:
1—p+bp

(1—,0)2 >0 as t— oo.

h?,t+k — |9l

Figure 1: Dynamic overshooting with a hump-shaped impulse response

(a): Hump-shaped outturn IRF, p=0.9, b=0.8 (b): Forecast error(k=4), 6=0.8, |y|=-0.1
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Note: The impulse response is of the form z(t) = (1+4bt)p’. The forecast error in panel (b) initially undershoots
as the stickiness component (blue line) dominates, then overshoots as the accumulated extrapolation component
(red line) eventually dominates.

Figure B.6 provides a visual illustration of propositions (1)-(3) against numerical experiments. The
mechanism is a comparison of decay rates. The stickiness component measures the gap between the
sticky forecast and the specific future outturn daxy, k; this gap is discounted twice—once by inattention,
6'*1, and once by the response’s own decay, p'**—and therefore vanishes at the fast compound rate
fp. The extrapolation component is different: it is a stock of geometrically-weighted memory of the
entire realised history, Sy = 3., 0'~Idz;. Aslong as the agent keeps observing the (fading) response,
that stock keeps being replenished, and it erodes only at the slower of the two rates that govern it—
the memory weights 6 or the observations p—that is, at max(#, p). Since p < max(6, p) strictly, the
slowly-eroding memory stock inevitably overtakes the doubly-discounted forecast gap.

On impact the memory stock is negligible—only dxg has been accumulated—while the stickiness
gap is at its largest, so stickiness dominates and the error is positive; at long horizons the ranking
of the two decay rates takes over and the error turns negative. The strength of extrapolation |v|
scales the memory stock and so sets when the crossover occurs—a smaller || lowers the entire h° path
and delays T'(k)—and how deep the overshoot runs. The hump parameter b enters only through the
polynomial factor, which is asymptotically irrelevant to this exponential race, though it shifts weight
onto h° during the response upswing and thereby pushes the extrapolation peak, and the zero-crossing,
to later interior horizons.

Figure 1 illustrates the mechanism. The stickiness component h};t 11, peaks on (or near) impact and
decays. The extrapolation component iy, , starts small, rises through the response upswing, peaks
at an interior horizon #, then decays. The total forecast error starts positive (stickiness dominates)
and crosses zero when accumulated extrapolation overtakes the decaying stickiness, generating the
characteristic undershooting-then-overshooting pattern.'6

16 As noted, the necessity of extrapolation rests on the assumption of a non-oscillatory IRF. If the outturn IRF dz; is
oscillatory, the assumption of non-negativity is violated and with it convergence to zero of the sticky component of the
forecast error from above. We thus point out that oscillatory IRFs — generated by b < 0 in the above family of processes
— can warrant a degree of dynamic overshooting even in the absence of extrapolation. Formally, under the assumption
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4 Application

As an application of the developed framework, we study the two-asset HANK model of Auclert et al.
(2020), which emphasised the importance of departures from rational expectations in HANK models
and demonstrated how to implement sticky expectations in the sequence space. This is a natural model
to build on given its focus on sticky expectations. Our application also allows us to assess the validity
of the parameter estimates in that paper by estimating all parameters jointly on business cycle data,
rather than their two-stage approach using IRF matching. Furthermore, as discussed by Kaplan et al.
(2018), in HANK models households place greater weight on expectations of a wider array of input
prices, whereas in RANK models the real interest rate dominates in determining consumption. We
first replicate the model’s steady state and confirm we can replicate its macrodynamics (see Table 1
and Figure B.1). We then estimate the model’s dynamic, behavioural, and shock process parameters
using a Bayesian full-information maximum likelihood approach on quarterly US business cycle data,
including time series on inflation expectations from the Survey of Professional Forecasters and the
Michigan Survey.

4.1 Two-Asset HANK Model

The two-asset heterogeneous agent New Keynesian (HANK) model of Auclert et al. (2020) was de-
signed to simultaneously match micro-level consumption dynamics and macro-level impulse responses.
The model features rich household heterogeneity replicating key features of the US distribution of dis-
posable income and illiquid asset wealth, nominal rigidities in price and wage setting, an aggregate
investment sector with time-to-build and adjustment costs, long-term government debt to replicate
US maturity structures, and a quarterly calibration targeting both key US aggregates and the micro-
structure of intertemporal marginal propensities to consume (iMPCs). The following section outlines
the main features of the model and its steady-state solution.'”

Heterogeneous households. Households differ in two main respects. First, there is ex-post
heterogeneity in exogenous idiosyncratic labour productivity z; ;, assumed to follow a Markov process
with transition matrix I, and in liquid asset positions a; ¢, as a consequence of uninsurable idiosyncratic
risk and ad hoc borrowing constraints a;; > —¢ with ¢ = 0. Second, there is ex-ante heterogeneity in
illiquid savings. Specifically, agents permanently belong to one of six non-overlapping groups g with
measure (g satisfying > - ugy = 1. Groups differ in average labour productivity &4, discount factor fg,
and steady-state illiquid asset holdings G,. Agents within the same group are identical in these respects
and differ only ex-post along the idiosyncratic productivity and liquid asset dimensions. As shown in
Auclert et al. (2020), this structure yields a tractable two-asset HANK model that replicates empirical
inequality in the illiquid asset distribution while remaining computationally inexpensive — a key
requirement for the estimation procedures in our application, which require repeated recomputation
of the model Jacobians.

v = 0 so that h¢tyr = b4k, under b < 0 one can always write the sticky forecast error as:

u _ Tu t+1 t+k
ht,t+k = ht,t+k —[b(t + k)lé’ P
—— —_——
Pure AR component Hump contribution

where ﬁ?t k= 6* 1 pt* is the sticky forecast error associated to the nested pure AR component. Comparing with (12),
the above representation makes it clear that a sufficiently strong hump-parameter b can mimic a pattern in forecast error
similar to what obtains under over-reactive extrapolation. Contrary to the latter, this is not the result of a the stock of
procyclical biases from staggered updates weighing in on the average forecast — instead it reflects sluggish incorporation
into agents information set of news of a (dampened) downward trend. Based on the above representation, it is clear that

for a given forecast horizon hj,,, > 0 as long as

1
t<t'=— —k
[o]
Clearly, as b — 0~ which retrieves the nested pure AR case, the t* — oo, implying no dynamic overshooting occurs at
any bounded time as expected. See Figure B.7 in the Appendix.

"For a more detailed overview, we refer the reader to Auclert et al. (2020) and Appendix B.1.
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In each period, a group-g household with preferences f(c,n) = u(c)—v(n), separable over consump-
tion and labour, observes its productivity realisation e,z and, given tax rate 7, its real disposable
labour income (1 — 7)w;Ni€y4z; from supplying labour n; = N; inelastically to meet union demand
(allocated uniformly across households), the value of its liquid asset portfolio (1 + 77)a, and the dis-
tribution from the illiquid portfolio dg; received at the start of the period. The household chooses
consumption and its end-of-period liquid asset position to maximise the expected present value of its
utility stream, subject to budget and borrowing constraints. Recursively, this amounts to the solution
the Bellman equation:

Vgila, x,2;Xy) = u(er) —v(Ng) + BgIEz/|ZW+1(a', 2, 2 X)
c+ad =(1—n)wNegz + (1+r)a+dg,
a >0
P = (0 dy,

where Xy = [wy, 7}, 7, Ni, dg )" is the relevant aggregate state vector for group-g households, and the
distribution from the illiquid portfolio is governed by the rule (for y — 07), r¥ and i are the return

on liquid assets held against the financial intermediary as outlined below:

il

Ayt = Tt (Ui De x4 e = L i)z
As in Auclert et al. (2020), for the quantitative estimation exercises we further allow for stickiness in
attention to the portfolio value (1 -I—r,f”)x, as outlined in Appendix B.2.1. At the non-stochastic steady
state the distribution policy consumes the return on the stationary illiquid portfolio (the annuity value
of gross returns):
d, = rillz,

which combined with the distribution rule implies:
T = Zg4.

Agents therefore save when the illiquid portfolio value is low relative to steady state and dissave when
it is high, with illiquid holdings converging to the group-specific mean Z,. Since the distribution policy
and illiquid asset position are invariant over the household idiosyncratic state-space conditional on
belonging to the same group, the latter can be treated as an aggregate state variable chosen by a
representative agent for each group — at any time ¢ for a household in group g we hence let the end of
period position @’ = X ;.

Mutual funds and financial investment. Financial investment is carried out by a perfectly
competitive mutual fund that issues liquid and illiquid accounts to households. Its liabilities are
household liquid and illiquid account balances borrowed at rates 7} and il its assets include equities
in the capital-building and intermediate firm (with aggregate supply normalised to one), government
bonds, and central-bank reserves (in zero net supply). The intermediary faces linear costs on liquid
accounts, which causes the liquid return to lie strictly below the illiquid return in equilibrium. The
fund chooses its portfolio composition to maximise expected profits subject to the balance sheet
constraint,'® yielding a set of asset-pricing conditions and a Fisher equation describing the pass-
through from monetary policy to asset prices.

