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1. Introduction

A longstanding question in public finance is whether a Capital Gains Tax (CGT) "ac-
centuates asset price fluctuations, promoting economic instability" (Somers (1948)). The
conventional view holds that realization-based taxes are destabilizing: by taxing gains
upon sale, taxes may discourage investors from selling appreciated assets in booms and
may accelerate the sale of depreciated assets in busts, amplifying price swings.! However,
Haugen and Heins (1969) argue the opposite: by reducing after-tax expected returns, taxes
can dampen the response of prices to shifts in expectations, thereby stabilizing markets.
Which force dominates, and under what conditions, remains unresolved.?

Recent econometric evidence supports the stabilizing view. By exploiting variation in
portfolios’ tax exposure around the 1978 and 1997 U.S. tax reforms, Z. Dai, Shackelford,
and Zhang (2013) show that cuts to the top long-term CGT increased stock return volatil-
ity. While this evidence identifies the net effect of taxes on volatility, distinguishing among
competing mechanisms and quantifying their relative strength requires a structural model.?

However, incorporating realization-based capital gains taxation into equilibrium asset
pricing models has proven challenging. Realization-based taxation introduces asymmetric
trading frictions, path-dependence through cost bases and carryover losses, and the need
for active trade among heterogeneous agents. These features have limited prior work.
Analytical models that incorporate realization are either highly stylized or stop short of
delivering explicit equilibrium pricing functions.? On the quantitative side, equilibrium
models typically abstract from realization-based taxation, while models that include it
focus on portfolio choice without equilibrium price determination.” As a result, we lack a
dynamic equilibrium framework with realized-based taxation that can be used to quantify
how capital gains taxation affects price volatility.

This paper addresses this gap by developing a general equilibrium asset pricing model
with realization-based capital gains taxation that captures both channels. I first study an
analytical version to characterize the theoretical mechanisms. Then, I estimate a quanti-
tative version on U.S. stock market data to evaluate the effect of the tax cuts implemented

in the US since the 1970s. The main finding is that tax cuts were destabilizing on net.

!This view dates to Somers (1948). Other early papers endorsing this view include Cloe (1952),
Gemmill (1956), and Somers (1960).

2Haugen and Wichern (1973) argued that determining which effect dominates "is a very difficult
[problem|, yet it must be considered important since the ‘locked-in’ issue has been used effectively as an
argument against increasing the tax rate on capital gains.”

37. Dai, Shackelford, and Zhang (2013) suggest another mechanism to rationalize the results: CGT as
a risk-sharing device with the government. However, this hypothesis sits uneasily with the U.S. tax system,
where tax liabilities depend on investors’ realization decisions and loss offsets are severely constrained.

4Stiglitz (1983) analyzes a two-agent, two-state setup; Sahm (2008) considers a two-period environment;
Klein (1999) and Viard (2000) derive Euler equations capturing lock-in but do not solve for equilibrium
prices. Haugen and Wichern (1973) relies on simulations in a stylized setting with exogenous beliefs.

5See McGrattan and Prescott (2005), McGrattan (2023), Anagnostopoulos, Céarceles-Poveda, and Lin
(2012), and Brun and Gonzalez (2017) for the former; Ehling et al. (2010), M. Dai et al. (2015), and
Ehling, Tompaidis, and C. Yang (2019) for the latter.



The analytical model is a microfounded version of Stiglitz (1983): two groups of in-
vestors with heterogeneous beliefs trade a Lucas tree subject to realization-based capital
gains taxation. The economy alternates between boom and bust states, and agents agree
to disagree about state persistence, generating trade.’

From an individual investor’s perspective, capital gains taxation creates an inaction
region. Selling triggers a tax on accrued gains, so an investor may value a position above
its after-tax liquidation value and hold when she would otherwise sell. This no-trade zone
expands with the tax rate—which is often referred to as a lock-in effect. In equilibrium,
this lock-in tightens the conditions for trade: because sellers anticipate paying taxes upon
realizing gains, marginal buyers in booms must be sufficiently optimistic to compensate
sellers for the tax wedge. The tax thus acts as a selection device, making boom buyers
more optimistic, which raises boom prices relative to bust prices. Moreover, as in Stiglitz
(1983), for a given configuration of beliefs, the tax reduces the net payoff from a recovery,
depressing bust prices relative to boom prices. The widening of the gap between boom
and bust prices implies larger volatility.