Firms. The production side features nominal rigidities in both price setting by intermediate pro-
ducers (with Cobb-Douglas technology using labour and capital) and wage setting by a representative
union that sells labour services to a competitive labour packer. This combination of sticky prices
and sticky wages captures the sluggish adjustment of the price level and the feedback between price
and wage inflation. The investment sector consists of capital-building firms subject to time-to-build

¥ Equivalent by construction to asset market clearing.
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constraints and Rotemberg-style quadratic adjustment costs, generating realistic and gradual invest-
ment dynamics. In particular, these frictions imply that investment responds slowly to a time-zero
monetary policy shock even under FIRE, so that its income effects on household budgets are sustained
over time, acting as a source of amplification. As Auclert et al. (2020) note, hump-shaped investment
and income dynamics are not sufficient on their own to match the hump-shaped response to monetary
policy shocks; departures from FIRE are also needed.

Fiscal and monetary policy. The government issues long-term debt with a maturity structure
matching US Treasury data, allowing bond prices to respond meaningfully to monetary policy shocks.
Tax revenue is collected according to a simple fiscal rule under which the tax rate adjusts gradually
to return real government debt to its steady-state value. Monetary policy follows a standard Taylor
rule responding to inflation and output.

Calibration. The quarterly calibration follows the strategy in Auclert et al. (2020). It targets
aggregate moments of the US economy — wealth, rates of return, and bond maturity structures —
and, via between-group differences in illiquid asset holdings and discount factors, the micro-structure
of consumption responses to income shocks (iMPCs) and the illiquid asset distribution. This positions
the model to address the dual challenge of matching micro-jumps and macro-humps simultaneously.
The resulting steady state is reported in Table 1.

Table 1: Model Calibration and Estimation

Panel A: Calibrated Parameters

Parameter Value | Parameter Value
v EIS 1 ap Labour share 0.76
1S Frisch 0.5 0K Depreciation (p.a.) 0.053
r Real interest rate (p.a.) 0.050 | pp Price markup 1.06
K/Y Capital to GDP (p.a.) 223 | L)Y Liquid assets to GDP (p.a.)  0.23
£ Intermediation spread (p.a.) 0.065 | G/Y Spending-to-GDP 0.16
qB/Y Gov. bonds to GDP (p.a.) 0.42 1};’15 Debt maturity (a.) 5

) Tax response to debt (p.a.) 0.1 o Taylor rule coefficient 1.5

Panel B: Household Heterogeneity

Group g 1 2 3 4 5 6
Description Bottom 50% Next 20% Next 10% Next 10% Next 5% Top 5%
Population share (fi4) 0.500 0.200 0.100 0.100 0.050 0.050
Illiquid asset share 2.7% 7.0% 7.0% 13.0% 12.2% 58.0%
Labor income share 26.7% 18.3% 10.8% 14.4% 11.0% 18.8%
Discount factor g4 (p.a.) 0.905 0.919 0.933 0.946 0.950 0.975

4.2 Business Cycle Estimation

We estimate the model’s dynamic parameters on US business cycle data. As outlined in the introduc-
tion, this allows us to explore the quantitative implications of the proposed expectations framework
for structural estimation in a state-of-the-art medium-scale HANK model. A set of secondary exercises
— documented in the following sections — complement the analysis by examining model performance
along three dimensions: (i) the impulse responses to monetary policy shocks; (ii) the dynamic pat-
tern of forecast errors; and (iii) broader model fit through root mean squared errors (RMSE) and
autocorrelation functions (ACF) relative to the data.

We conduct a full-information maximum likelihood estimation of the model’s dynamic, shock,
and behavioural parameters using nine quarterly macroeconomic time series over 1978-2018: GDP,
consumption, business investment, hours worked, real wages, value-added inflation, the federal funds
rate, professional forecaster inflation expectations, and household inflation expectations. The first
seven series are those used in Smets and Wouters (2007) and Auclert et al. (2020), transformed as in
Smets and Wouters (2007) and described in the appendix (see Figure B.2). The inflation expectation
series are transformed into time series of forecast errors by subtracting the actual year on year inflation
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outturn from the forecasted value one year prior. These series are also linearly detrended.'”

To estimate the model we include seven exogenous shock processes (following Auclert et al. (2020))
and two measurement error terms for the two inflation expectation series, with prior means for the
measurement errors set to the bootstrapped quarterly standard deviation of each survey’s quarterly
mean. The seven shock processes are all AR(1), with the price and wage markup series additionally
including an MA(1) term.? These exogenous processes add sixteen shock process parameters to the
estimation. We additionally estimate four dynamic parameters governing real and nominal rigidities:
the investment adjustment cost parameter v, Taylor rule inertia p,,, and price and wage update
probabilities ¢, and (,. Priors for these parameters are taken from Auclert et al. (2020), which in
turn largely follow Smets and Wouters (2007). In Auclert et al. (2020) these parameters were estimated
by IRF matching before estimating the shock parameters in a second step on the business cycle data.
We instead estimate all parameters jointly in a single full-information maximum likelihood step, which
is computationally more demanding but allows the data to inform all parameters simultaneously, and
allows the inflation expectation series to discipline the behavioural parameters.?!

Finally, we introduce four behavioural parameters {604, Opro > Yhis Ypro f} capturing household and
firm information stickiness and extrapolation tendencies.?? 23 As in Auclert et al. (2020), these infor-
mation frictions apply equally to all houschold inputs {w,r?, 7, N, d,}; for firms and financial markets
they apply to the relevant inputs in the forward-looking equations for price inflation, investment,
and dividends. To help identify the behavioural parameters, we include separate equations for four-
quarter-ahead inflation forecasts by households and firms, incorporating inattention and extrapolation
with respect to current and future inflation.

All estimation exercises are conducted in a Bayesian framework targeting the mode of the posterior
density. Table 2 summarises the parameters, priors, posterior modes, and standard errors across four
specifications:

1. Full information rational expectations (FIRE): 04 = 0prof = Yhh = Yprof = 0.

2. Calibrated behavioural expectations (BE): behavioural parameters fixed in line with the empir-
ical values reported in Kohlhas and Walther (2021) for households and firms separately, with
Onn = 0.396, Oprop = 0.302, vpp = —0.096, and yprop = —0.148.

3. Estimated behavioural expectations (Est. BE): all parameters, including Oxn, Oprof, Yan, and
Yprof, estimated jointly on the nine observables including the two inflation expectation series.

4. Estimated behavioural expectations without survey data (Est. BE ex. E): as in (3) but excluding
the inflation expectation series.

4.2.1 Estimation Results

Table 2 reports the posterior modes for each specification, with Hessian-based standard errors in
brackets. All three behavioural specifications statistically significantly raise the macroeconomic log-
likelihood relative to the FIRE benchmark. Of particular note is that specification (2) outperforms
the FIRE benchmark despite estimating the same number of free parameters.

9 Transforming the expectations series into series of forecast errors improves identification of the behavioural param-
eters by ensuring consistent de-trending with actual inflation outturns and reducing the correlation of these series with
the other inflation series observables the model is estimated on.

20The seven shock processes are: a discount factor shock, monetary policy shock, government spending shock, TFP
shock, risk premium shock, and price and wage markup shocks.

2 Specifically, for each model we run a Nelder-Mead algorithm for 1500 iterations at a time until the log likelihood
improvement over the iteration batch falls to less than 1.0. We then conduct a local search using the L-BFGS-B algorithm
(scipy) until local convergence of the log likelihood of the model.

2Tor v, and Yprof, we apply a quarterly decay rate of 0.86 starting from quarter 20 after a shock. This limits the
horizon over which extrapolation is active to ten years (beginning the decay from five years), and was introduced to
prevent long-run cycles when extrapolation is applied to both household and firm inputs. It did not materially affect the
parameter estimates but significantly reduced the time required for impulse responses to converge, which was of practical
importance for the estimation.

2 The stickiness parameter § maps to the § parameterisation of the previous section via § = 1 — Flé.
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Table 2: Parameter Estimates

(1) RE (2) Fixed BE  (3) Est. BE (4) Est. BE
Parameter Prior (ex. E)
Shock Processes
po Beta(0.5,0.2) 0.950 [0.026]  0.957 [0.023]  0.968 [0.023]  0.965 [0.019]
Dr Beta(0.5, 0 2) 0.069 [0.044]  0.192 [0.071]  0.150 [0.067]  0.172 [0.069]
Py Beta(0.5,0.2) 0.954 [0.035]  0.933 [0.028]  0.940 [0.025]  0.927 [0.028]
0x Beta(0.5,0.2) 0.988 [0.007]  0.974 [0.045]  0.932 [0.024]  0.927 [0.021]
Prp Beta(0.5,0.2) 0.900 [0.035]  0.917 [0.027]  0.817 [0.053]  0.925 [0.042]
Pp Beta(0.5,0.2) 0.877[0.022]  0.093 [0.068]  0.123 [0.074]  0.152 [0.097]
Puw Beta(0.5,0.2) 0.897 [0.038]  0.887 [0.057]  0.992 [0.002]  0.792 [0.066]
oc Inv-Gamma(0.1,2) | 0.117 [0.021]  0.112 [0.021]  0.095 [0.019]  0.096 [0.016]
or Inv-Gamma(0.1,2) | 0.235 [0.015]  0.226 [0.014]  0.200 [0.012]  0.203 [0.011]
o Inv-Gamma(0.1,2) | 0.303 [0.017]  0.304 [0.017]  0.286 [0.016]  0.304 [0.017]
o Inv-Gamma(0.1,2) | 0.530 [0.029]  0.530 [0.030]  0.532 [0.031]  0.533 [0.030]
Orp Inv-Gamma(0.1,2) | 0.215 [0.055]  0.218 [0.047]  2.240 [0.765]  0.810 [0.402]
op Inv-Gamma(0.1,2) | 0.275 [0.017]  0.080 [0.005]  0.159 [0.020]  0.195 [0.059]
Ow Inv-Gamma(0.1,2) | 0.186 [0.019] 0.113 [0.007]  0.188 [0.021]  0.226 [0.019]
0 Beta(0.5,0.2) 0.984 [0.012]  0.404 [0.070]  0.692 [0.099]  0.461 [0.101]
O Beta(0.5,0.2) 0.602 [0.100]  0.715 [0.082]  0.916 [0.036]  0.602 [0.095]
Dynamic Parameters
) Normal(10,4) 0.423 [0.063]  0.905 [0.123]  9.371 [3.765]  10.184 [3.101]
Pm Beta(0.5,0.2) 0.639 [0.030]  0.650 [0.037]  0.855 [0.029]  0.821 [0.030]
Cp Beta(0.7,0.2) 0.821 [0.017]  0.904 [0.012]  0.939 [0.013]  0.950 [0.012]
Cw Beta(0.7,0.2) 0.875 [0.024]  0.923 [0.013]  0.946 [0.017]  0.957 [0.011]
Behavioural Parameters
Onn, Beta(0.5,0.2) 0 0.396 0.862 [0.030]  0.886 [0.024]
Oprof Beta(0.5,0.2) 0 0.302 0.906 [0.029]  0.462 [0.204]
Yhh Normal(0.0,0.3) 0 —0.096 -0.054 [0.056]  0.002 [0.036]
Yprof Normal(0.0,0.3) 0 —0.148 -0.127 [0.082] —0.022 [0.031]
Log-likelihood 183.7 206.2 250.9 268.6

Note: Table reports parameter modes with Hessian-based standard errors in brackets for four specifications: (1)
rational expectations (RE) with § = v = 0 fixed; (2) behavioural expectations fixed at empirical values from
Kohlhas and Walther (2021); (3) behavioural expectations estimated jointly with all parameters using nine
observables including inflation expectations; (4) as in (3) but without inflation expectations data. Behavioural
parameters in columns (1) and (2) are not estimated and have no standard errors reported. Log-likelihood
values are reported for each specification, with higher values indicating better fit. The log-likelihood is based on
the seven macroeconomic time series in each case, including for the model (3) disciplined against expectations
data. Laplace-approximated log Bayes factors provide very strong evidence in favour of all three behavioural
specifications over the RE benchmark, with log Bayes factors of 25.42, 55.02, and 85.42 for models (2), (3), and
(4) respectively (2 x log BF > 10 in all cases).

20



The behavioural estimates that include expectations data call for a high degree of informational
stickiness relative to the rational expectations benchmark and, more relevantly, relative to the cali-
brated model. Household stickiness rises from the empirical value of 0y, = 0.396 to 0.862 and 0.886 in
columns (3) and (4), while professional stickiness rises from 0.302 to 0.906 in column (3). The compari-
son of columns (3) and (4) isolates the role of the survey data: including the expectations series pushes
professional inattention near its upper bound (., = 0.906[0.029]), implying an average inattention
spell of approximately 10 quarters in the cross-section of firms. This is plausibly needed to repro-
duce the persistence and initial underreaction observed in the survey forecast errors. Dropping the
expectations series leaves professional stickiness considerably more moderate (6,r0¢ = 0.462[0.204]),
implying on average information sets turn over every 1.85 quarters, consistent with the lower bound
of the estimate in Coibion and Gorodnichenko (2015).

This suggests some tension between the degree of stickiness implied by aggregate time series and
that implied by survey data. Several explanations, net of model misspecification issues, may con-
tribute. Forecast errors series backed out from survey expectations data may contain informative
components generating inertia and large initial underreaction that the current specification absorbs
by construction into the inattention parameter — this could be the case, for example, in the presence
of a persistent expectations shock process or cognitive discounting. Additionally, the constant inatten-
tion parameter currently imposed as a restriction is effectively forced to reconcile both initially large
under-reaction with the persistence properties of the forecast error series in the time domain, which as
shown in the dynamic overshooting section must correlate positively with a constant inattention rate.
Both, together with time-varying inattention rates as derived in Appendix A.5, constitute, however,
feasible refinements for future work. At the same time, the higher estimated stickiness is associ-
ated with a significant improvement in overall model fit according to both full-information estimation
likelihood metrics and with reference to partial-information critera such as the dynamic response of
forecast errors, which we rationalise as reflecting the complex nonlinear interaction between expecta-
tions formation and aggregate dynamics at market clearing. Different data de-trending strategies or,
the inclusion of additional observables or further variance of coefficients between prices may also help
to reconcile the tension between the two data sources. This is a topic beyond the scope of the current
paper, and we leave it to future work.

At the same time, the specifications with full-information estimated behavioural parameters (3)-
(4) offer some favourable evidence on the role of the extrapolation channel in the US business cycle,
particularly on the part of professional forecasters. To the best of our knowledge, this constitutes the
first such finding within a full-information DSGE and HANK estimation exercise, highlighting the
power of the proposed framework in bridging the gap between microeconomic evidence on deviations
from FIRE and their role in estimated business cycle models. The comparison between estimation
exercises (3) and (4) merits some attention. Linking to Slobodyan and Wouters (2012) in the con-
text of the larger-scale estimation exercise we proposed, the above results similarly document that
integrating expectations data in the structural estimation exercise offers an informative wedge to
better identify and discipline the parameter estimates. Interpretation-wise, the recovered extrapola-
tion parameter in (3) — with point-estimates for houscholds and professional forecasters respectively
Yhr = —0.054[0.056] and ~,,,; = —0.127[0.082] — are qualitatively consistent with priors from the em-
pirical microeconomics literature (Kohlhas and Walther, 2021), suggesting over-reactive extrapolation
with firms’ sluggish forecast revisions exhibiting pro-cyclical properties with respect to macroeconomic
and outturn conditions. As outlined in the dynamic overshooting section and illustrated below through
IRF decomposition, the friction introduced by extrapolation plays is key for sustaining endogenous
amplification and replicating empirical forecast error patterns relative to purely sticky expectations
and FIRE.

Turning to the shock process and dynamic parameters, there are no consistent differences across
specifications. The shock processes remain highly persistent under all behavioural specifications,
implying that the additional behavioural frictions do not reduce the model’s reliance on exogenous
persistence. This is broadly consistent with our analysis of dynamic overshooting: generating sufficient
weight for history in agents’ forecasts requires shock processes that are persistent relative to the
probability of updating beliefs, so it is perhaps unsurprising that persistence remains similarly high
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across specifications. The behavioural models also call for higher price and investment adjustment cost
frictions, suggesting these do not act as substitutes for expectations frictions — contrary to what one
might expect a priori. This reflects the complex interaction between time series volatility, behavioural
frictions, and market clearing: underreaction may necessitate larger price moves to clear markets,
calling in turn for higher adjustment costs to prevent excessive volatility in investment and the price
level.

4.3 Extrapolation Properties

Figure 2 isolates the contribution of extrapolation to the transmission of monetary policy shocks. We
re-solve the model at the estimated posterior modes from Table 2 but set the extrapolation parameters
Yhh and Yprop to zero for both households and firms. The blue areas trace out the impulse responses
under this counterfactual — a model with the same estimated degree of stickiness but no extrapolation
— while the red shaded area represents the additional contribution of extrapolation. The FIRE impulse
response is shown as a benchmark.

Two things stand out. First, in both panels the impulse responses of key real variables are hump-
shaped relative to the FIRE benchmark: the stickiness channel slows the incorporation of news into
agents’ information sets, generating the delayed peak responses familiar from inattentive-agent models.
Second, in both the calibrated and estimated case, the overreactive extrapolation component drives
stronger amplification of macro-humps in both real and nominal variables relative to the nested sticky
benchmark. This is a direct result of the fact that agents undergoing staggered updating of their
information sets also extrapolate pro-cyclically from current conditions, overshooting the outturn and
rational expectations paths, and amplifying endogenous fluctuations in response to the underlying
shock. This is the dynamic overshooting mechanism formalised in Section 3, and it is precisely the
channel through which over-reactive extrapolation can alleviate the amplification concerns raised by
Albuquerque et al. (2025) relative to purely sticky expectations.

In relative terms, the model with calibrated behavioural parameters displays higher frequency
cycles —i.e. an earlier occurring hump — than the estimated case. At the same time, the amplification
induced by extrapolation relative to the sticky counterfactual is also more sizable. This is a direct
consequence of two issues: as we noted, the estimated stickiness is larger than in the calibrated case.
This immediately implies lower frequency in the information cycle, with the average agent taking
longer before revising their forecast. Secondly, the estimated over-reaction particularly for households
is weaker in the estimated models than in the calibrated case. The result of this is that the overall pro-
cyclical bias in forecast revisions is lower,?*, dampening the extent of dynamic overshooting. These
two qualitatively different contributions of extrapolation illustrate the flexibility of the framework:
by remaining agnostic on the sign and magnitude of v, the approach can accommodate a continuum
of amplifying and dampening deviations from the rational expectations, spanning amplitude and
frequency properties of hump-shaped IRFs, while the developed solver provide an off-the-shelf way for
taking arbitrary DSGE and HANK models to the data to discriminate between them.