Higher taxes, though, also reduce after-tax expected payoffs, attenuating the sensitiv-
ity of prices to belief revisions—which I refer to as a pass-through effect.” While Haugen
and Heins (1969) anticipated this channel for exogenous beliefs, endogenizing them reveals
how the pass-through effect depends critically on the nature of agents’ uncertainty. In the
two-state model, if agents know both the relevant stochastic processes and the equilibrium
pricing function—the baseline Rational Expectations equilibrium in the paper—there is no
effect. If agents instead receive noisy signals about fundamentals, the pass-through effect
is static: taxes scale expected payoffs and hence scale price responses to belief changes.
When agents must learn about the pricing function itself due to imperfect market knowl-
edge—as in the Internal Rationality framework of Adam and Marcet (2011)—the effect is
dynamically amplified: a higher tax dampens price responses to belief revisions, reduces
forecast errors, induces smaller belief updates, and further stabilizes subsequent prices. A
CGT thus weakens the price-belief feedback loop that generates excess volatility.

Overall, the net effect of capital gains taxation on price volatility is theoretically am-
biguous; which effect dominates is an empirical question. To address it, I develop a quanti-
tative version of the model that extends the analytical framework along several dimensions:
a continuum of states, many investor types, a richer tax system featuring stochastic rates
and carryover losses, and learning about both fundamentals and prices.

The model is computationally challenging, as it features heterogeneous agents, aggre-
gate risk, subjective beliefs and learning, pronounced nonlinearities (including singular-

ities), and several tax-related state variables. Building on Belda, Heineken, and Ifrim

6See Xiong (2013) for a review of the literature on heterogeneous beliefs.

“This mechanism is consistent with the micro-evidence in Giglio et al. (2021): equity shares are more
aligned with investors’ beliefs in tax-advantaged accounts, reflecting higher sensitivity of portfolios to
beliefs when taxes are lower.



(2025), I tackle these challenges by exploiting a feature of the model’s information setup.
With Internal Rationality under imperfect market knowledge, individual rational agents
take asset prices as a state variable, such that they do not need to track the entire cross-
sectional distribution to solve their saving problems, circumventing what Moll (2025) la-
beled an "unrealistically complex" problem in heterogeneous-agent models.® The solution
method decomposes naturally into two stages—solving the individual problem given id-
iosyncratic beliefs and computing market equilibrium—rendering the computational chal-
lenges tractable.

I estimate the full model by Simulated Method of Moments using U.S. stock-market
data since 1975, a few years before the first statutory reduction in the capital gains tax
rate in 1978. The model fits the targeted moments closely and also performs well on a
set of validation moments excluded from the estimation. The moment set has two parts.
The first targets standard objects in the excess volatility literature—means, volatilities,
and comovements of prices, dividends, and valuation ratios, including a Campbell-Shiller
decomposition of valuation dynamics and the response of valuations to price shocks.” The
second targets capital gains realizations, in particular the tax elasticity of realizations that
is central in the public-finance literature (e.g., Agersnap and Zidar (2021)). The model
matches this elasticity at both medium- and long-run horizons, avoiding an implausibly
large short-run trading response that would mechanically bias the estimated effects of
taxation on volatility. Moreover, the model captures the correlation between price changes
and trading volume well, as in Adam et al. (2015).

Leveraging the model’s quantitative fit, I use counterfactual simulations to estimate
the causal effect of the capital gains tax cuts implemented since 1975 on volatility and
to provide an accounting of the mechanisms at work. The model implies that these tax
cuts raised price-dividend volatility by about +35% relative to its observed level. The
increase reflects two offsetting forces. Isolating the pass-through channel via a counter-
factual without realization frictions, lower taxes raise volatility by approximately +50%.
Realization-based trading frictions and their interactions with the pass-through partially
offset this, accounting for the residual -15%. These findings are robust across tax-rate
measures (effective and statutory) and across alternative informational assumptions about
the tax process, including tax foresight and tax learning. The model-implied causal effect
aligns with the external cross-sectional evidence in Z. Dai, Shackelford, and Zhang (2013),

delivering an increase in stock return volatility of the same order of magnitude.'’

8Examples of papers that solve quantitative heterogeneous models with nonlinearities and aggregate
risk include Han, Y. Yang, et al. (2021), Kase, Melosi, and Rottner (2022), Fernandez-Villaverde, Hurtado,
and Nuno (2023) and Fernandez-Villaverde (2025).

90Other papers using subjective expectations to explain excess volatility include Adam, Marcet, and
Nicolini (2016), Adam, Marcet, and Beutel (2017), Barberis et al. (2018), and Bordalo et al. (2024).