4.4 Dynamic Pattern of Forecast Errors

Figure 3 assesses the model-implied forecast error impulse responses against their empirical counter-
parts across the four estimated specifications. We construct the dynamic forecast error path following
Adam et al. (2024) which plots the response of four quarter-ahead inflation forecast errors to a lagged
change in inflation.?® The model implied version is constructed by simulating the models for 5000 pe-
riods under the modal estimated shock standard deviations. We then estimate the local projection on
the generated times series from the simulation. The FIRE model produces a flat forecast error at zero
by construction. The empirical forecast error IRF is consistent with dynamic overshooting: the fore-
cast error jumps on impact and subsequently crosses zero from above, indicating initial underreaction

24Equivalently, at similar inattention rates, it takes a more sustained expansionary phase to sustain forecast revisions
of the same magnitude

25 Adam ct al. (2024) conduct a similar exercise when comparing their behavioural model of house prices to house price
expectations in the Michigan survey.
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Figure 2: Extrapolation contribution to a monetary policy shock
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Note: The figure isolates the contribution of extrapolation by re-solving the model with v4;, = Yoy = 0 for both
firms and households, otherwise setting all parameters at the posterior mode from Table 2. The top panel reports
results for column (2) (BE calibrated at empirical values from Kohlhas and Walther (2021)); the bottom panel
for column (3) (BE estimated jointly with all parameters). The blue shaded area shows the impulse responses
without extrapolation; the red shaded area represents the additional contribution of extrapolation; and the
black dashed line shows the total BE response. The black dotted line plots the FIRE impulse response from
column (1). The shock is a 25bp contractionary monetary policy shock. For decompositions of other shocks,

see Appendix B.4.2.
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Figure 3: Dynamic response of forecast errors to an inflation innovation
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Note: The figure plots the response of the four-quarter-ahead inflation forecast error — the difference between
the forecast and the outturn — to a unit inflation innovation, for Michigan households (panel a) and SPF
professionals (panel b). The empirical series are estimated by local projections following Adam et al. (2024).

Specifically, for each horizon we estimate FE;p = fpm—1 + €14n where FE, = Zi:o Tk — t(4> is the
four-quarter cumulative inflation outturn minus the survey forecast made at ¢, and m;_1 is lagged quarterly
inflation. Standard errors are Newey-West with shaded 90% confidence intervals reported. Model series are
computed directly from the sequence-space Jacobian as a variance-share weighted average of forecast-error
impulse responses across all seven structural shocks, normalised per unit impact response of inflation.

followed by overshooting of the respective outturns.

Among the specifications, the estimated model featuring high stickiness and over-reactive extrap-
olation among firms and households (column (3)) achieves the closest match to the empirical forecast
errors, particularly for households. This is a direct manifestation of the stickiness—extrapolation inter-
action formalised in Section 3, and stands in contrast to the monotone convergence from below that
a purely sticky, time-dependent model would produce — for comparison, this is plausibly the case in
model (4) that combines high stickiness with counter-cyclical or under-reactive extrapolation on the
part of households. The better fit follows from the relatively protracted undershooting phase in speci-
fication (3): the relatively strong stickiness implies more sluggish updating which in turn implies that
the average forecast produced by staggered revisions extrapolates from a longer history. Combined
with over-reactive extrapolation, such accumulating pro-cyclical bias in forecasts eventually gains suffi-
cient momentum to temporarily offset convergence to perfect foresight and over-predict the outturn. It
is interesting — and at first sight counter-intuitive — that the calibrated case (2) fails to deliver a similar
or stronger result. Despite the stronger extrapolation channel for firms and especially households, here
overshooting of outturn occurs on impact rather than display the characteristic under-reaction and
interior crossing documented in the empirical local projection and literature Angeletos et al. (2021).
Upon closer inspection through the formal framework developed for dynamic overshooting, this is
what one would expect given the relatively low inattention calibrated on the basis of micro estimates.
The reason is twofold. First, in line with the above narrative, the much higher frequency of informa-
tion updating (around 1.85 quarters) implies that the average forecast is driven in disproportionately
larger measure by the revisions of recent updaters. In other words, while extrapolation from current
conditions is stronger, the more rapid turnover of information sets effectively offsets the pass-through
to average forecast from the history of staggered information updates, by reducing the influence and
weight of further away segments of the history in the prevailing forecast. Secondly, in line with the
outlined constraints on the persistence of the forecast processes relative to the inattention parameter,
this persistence requirements becomes more binding in the calibrated model due to the fact agents
learn more rapidly. Viewed through the lenses of condition the dynamic overshooting framework, this
is precisely the case in which the relatively low inattention rates tighten the bound on the magnitude
of over-reactions, making calibrated extrapolation relatively too strong.
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4.5 Broader Model Fit

This section assesses the fit of the estimated models to the broader set of business cycle moments
using three complementary yardsticks: root mean squared forecast errors (RMSEs) across horizons,
autocorrelation functions (ACFs), and the match to empirically estimated impulse responses to mon-
etary policy shocks from Romer and Romer (2004) and Bauer and Swanson (2023). Together these
yardsticks speak to a pattern that runs through the results: behavioural expectations generate a clear
improvement in the short-run dynamics and shape of impulse responses while FIRE continues to
perform well on unconditional second moments at longer horizons.

Figure 4 summarises the in-sample forecast performance. The fixed empirical-BE and the estimated-
BE specifications tend to reduce RMSEs over the first few quarters relative to the FIRE benchmark.
The estimated BE specifications generally outperform the FIRE benchmark across horizons, though
notably FIRE performs best on the inflation series beyond the first few quarters.

Figure 4: Model forecast errors
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Note: Figure reports the in-sample root mean squared error (RMSE) of the model’s one-quarter-ahead forecasts
for the macroeconomic time series used in estimation, for each of the four specifications in Table 2. RMSEs are
calculated over the estimation sample 1978-2018 with the first 40 quarters used as a burn-in period.

Figure 5 compares model-implied and empirical ACFs. This is complemented by the analysis of
the spectral densities presented in Figure B.5 in Appendix B.4.2. Generally the estimated behavioural
specifications create too much persistence relative to the data, whereas the FIRE or calibrated be-
havioural specification (which is closer to FIRE) matches the empirical ACFs more closely. The
exception are hours and wages which are much more persistent in the data and therefore more in
line with the estimated behavioural specifications. A common feature across all specifications is the
relatively higher frequency cycle characterising in-sample dynamics of the interest rate. One possible
explanation is that the benchmark model does not capture time-varying aspects of the monetary pol-
icy rule. Further, whether enabling deviations from FIRE on the part of the monetary authority itself
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would improve the fit of the interest rate series is an interesting question for future work.

Figure 5: Model autocorrelation functions (ACFs)
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Note: Figure reports model-implied autocorrelation functions for the macroeconomic time series used in estima-
tion, for each of the four specifications in Table 2, compared to empirical autocorrelation functions calculated
on the data over the estimation sample 1978-2018.

Finally previous papers in the literature have adopted an IRF matching strategy to estimate dy-
namic parameters, whereas our approach does not. It is therefore of interest to compare the indirectly
estimated impulse responses to a monetary shock to the empirical estimates. Figure 6 documents
this. The estimated-BE models (columns (3)—(4) in Table 2) provide the closest visual match to the
Romer and Romer empirical IRFs. Spanning the IRF evidence, when estimated on business cycle data
the TRFs sit far closer to the empirical IRFs based on the Romer and Romer shock series than the
IRFs estimated on the Bauer and Swanson shock series. Even the calibrated behavioural model which
contains significantly greater extrapolation struggles to breach the 90 percent confidence interval.
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Figure 6: Impulse responses to a monetary policy shock
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Note: Figure reports model-implied impulse response functions to a 25bp expansionary monetary policy shock
for each of the four specifications in Table 2, compared to empirical impulse responses estimated using the
Romer and Romer (2004) shock series as in Auclert et al. (2020) (panels (a)—(c)) and the high-frequency
identified shock series of Bauer and Swanson (2023) (panels (d)—(f)). Monthly GDP has been interpolated from
monthly industrial production data.

5 Conclusion

This paper develops a parsimonious, computationally efficient framework for departing from full in-
formation rational expectations in the sequence space. Building on Kohlhas and Walther (2021),
the behavioural expectations process captures the two empirically dominant deviations from FIRE—
extrapolation from current conditions and underreaction to news—through a two-parameter law of
motion that is internally rational in the sense of Adam and Marcet (2011), nests leading alternative
expectation models as special cases, and delivers the sequence-space Jacobian in closed form as a
function of the rational-expectations solution. Applying the framework to the two-asset HANK model
of Auclert et al. (2020) and estimating it on US business cycle data with SPF and Michigan Survey
inflation expectations, we find that behavioural specifications outperform FIRE in model likelihood,
the qualitative properties of model impulse responses and the dynamic pattern of forecast errors.
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A Further Methodological Details

A.1 Law of Motion for Behavioural Forecasts around the Steady State

Derivation of the recursive forecast law of motion. This appendix shows how the average
cross-sectional forecast for an aggregate input at future period t + k evolves over time around the
steady-state path, establishing the law of motion used in equation (5).

Recall that the average forecast formed at time ¢ on an aggregate input k periods ahead is given
by equation (2):

_ 1 _
ftvip =c+ 1515 (5ft—1$t+k + Ty — ’Vﬂft)

where we suppress the full-information expectations operator E; since, under the sequence-space
solution concept, there is no aggregate uncertainty and all aggregate sequences are part of the time-
zero information set.

Performing a first-order perturbation around the steady state, writing x, = x4 + dx, for any
period 7:

1 _
fi(xss + dxpyp) = c+ T3 (6 fi—1(2ss + dapin) + Tos + dxpig, — y(@ss + day)) .

Using ﬁxss = x4 (agents have unbiased steady-state expectations) together with the no-bias assump-
tion (Assumption 1 in Appendix A.2), which pins down the constant as ¢ = 17525, the steady-state
terms cancel to give:

_ 1 _
Tss + frdTipr = Tss + T35 (6 fe—rdmisk + dxpg — v day)

Subtracting xs from both sides yields the linearised law of motion:

Jedrg = %_’_5 (6 fe—rdmeqy + dayg — v day) . (A1)
This is a first-order linear difference equation in the sequence of forecasts { ftdek}tZQ, expressing
how the forecast of x;y at time t depends on: the previous period’s forecast of the same future period
(formed at ¢ — 1, when the horizon was k + 1 periods away); the full-information value dx; ; and
extrapolation from current conditions dz;.

Solving equation (A.1) backwards, applying the boundary condition f_idz;1, = 0 (which fol-
lows from the assumption that agents start from the non-stochastic steady state at the origin of the
transition, so that no deviations from the steady-state forecast are in place before the shock), yields
equation (5) in the main text:

. L VT L5\
ftdxt*’“zz(uré) 1+5dmt+’“_72(1+5) 156
=0

Jj=0

The first sum converges to dz;1j as t — oo (agents eventually attain perfect foresight), and the second
captures the accumulated extrapolation from observed conditions, with exponentially declining weights
on older observations.

A.2 Technical Assumptions for Internal Rationality

The behavioural expectations framework rests on four assumptions that together ensure agents are
internally rational in the sense of Adam and Marcet (2011): they optimise given their subjective
beliefs, their expectations converge to rational expectations in the long run, and they do not forecast
their own forecast errors.

1. No bias along the steady-state path. Let «; be the individual-specific intercept in the
Kohlhas-Walther regression equation (1), and let P denote the cross-sectional distribution of
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agents. The average forecast is unbiased along the steady-state path if and only if the average
intercept satisfies:

/ai P(di) = v xgs.

This pins down the constant in equation (2) as ¢ = 1—151:55, ensuring that in the steady state
agents’ average forecast equals the steady-state value of the input: fyoZss = s

2. Law of iterated expectations. For all ¢ > s, agents do not forecast their own future forecast
CITOrS:

ﬁ: [ﬁ$t+k] = fs$t+k-

Equivalently, future forecast errors are orthogonal to the information set at any earlier time
s <t:
fs [zer — frvign] = 0.

This holds under the assumption that information sets lie in a natural filtration, so that agents
cannot anticipate revisions they have not yet made. This assumption is critical for the derivation
in Appendix A.3: because forecast updates between consecutive periods are unanticipated, they
hit the economy as unanticipated time-zero shocks, which is precisely what allows the block
Jacobians J7 to be constructed from the FIRE Jacobian.

3. Asymptotic convergence to the steady state. For large enough T, agents expect the
forecast variable to return to its steady-state value:

AT e N:Vt<T, ft:szzvss.

This terminal condition, used in Bard6czy and Guerreiro (2024), ensures the sequence-space
transition has a well-defined endpoint and that the linearised path is bounded.

4. Positive news-revision coefficient. The parameter 6 > 0, which implies § = §/(1+6) € (0, 1).
This is sufficient to ensure that the law of motion (A.1) is stable — the eigenvalue of the difference
equation is §/(1+6) < 1 — and that the forecast error converges to zero along any non-stochastic
path on which aggregate shocks have settled to zero (as noted in equation (4)). In the limit 6 — 0
agents update fully each period (FIRE), while as § — oo agents almost never update, recovering
the purely sticky expectations case of Auclert et al. (2020).

A.3 The Heterogeneous Block Jacobian under Behavioural Expectations

Purpose and logical structure. This appendix derives the behavioural Jacobian J — which maps
true aggregate input sequences dX to aggregate outputs dY under the Kohlhas-Walther expectations
process — from first principles. The derivation proceeds in four steps. First, we write down the
full heterogeneous agents Jacobian J with respect to both true inputs and all time-varying forecast
sequences, partitioned into column blocks. Second, we use the structure of the recursive dynamic
programming (DP) problem to express each block in terms of the FIRE Jacobian .J and Fake-News
matrix F from Auclert et al. (2021). Third, we use the linearity of the forecast mapping A, to
collapse the full expanded Jacobian back to J with respect to true inputs only, recovering the formula
in equation (?7). Fourth, we reformulate the result entirely in terms of the Fake-News matrix F rather
than J directly, which is the computationally efficient representation since F is a more primitive object:
the Jacobian is defined by recursive sums over its diagonals, J; s = Zfi%{s’t} Fi yrsr.

Throughout, we build on the extension of Auclert et al. (2021) to non-FIRE expectations envi-
ronments developed in Bardéczy and Guerreiro (2024), and show how the specific structure of the
Kohlhas-Walther forecast mapping A, yields closed-form entries for J in terms of F and A.
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Setup. Consider any scalar endogenous aggregate output Y;; € Ry of the heterogeneous agents
block. In the DAG formulation of the sequence-space equilibrium (Auclert et al., 2021; Bardéczy and
Guerreiro, 2024), this satisfies:

Y =h(X, X0 ... X5

where h : X — R, maps the set of length-T sequences of aggregate inputs X C R™*7 into the
reals. The set of inputs includes both the true equilibrium aggregate input sequences X and the
family of expectations {X“7},;—o__ 7, where 7 denotes the time at which expectations are formed and
s the period being forecast. The equality above embeds the assumption that the aggregate output
at time ¢t depends only on expectations formed up to and including time ¢: agents cannot make use
of information not yet in their information set. Note that under FIRE, X7 = X for all 7, and the
mapping collapses to the standard one in Auclert et al. (2021).

We make three assumptions throughout. (A1) There is a time-varying linear forecast mapping
from true inputs to agent expectations: for each 7 there exists a T' x T' matrix A, such that

dXe = A, dX,

given by the Kohlhas-Walther law of motion derived in equation (5). (A2) The steady-state expectation
of any input equals its steady-state value. (A3) A law of iterated expectations holds, so agents do not
forecast their own future forecast errors.

At a first-order perturbation around the non-stochastic steady state, for all t =0,...,T":
T t T
Yy Y4
dY;; = ~dX —dXOT. A2
7,0 gt 8XS s+ TZ:O ; 8X§,T s ( )

This is the key object. We now pin down the two groups of partial derivatives in turn.

Step 1: Partial derivatives with respect to true inputs — the block J*.  Consider the partial
equilibrium response dY;% when only the true aggregate input at time s is shocked (dXs #0) and all
expectations are held at their steady-state values (dX;" =0 for all 7, 7).

If s > t: by the structure of the recursive DP problem, with expectations at their steady-state
values the value function satisfies v; = V(v, Xs;) for all ¢ < s, implying no deviation from the steady-
state policy. Because there is no policy deviation prior to s, the beginning-of-period distribution at s
is also at steady state, and therefore dY;% = 0 for s > .

If s = t: since there are no policy deviations prior to ¢, the distribution is at steady state at t.
A first-order perturbation of the aggregation rule gives dY;%, = dyit’Ds s, which by stationarity of the
DP problem equals the first element of the FIRE Jacobian:

dY3|,_, = Yo dX = JopdX.

If t > s: optimal policies have reverted to steady state, so only the distribution propagates the
shock. The linearised Chapman-Kolmogorov equation gives dDj = (AL,)'""*~'dDs, ,, and using the

expectations vector &, = Al yss from Auclert et al. (2021):
dYZ’St = 5{_5_1 DO dX.

Combining, and using the change of variable 7 =t — s, these results coincide with Proposition 1
of Auclert et al. (2021):

i —5,0 = Jt—s >
Wis _ {Jt 0="Fiso t2s (A3

X, o t<s

The block J* is therefore lower triangular with entries given by the first column of the FIRE Jacobian
(equivalently, the first column of the fake-news matrix F):

Joo 0 0 - 0

J10 Jo,0 0 cee 0
J =120 Jip Joo - O

Jro Jr-io0 Jr—20 - Joo
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Note that J* is equivalent to the forecast-error matrix in Bardéczy and Guerreiro (2024): both
give the IRF to an unanticipated shock to the time-s input. The equivalence is a direct consequence
of assumption (A3) — because agents do not predict their future forecast errors, a shock to the true
input dX; generates a forecast error of the same magnitude that hits the economy at time s exactly
as an unanticipated time-zero shock would.

Step 2: Partial derivatives with respect to forecast inputs — the blocks J7. Now consider
the partial equilibrium response when only the time-7 expectation of the period-r input is shocked,
dX;." # 0, with all true inputs and other expectations at steady state.

If t < 7: by assumption (A3), agents at time ¢ cannot respond to expectations not yet formed.

Hence aa;(/—é'ff =0 for all ¢ < 7, and the first 7 rows of J7 are zero.
If » < 7: current or past inputs are observed perfectly (the identity block of A;), so a shock to
7" for r < 7 has no effect on agents who already observed X, directly. Hence ;TYZ; =0forr<r,

and the first 7 + 1 columns of J” are zero.