0To quantitatively benchmark against Z. Dai, Shackelford, and Zhang (2013), who identify volatility
effects around discrete reforms, I compute semi-elasticities within their event windows; the model delivers
estimates of the same order of magnitude, providing a structural interpretation of their reduced-form



Finally, I use the framework to evaluate alternative tax instruments. In the analytic
model, an accrual-based capital gains tax retains the stabilizing pass-through effect while
eliminating lock-in, since it does not distort trading decisions. By contrast, a Financial
Transaction Tax (FTT) features both effects, leaving its net impact theoretically ambigu-
ous—consistent with the mixed empirical findings in that literature.'!

Quantitative experiments reinforce these conclusions. First, I implement a revenue-
neutral regime change from realization-based to an accrual-based CGT system. Requiring
an average rate of roughly 7%, the reform reduces valuation volatility by about 20%. Thus,
a lower tax applied in a less distortionary manner appears to pay off in terms of stock mar-
ket stability. Second, I introduce small supplementary taxes on either transactions or
unrealized gains in the current realization-based regime, in line with existing policy pro-
posals. A small FTT mainly lowers the persistence—and thus the long-run dispersion—of
valuation ratios, while leaving short-run volatility largely unchanged. Return volatility
responds weakly and non-monotonically, increasing at higher rates. A small accrual-based
tax on unrealized gains performs better: it delivers broad and monotonic stabilization by
compressing short-run valuation fluctuations and attenuating shock propagation. Hence,
from a financial stability perspective, supplementing the current system with a modest tax
on unrealized gains appears to be the more reliable instrument.

The rest of the paper is organized as follows. Section 2 presents the analytic model
and explores the mechanisms linking taxes and volatility. Section 3 sets up a quantitative
version, presents an algorithm to solve and estimate it, and evaluates its performance.
Section 4 computes the causal effect of tax cuts and presents a sensitivity analysis. Section

5 discusses a tax on unrealized gains and financial transactions. Section 6 concludes.

2. Analytic Model

This section develops the analytical framework. Section 2.1 lays out the economic environ-
ment: a two-state endowment economy with heterogeneous agents and realization-based
capital gains taxation. Section 2.2 characterizes optimal portfolio choice and derives the
no-trade region that gives rise to the lock-in effect. Section 2.3 introduces the equilib-
rium concepts used throughout the paper, ranging from Bayesian—Rational Expectations

to Internal Rationality. Section 2.4 then studies how capital gains taxation affects price

findings.

HF¥or instance, for Italy, Cappelletti, Guazzarotti, and Tommasino (2017) find that the FTT increased
volatility, whereas Becchetti, Ferrari, and Trenta (2014) and Gonzalez-Fernandez, Fuertes, and Robles
(2026) report volatility declines for France and Spain, respectively; Eichfelder, Noack, and Noth (2022)
finds only weak evidence of a persistent reduction in France. Using Chinese data, Deng, Liu, and Wei
(2018) show that volatility falls primarily in markets with limited institutional participation. On the
theory side, Buss and Dumas (2019) demonstrate that higher trading fees can raise return volatility, while
Davila (2023) emphasize that the asset-price impact is a priori indeterminate. Quantitative equilibrium
analyses likewise suggest that FTTs need not reduce—and may even increase—volatility (e.g., Adam et al.
(2015); Buss et al. (2016)).



volatility across these environments, isolating the pass-through and lock-in channels and

characterizing conditions under which each dominates.

2.1. Model Structure

Consider a discrete-time economy where t = 0, 1,2, ... At each date, the economy can be in
a high or low state, that is, s; € {H, L}. The sequence of states {s;} follows an exogenous

time-homogeneous Markov chain governed by the transition probabilities
Pr(sip1 = 8|st = 8) = ms e

for a given sg. The stationary distribution of the Markov chain is given by Pr(s; = H) = p,
Pr(s;=L)=1-— p.
There is a single risky asset in exogenous net supply normalized to 1 that pays D; =

D(s¢) units of goods each period where

DH if St:H
DL if St:L

D(st) =

with Dy > Dy. At time zero, each investor owns S’ | shares, and a sufficiently large and
non-state-contingent endowment W accrues in each period. Markets for the consumption
good (the numeraire) and the stock are competitive.

Let 7 € [0,1) be the capital gains tax rate, levied only on realized gains. The tax
code reflects two main features of the real-world version: gains are only taxed when selling
(realization-based), and the treatment of gains and losses is asymmetric (only net gains
are taxed).