If t =7 and r > 7: from the DP problem, the response is identical to a future shock under FIRE,
since the time-7 expectation of a future input acts exactly like a time-zero expectation of the same
future input in a re-dated economy. By stationarity:

Y, ¢
6X27T = JO,T—T = FO,r—t-
T

If ¢t > 7 and r > 7: optimal policies have reverted to steady state, so only the distribution

propagates. By an argument analogous to Step 1, using the timing shift ¢/ =¢ — 7, 7' =r — 7
Yz

sver =7 1Dr7dX =Frp 7 =Jtrr—r— Jt—r—17-7-1.
X Etr1 tr, J—r, J—r—1, 1

Combining, the block J7 has the structure: zero rows for ¢t < 7, zero columns for r < 7, and
remaining entries equal to elements of the FIRE fake-news matrix:

Y4

oxX:"

=Fi—gp—r fort>r,r>r.

Writing out J and J! explicitly:

0 J()71 J()72 JQ7T 0 0 0 cee 0

0 Fi1 Fip Fyr 00 Jog -+ Jor-1
Jo—=|0 Fry Foo Fr|l, J'=|00 Ay - Fra

0 Fry Frp -+ Frrp 0 0 Froix -+ Froara

where Fy g = J; s — Ji—1 s—1 denotes the (¢, s) element of the fake-news matrix.

Step 3: Collapsing to the behavioural Jacobian J. Partitioning J = [j* Jo ... jT] and
using the linear forecast mapping dX%” = A, dX, the condition dY; = J dX requires:

T
JdX = J*dX + Z JTA, dX
7=0

and therefore:
T

J=T+> T A, (A.4)
7=0
This confirms equation (??), which can equivalently be written as J=JAo+ > on Bu(Ap — Ap—q); the
two representations are algebraically equivalent via the fake-news decomposition.
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Step 4: Representation in terms of the Fake-News matrix. Substituting the results of Steps
min{s,t}

1 and 2 into equation (A.2), and using F; s = Jy s — Ji—1,s—1 together with J, o => " —0""7 Fry s

t t—=1 T T
dYig =) FiosodXs+ ) D FrorsrdXT+ Y FosedXS (A.5)
s=0 7=0s=7+1 s=t+1

The three terms have a clean interpretation. The first captures the direct effect of true shocks at times
s < t, weighted by the first column of F. The second captures the effect of expectation revisions at all
intermediate times 7 < ¢, as agents update their forecasts when new information arrives. The third
captures the effect of expectations formed at time ¢ about future inputs s > ¢, weighted by the first
row of F.

Substituting the forecast mapping dX” = A; dX, the (¢,r) element of J follows by an undeter-
mined coefficients argument:

t—1 T T
Jt,r = Ft—r,o + Z Z Ff—T,S—T AT,S,’I‘ + Z Fo,s—t At,s,r (AG)
7=0s=7+1 s=t+1

where A; s, denotes the (s,7) element of the forecast matrix A,, given by:

4

1 s<T,r=35
T 5l
_TX Tl S>T, r=3S8
Aoy = X _ 1 (140) (A7)
8X7" 5 T—T 1
| — — <
7(1_1_5) 110 §>T, r<T
0 otherwise

The four cases correspond directly to the four regions of A, identified in Section 8: (i) the identity
block (agents observe current and past inputs perfectly); (ii) the news-revision diagonal B, (cumulative
probability of incorporating news on future inputs); (iii) the extrapolation block A, (pass-through
from observed conditions at each update); and (iv) zero elsewhere.

Equation (A.6) is the central result of this appendix. It shows that the behavioural Jacobian J can
be computed entirely from the FIRE fake-news matrix F and the parameters (J,7) of the Kohlhas-
Walther process, without ever computing J explicitly. Since F is a more primitive object than J — the
Jacobian being defined by recursive column sums of F — this representation is both computationally
efficient and conceptually transparent.

Relationship to Bardéczy and Guerreiro (2024). The derivation above follows the procedure
of Barddéczy and Guerreiro (2024) closely. Our contribution relative to their general treatment is
threefold: we specialise to the Kohlhas-Walther forecast mapping A, we provide explicit closed-form
entries for each block J7 via equation (A.7), and we show the result can be stated directly in terms
of F rather than .J, which is the representation used in our computational implementation.
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A.4 Equivalence of the generalised solver with Bardéczy and Guerreiro (2024)

In this section we show equivalence between the proposed generalised solver and the alternative im-
plementation in Bardéczy and Guerreiro (2024) derived in the last section. The key idea is twofold:

1. The iterative revision of forecasts dX¢* — dX&*~! that hits as a time-zero shock in Barddczy
and Guerreiro (2024) is equivalent to iteratively unlearning the previous period forecast and
learning a new one, which is the device underlying our more efficient fake-news matrix based
implementation.

2. The sequence-space fake-news matrix and Jacobian are related by the recursion proved in Auclert
et al. (2020). This implies that a similar recursive relationship holds between our forecast
unlearning matrix P}, and the forecast revision matrix in Bardéczy and Guerreiro (2024).

The proof of equivalence is in two parts. First we prove that any Jacobian satisfying the Bardéczy
and Guerreiro (2024) solver also satisfies ours (necessity). Then we prove the reverse (sufficiency).
This establishes that the two solvers span the same space of solutions J C M.

We first provide the following R-P recursion lemma, linking the forecast revision matriz Rp in
Bardéczy and Guerreiro (2024)and the forecast-unlearning matriz Py in our framework:

R-P recursion. The forecast-revision matrix sequence Rj and the forecast-unlearning matrix
sequence Py, satisfy for all 0 < h < T

Rh—i—l = Rh - ,Ph,-

Further, given a fixed horizon or length T of the transition sequence around the nonstochastic steady
state, Ry = Pr.

Proof. By definition of the shifter matrix, it follows that for all A > 0:

_ (0 0 0 Oper) _ (0 0p) _
Rh_Rh+1_(0h J>_<Oh+1 7 )= \o, F) =P (A-8)

Where the second equality uses the fact that as shown in Auclert et al. (2021)
Jt,s - Jt—l,s—l = ft,&

noting that by construction of the shifter matrix the operation is subtracting from each element the
first Jacobian the element located to its upper left along the diagonal, and that the first row and
column of the Jacobian and fake-news matrix coincide by construction, as in Auclert et al. (2021).
The result Ry = Pr follows immediately from the latter observation.?

Equation (6) is key for the proofs of the two following corollaries, showing equivalence of the
solution sets defined by the two solvers, by establishing a key link between the Jacobian-shifter matrix
and the fake-news shifter matrix, or the forecast-revision matrix Ry, and the forecast-unlearning matrix
Ph:

Rpi1 = Rp — Ph.

The economic intuition behind the above identity was expounded earlier. That is, the impact of
tomorrow’s forecast revision from tomorrow onwards can be backed out from the impact of the forecast
revision today from today onwards and the impact tomorrow of fully unlearning the shocks expected
today. This is because, as noticed to be true for a generalised sequence-space environments with
time-varying expectations as inputs alongside the true aggregate input sequence:

e The shock to expectations between yesterday and today is equivalent to the combination of
the newly expected shocks and fully unlearning (i.e. negative shocks of the same magnitude)
expectations formed yesterday.

26 And equal to the displacement in optimal policies from a shock to the input in the same period Yo /dz, while the
distribution is fixed at the steady state as in Auclert et al. (2021).
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o The impact of unlearning shocks between yesterday and today, as shown in Auclert et al. (2021),
amounts to the impact driven by end of-period distributional adjustments as optimal policies
converge back to the steady state.

Note that a further immediate implications of Lemma 1 is that that when I = Ay, = Ay for all A,
i.e. with expectations constant at the perfect foresight /FIRE ones, the above collapses to the FIRE
solver in Auclert et al. (2021). This is the case because, using Lemma 1:

> Pd=> Py=Ry—Ri+Ri —Ry+Ry—...— Rp_1+ Rr_1 — Rp + Pr
h h

Pn=Ry—Rr+Pr=J

The economic intuition within the developed forecast-unlearning framework is that, because there is
perfect foresight or FIRE, it is exactly as if the initially (correct) expectations are unlearned and
reformed renewed at each point in time. However, the impacts of this shock combination — equivalent
to maintaining expectations constant — offset each other fully, so that agents only end up responding to
the news at time zero. That a restriction to FIRE replicates the same solver as in Auclert et al. (2021)
is a shared property with the one in Bardéczy and Guerreiro (2024), which is not really surprising
because as we now go on to show the two are fully equivalent.?”

A.4.1 Necessity corollary

Having fleshed out the inductive logic sustaining the solver above and Lemma 1, we now prove the
necessity corollary. In fact, proving this shows also that the solver can be backed-out directly by
manipulating the Bardoczy-Guerreiro generalised solver. Recall this is for h > 1:

J=JAo+ Z Ry, (Ap, — Ap—q)
h

Noting that the forecast revision matrix at time zero Ry = J, we can accordingly rewrite the solver
for h > 1 as:

J =RoAo+ Y Ru(Ap — Apy)
h

A~

J = (Ro — Rl)AO + (R] — Rg)Al + (Rg — R3)A2 + ...+ RpArp.

The efficient fake-news matrix SSJ solver for linear deviations from FIRE is thus:

- 0o 0
J = ZPhAh Pr = (Oh .Fh) (A.10)

where we have made use of the definition of the forecast-unlearning matrix P, and the result in Lemma
1 in order to substitute in R;, — Rp+1 = Py, for h <T — 1 and Ry = Pr.

A.4.2 Saufficiency corollary

The above shows that if some SSJ Jacobian, i.e. a candidate solver, satisfies the equation in Bardoczy
and Guerreiro (2024), then it is also an efficient fake-news generalised solver. Here we prove the reverse
is true as well, so that the classes of solutions to DSGE/HANK models in the sequence-space defined

*TAn alternative proof of consistency and convergence to the Auclert et al. (2021) SSJ-solver under FIRE is in fact
using the next two corollaries establishing equivalence to the Bardczy and Guerreiro (2024), which obviously converges
to the FIRE case as its expression makes clear:

j = JAo + ZR}L(A}, — Ah—l) =J (Ag)
h

for Ag = Ay, =1 for all h.
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by the Bard6czy and Guerreiro (2024) SSJ solver and the fake-news efficient solver are coeztensive. To
show this, consider equation (6) which defines the efficient fake-news solver, noting again that Py = F:

h>0
T-1
J=FAo+ > _(Rn— Rps1)An + RrAr
h>1

Where we used again the observation the fact that P, = R, — Rp+1, and that Pr = Ry in the last
period. Then the above can be re-arranged as:

J=FAg+ RiAy — RoAy + RoAy — R3Ag + ... + Rr_1Ap — RpAr_y + RyAr

T
J=FAo+ RiA1+ Y Ru(Ap— Apoy)
h>2
Adding Ri(Ag — Ap) = 0 to the right-hand side, we have that the efficient fake-news SSJ-solver in (6)

satisfies:
T

J=(F+Ri)Ao+ > Ru(Ay — Ap_y)
h>1

However, note that
F+ Ry =J,

which follows from the more general result in equation (6) or Lemma 1:
Rh—l—l = Ry, — P,

with h = 0, for which by construction of the forecast-revision and forecast-unlearning matrices Ry = J
and Py = F, implying the above equation can be written as

j =JAy + th(Ah — Ah—l)-
h>1

Hence if a solver J is an efficient fake-news solver, it is also a Bard6czy and Guerreiro (2024) generalised
SSJ-solver. Because we proved that the reverse of the conditional is also true, the two solvers are fully
equivalent.
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A.5 Generalisation to Time-Varying Coefficients ~;, 0y

The Kohlhas-Walther reduced form equation for the evolution of the forecast with time-varying ex-
trapolation and news-revision coefficients is:

Tk — [Tk = i + VeTe + O (feron — Fio1@ek) + &5 ek

Relaxing the framework presented in the main text, the above equation allows for the strength of the
extrapolation and news-revision effects to vary in function of the time elapsed between the time at
which the forecast is formed and the timing of the forecast variable. This also implies that the strength
of extrapolation and news-revision is the same at times ¢ and r when respectively forecasting x;x
and z,,1. Again, let fizy,y 1= fj fjtxe4+xdP(j) denote the average expectation in the cross-section.
Integrating over the measure of households and re-arranging:

Tt+k — ﬁl’t+k = QT VT + 5k(ft$t+k - ﬁ—1$t+kz)-

_ 1 _
[tk = ¢ + 5 Ok fr—1Tt4k + T — YiTt),

1+ 0
where ¢ = —ﬁék f] @k + € geru P (dj) = —ﬁ f] a; kP (dj). We impose again a no-bias assumption
on the constant term ¢, for all k € N, so that fies = fi_1Tss = fesTss = Tss:
%
k= 1+ 6k Lo

Note that, using the definition of ¢; the no-bias assumption implies a restriction on the intercept or
household fixed effects, Vk:

ViTss + /ay,kP(d]) =0.
J

One interpretation of the above is that the bias of the agents when forming individual forecasts
exactly offsets the extrapolation effect at the steady state. The reason is that, as the news revision
channel ceases to play a role at the steady state (the public information set becomes stationary),
then an unbiased aggregate forecast requires that agents adjust their idiosyncratic bias so as to offset
aggregate extrapolation. For an aggregate input with a positive-valued steady state, if we require
v < 0, consistent with the micro-founded model of extrapolation from asymmetric attention and
empirical estimates in Kohlhas and Walther (2021), then the no-bias assumption implies

/aj,kP(dj) <0.

J
With this in mind, the generalisation of the Kohlhas-Walther mapping to time-varying extrapolation
and news revision parameters proceeds in the same way as for the case with time-invariant ones. At a
first order perturbation around the non-stochastic steady state, the forecast at time ¢ of an aggregate
input k periods ahead satisfies:

fe(wss +dwyyr) = cp + 6 fro1(Tss + dresy) + Tss + drery — Y (Tss + day))

—
1+ 0
Using the no-bias assumption pinning down each cg:

1 _
fr(zss +dzpgg) = 255 + [ (O fe—1d@ipr + dapn — Yrday)

_ 1 _
driyy = —— (O fim1dxitr + dxpyr — Yedx
Jedrepg 1+ 0op ( kfi—1dxiyp, t+k — Yk t)
This yields, like previously, a first order difference equation in the forecasts formed at times t = 0...7.
Solving the equation backwards, together with the usual boundary conditions:

_ 1 1 _

Jrdzepr = 110, [5k1 o (5k—1ft—1d$t+k +dripr — 7k+1d$t—1) + dxip ke — Yeday
Fdapop = i ﬁ Ok41—(t—s) 1 A _i A tl:[l Ok1—(1—s) 1 das
tATt+k <\ 1 1+5k_(t_8) 1+ 0y t+k = Ye+(t—7) % 1+5k_(t_s) 1+ 6,000
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B Two Asset HANK Model

B.1 Model Equations

This appendix collects the equilibrium conditions of the model.

B.2 Households

There are six groups of households g € {1, ..., 6} with population shares w, and group-specific discount
factors 3,. Within each group, households face idiosyncratic productivity risk z governed by a Markov
chain with time-invariant transition matrix II. Households choose consumption ¢ and liquid asset
holdings a’ subject to a borrowing constraint a’ > a.

Budget constraint. For a household of type ¢ with productivity z and liquid assets a:
c+d =1+r)a+(1—1)whegz+dy+ T (B.1)

where 7P is the return on liquid assets, 7 is the labour income tax rate, w is the real wage, h is
hours worked (determined by the union, see below), e, is the group-specific income share, dg is the
distribution from the illiquid portfolio to group g, and 79 is a lump-sum government transfer.

Euler equation (liquid asset). The household’s optimality condition is:

V> B R, [(1 +r7) c;rll/v] . with equality if ¢’ > a (B.2)

where v is the elasticity of intertemporal substitution and Bg = [, - €%t incorporates the discount
factor shock.

Aggregation. Aggregate consumption C;, liquid asset demand Ay, disposable income Y;S , and the
marginal rates of substitution MRSC;, MRSH; are obtained by integrating over the stationary distri-
bution:

w w
Cy = Z s /Cg(z7a) dpg(z,a), A = Z -4 /a'g(z,a) dpg(z,a) (B.3)
g Mo g Mg
where 11, is the within-group measure.

B.2.1 Illiquid Asset and Portfolio Inattention

Illiquid asset law of motion. For each group g, illiquid assets are subject to a law of motion:

X? =1 +rMXy, —df (B.4)
where X7 is group g aggregate illiquid wealth, rit is the return on illiquid assets, and d} is the
aggregate distribution from illiquid to liquid accounts.

Distribution policy under sticky expectations. The distribution policy for a household ex-ante
belonging in group ¢ follows a simple rule Auclert et al. (2020):

=il

PR NG R (35)

Tl

where X9; = E(X?|QY) denotes the expected illiquid wealth (defined below) conditional on the g-th
group information set QY at time ¢ and y — 0T governs the sensitivity of distributions to perceived
deviations from the group-specific steady state illiquid wealth position X,.
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Sticky portfolio expectations. Average portfolio expectations are subject to sticky information
sets, which are assumed to update infrequently in a time-dependent fashion with probability (1 — @)
per period. Under a LLN:

Xoy= | XP(G)u(di) = (1= 0)(1+r{")X{ | +0 X9, 4 (B.6)
Ry

where X7(j) is the expectation of a household j in group g who last updated their information set j
periods ago and g is the probability mass function p(s) = 6°. By a similar argument to that presented
in footnote (8), it is clear that asymptotically expectations on the illiquid portfolio value converge to
the group-specific steady state. When 6 = 0, households have full-information rational expectations
over their portfolio: X, = (14 ri)X,_;.

Aggregate consistency. Total illiquid wealth X; in the economy satisfies an aggregate consistency
condition at the end of each period:

X =3 X{u, (B.7)
g

B.2.2 Production

Final good firm (production function). Output is produced with a Cobb—Douglas technology:
Y; = Z; K7 (Ng - hy)*h (B.8)

where Z; = €= is total factor productivity, K;_1 is the capital stock, Ng is aggregate labour efficiency
units, and h; is hours worked. Rearranging for hours:

1/ap

1 Yy
hy=— | ——— B.9
" Ng (Zthl__l"h> (B9)

Marginal cost.

Wy
me = ——————— B.10
' Yy/(h Np) (B-10)

Rental rate of capital.

= me (1 - ap) K);t_l (B.11)
Dividends of the intermediate firm.
Divy = (1 —mey) Vi (B.12)
B.2.3 Capital Firm
Capital accumulation.
Ki=1Ii 1+ (1-0)K¢ (B.13)

Investment Euler equation (Tobin’s @)). With convex adjustment costs parameterised by :

(0 ( Iy )2 ( I ) I (0 (It—i-l ) (It+1)2
1o (1) (1 - ) (et B.14
@ 2 \ 41 4 I 4 Ii v 1T+re+Nepryr \ 1t I ( )

Asset price of capital.

1
R

Q1 [T’f+2 +(1— 5)Qt+1} (B.15)
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Capital firm dividends.

Kk Y (L 2
Din =Ty Kt—l - It—l —=—-1 It—l (B16)
2 \[i2

Measured investment.
IIth = It—l (Bl?)
B.2.4 Nominal Block

Price Phillips curve. With Calvo parameter (,, Kimball super-elasticity v, and demand clasticity
€eP:

T = T—1 +

o f) e (e o

Cp e +vp—1 €P + 1y (o1 =) + lpe

Wage Phillips curve. With Calvo parameter (,, labour supply elasticity (Frisch) ¢, and union
markup e:

) =M1+

(1 —Cw)(1 = Bw) € MRSH; e—1 — W
. — — w B.19
Cw €+, —1 % MRSC; € +5 (ﬂ-t“ m) g )
where ¢; is a steady-state labour disutility scaling parameter and /3 is the average discount factor.
In the above we further set the steady state wage markup —5 = % so that it matches the price
markup, and similarly for the Kimball super-elasticities v,, = v, = 10. This is the same as in the
original model of Auclert et al. (2020).

Real wage evolution.
In(w,(1+m)) —lnwi_y =n° (B.20)

Taylor rule. ~
. . « Y, -Y
it = pmit—1 + (1 — pm) |7° + ér 7Tt+¢yT + Nt (B.21)

Throughout, we set the Taylor rule parameter ¢, = 0 so that the central bank does not respond to
deviations of output from its steady state value.

Fisher equation.

1414
1+rp=—— B.22
L Ti41 ( )
B.2.5 Asset Pricing and Returns
Return on liquid assets.
PP = — ¢ (B.23)
where £ is the financial intermediation spread.
Government bond price. With maturity structure governed by decay parameter d:
146 ¢
g =~ 01 (B.24)

14+ r
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Equity prices. No-arbitrage conditions for the intermediate firm and capital firm:

pry1 + Divig

= B.25
br 1+r+ Nrp,t ( )
K _ Py + Divi,
plf = P T i (B.26)
1+r+ Nrp,t
B.2.6 Fiscal Policy
Government spending.
G =G+ Yy, (B.27)
Tax rule. _
B,_1—-B
Tt = 7__|_%_(7b - ;— (B28)
Government budget constraint.
@By = Gy + (14 8yq!) B_y + T9" — 7, (Yt . o Divt> (B.29)
B.2.7 Market Clearing
Asset market.
A+ Xy = !By +pr + pX (B.30)
Goods market.
1,
=C4+ G+ L+ = v (It—l - 1) L+ &4 (B.31)
t—2
Funds market.
(L+7f + &A1+ (L+r{") Xo1 = py + Dive + pj* + Divy® + (1 + Gpq¢) Bi—1 (B.32)

B.2.8 Exogenous Shock Processes

Five of the seven structural shocks follow AR(1) processes:

not = poNe—1 + EtC (discount factor) ( )
Nrpt = Prp Nrpyt—1 + € (risk premium) ( )
Net = PzNet—1 + &L (TFP) (B.35)
Nrt = PrMrt—1 + € (monetary policy) ( )

( (B.37)

Ngt = PgMNgt—1+ ef government spendlng)
The price and wage markup shocks follow ARMA(1,1) processes as in Smets and Wouters (2007):

Npt = PpMpi—1 + % — Opel (price markup) (B.38)
Nwt = Pw w1+ & — e’y (wage markup) (B.39)

All innovations 6{ ~ N(0, U?) are mutually independent.
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B.3 Model Dynamics

Figure B.1: Replicating Auclert et al. (2020)
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Note: This figure replicates the impulse response to a monetary policy shock under rational and sticky expec-
tations as in Auclert et al. (2020). The sticky impulse responses were IRF matched to the empirical evidence
of a local projection to a Romer and Romer (2004) monetary policy shock.

B.4 Business Cycle Estimation

B.4.1 Data and Estimation

This appendix describes the construction of the dataset used to estimate the model. The sample
runs from 1978 Q4 to 2018 Q4. The first seven observables follow the transformations of Smets and
Wouters (2007) closely; two additional series capture realised inflation forecast errors for professionals
and households.
All macroeconomic aggregates are quarterly and sourced from FRED. The raw series are: nominal
GDP, nominal personal consumption expenditures, nominal business fixed investment, compensation
per hour (nonfarm business sector), an index of aggregate hours (average weekly hours x civilian
employment), the GDP deflator, civilian non-institutional population, and the effective federal funds
rate. Real quantities are deflated by the GDP deflator throughout.
The forecast error series are constructed from two survey sources:

o Survey of Professional Forecasters (SPF): individual-level microdata from the Philadelphia
Fed. The four-quarter-ahead forecast of GDP deflator inflation is computed as 100 x (X44/X¢ —
1) from each respondent’s level forecasts and averaged across forecasters each quarter to obtain

The realised four-quarter inflation ending at t is II; =

~SPF
7Tt .

Michigan Survey of Consumers: individual-level microdata on expected price changes over
the next 12 months (px1), aggregated to a quarterly frequency using survey sampling weights

to obtain 7

Mich
t .

w4 M1 + m_o + m_3, where my

1001In(P;/P;_y) is log quarterly GDP-deflator inflation. The forecast errors are then

SPF ~SPF
FEt =1I; — T3

Mich
FE)
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Figure B.2: Business cycle data
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Note: Figure plots the transformed data used to estimate the Two Asset Hank Model. The sample range spans
1978 to 2018.
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comparing outturn inflation over the four quarters ending at ¢ to the expectation formed three quarters
earlier. Because three lags of the survey series are required, the effective sample begins in 1978 Q4.
Table B.1 summarises the nine observables. All series are linearly detrended (OLS residuals from
a regression on a linear time trend) rather than simply demeaned; this accounts for low-frequency
movements in trend growth and the secular decline in nominal interest rates over the sample.

Variable Transformation

Ay, 100 x [In(GDP;/P;/N;) — In(GDP,—1/P;—1/Ny_1)], linearly detrended

Acy 100 x [ln(Ct/Pt/Nt) — ln(Ct,l/Pt,l/Nt,l)], linearly detrended

Aiy 100 x [In(f;/P;/Ny) — In(I;—1/P;—1/N;—1)], linearly detrended

hy 100 x In(hy - E;/Ny), linearly detrended

Awy 100 x [In(Wy/P;) — In(Wy—1/P,—1)], lincarly detrended

it Federal funds rate divided by 4 (quarterly), linearly detrended

T 100 x In(P;/P;—1), linearly detrended

FESFF I, — 73 realised four-quarter GDP-deflator inflation minus the SPF mean four-quarter-ahead forecast forn
FE%VIiCh I1; — 7Hh: realised four-quarter GDP-deflator inflation minus the Michigan Survey weighted-mean expected

Table B.1: Observable variables and their transformations. P; denotes the GDP deflator, IV; is civilian
non-institutional population (normalised to an index), F; is civilian employment (normalised), h; is
average weekly hours (normalised), W} is nominal compensation per hour, and II; = Z?:o Ti—j is
realised four-quarter inflation. (
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Figure B.3: Business cycle structural decomposition
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Note: Figure plots the structural decomposition of the aggregate time series on the components driven by each
of the seven structural shocks for model (3). Innovations to the shocks are obtained by filtering against business
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cycle data using the MA representation of the process at the estimated parameters.

B.4.2 Further Results
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Figure B.4: Other Shocks
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Price markup
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Note: Impulse response to a one standard deviation shock decomposed as described in Figure 2.
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Figure B.5: Model autospectral density functions (ASDFs)
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Note: Figure reports the autospectral density functions for the macroeconomic time series used in estimation,
decomposing the time-domain signal into constituent frequency components, for each of the four specifications
in Table 2. They are compared to their empirical equivalent for the same series, employing the ACFs estimated
above. For comparability, the power spectra for each process and model are normalised by the total power
carried by the signal over time. For all outputs, cross-model variation for frequencies A € [0.1,0.5] cycles per

quarter is negligible, hence only the lower frequencies through to 0.1 cycles per quarters are shown.
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B Overshoot on impact region (theoretical)
B Dynamic overshooting region (theoretical)
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Figure B.6: Necessity & sufficiency of over-reactive extrapolation for dynamic overshooting: numerical
test of theoretical conditions

Note: The figure verifies the theoretical results in propositions (1-3). The figure plots the results from a set of
numerical experiments on one-period ahead forecast errors against the IRF in figure 1 for a meshgrid of values
of the extrapolation parameter gamma and inattention parameter § = §/1 + §. The white region corresponds
to no dynamic overshooting, while the blue and red regions respectively map to dynamic overshooting (interior
timing) and on-impact overshooting. The dashed line plots the theoretical boundary between the two regions
derived in proposition (2). Numerical tests align with the theoretical results, confirming the necessity of over-
reactive extrapolation for dynamic overshooting and the sufficiency of the conditions in proposition (2) for
interior timing: (i) without over-reactive extrapolation no overshooting occurs, (ii) over-reactive extrapolation
must not be too large relative to the inattention parameter, and (iii) larger inattention loosens the upper
boundary on extrapolation consistent with dynamic overshooting.
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Figure B.7: Interior dynamic overshooting times.

Note: The figure shows the existence and timing of interior overshoot under purely sticky expectations for the
case with an oscillatory hump-shaped IRF (b < 0). The dashed line plots the theoretical interior time derived
for such case in footnote (16).
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