The budget constraint of any investor is given by

Ci+ PSS! =W + (Dy + P)S!_; — tmax{0,S}_; — S} max{0,P, — PL} + T} (1)

where P}, is the basis price. The term 7max{0,S;_, — S{} max{0, P, — P}, } captures the
fact that taxes are only paid when the asset is sold with positive gains. Agents are atomistic
and take 7} as lump-sum. In equilibrium, taxes are transferred back to each individual
according to her contribution to abstract from potential redistributive effects of 7 which
are not the focus of the paper. For the analytical version, I introduce two simplifications in
the tax code. First, realized losses are not carried forward to offset future gains. Second,
realized gains are measured as the one-period price change rather than against a historical
basis, that is, Plft = P,_1. These assumptions streamline the exposition while preserving
the mechanism of interest. Both features are reinstated in the quantitative analysis in

Section 3.



Investor i faces the following savings-consumption problem

o

‘max  Ef ) §'U(CY) (2)
{C}.8 el 1, ;

where

ri= {(CZ,S?) : budget constraint (1); 0<Cf; 0< 8! < S} (3)

0 € (0,1) is a discount factor. In this section, the utility function is assumed to be linear,
U(C) = C. The feasibility set I" includes the budget constraint (1) and limits on the choice
variables. The lower bound on holdings represents a standard no-short selling constraint;
the upper bound on the stock holdings helps to ensure the existence of a maximum, given
risk neutrality; it is assumed to be large enough so that it never binds in equilibrium.'?

Agents optimize using a subjective probability measure P?, which sets the probability
distributions about the variables beyond the investor’s control, in line with the Internal
Rationality framework of Adam and Marcet (2011). The underlying probability space is
given by (QF, B!, P?) where (2 is the sample space with w = {s;, P, T/}, as a typical
element, B denotes the o-algebra of Borel subsets of {2 and P is a subjective probability
measure over (2, B). Note that prices and tax rebates are part of the sample space, as the
tax rebate and the pricing functions are generally unknown.

Let the population have unit mass, split into two groups { A, B} with measure 1/2 each.
Ex-ante they differ only in their subjective probability measure. In particular, they have
different beliefs about the Markov transition probabilities. Investors in group A believe
that the current state is more persistent: WfI%H > WE%H and ﬂfﬁL > WEHL. Thus, type
A investors are optimistic in good times but pessimistic in bad times.?

The subjective price probability distribution is discussed later; at this point, I only
assume that it has bounded support and satisfies a Markov property. Investors take the tax
rebate process {17} as an exogenous Markov process independent of her trading decisions

with bounded support.

2.2. Individual Optimal Demand

The investor’s problem admits a recursive formulation. The state vector is

ZZ = (St7Pt7Pgt7Ttia ;'71)7 (4)

12 A5 shown by Stiglitz (1983) and Constantinides (1983), with frictionless shorting investors can hedge
locked-in gains and replicate pre-tax allocations, rendering capital-gains taxation largely non-distortionary;
prohibiting short sales makes the timing option non-tradeable, restores the lock-in effect, and lets the tax
affect portfolios and prices.

13This belief heterogeneity can be microfounded through Bayesian learning with dogmatic priors. In-
vestors observe state transitions to update beliefs about persistence, but with sufficiently strong priors,
the weight on observed data vanishes and beliefs remain fixed at initial priors.



comprising the aggregate state s;, the asset price P, the basis price Pgt, the transfer T},
and the investor’s lagged shareholdings S! ;.!* These states determine the resources of
agent ¢ at any point in time, being sufficient for the investor’s decision problem. Note
that 2} has a Markov structure under P?. The constraint correspondence I'; is non-empty,
compact-valued, and continuous in z{. Under the maintained assumptions of bounded
support for prices, transfers, and endowments, the objective function is bounded.'® The

Bellman equation characterizing the investor’s value function is

P4\ i Pirvrif i i
Vi = max {07 VG | H] (5)

Standard contraction mapping arguments establish the existence and uniqueness of V¥,
along with an optimal policy correspondence characterized by the associated first-order

conditions.
Lemma 1. Define the investor’s stock subjective marginal valuation as

8Vi(zé+1) ‘

i = sEP :

A ®

Then, the stock policy function is given by

S if Qf > P

0 if Qi < P, —7max{0, P, — P} (7)
i, if P—7tmax{0,P,— P} < Qi< P,

Si =

Proof. Appendix D.1.

Figure 1 plots the resulting demand schedule under P, > Pgt and Q! > Pbit, where
Plft is the basis price (in this section, it is fixed at P,_1). Because the CGT applies only
to realized gains, the investor’s optimal position S! is a three-region step function in the
current price P;. For prices ‘ '

Qi —71h,

P,
¢ 1—71

v

she finds the stock overvalued even in after—tax terms and optimally sells her entire position.

For sufficiently low prices, P; < Qf, she views the stock as strictly undervalued and buys

4 The treatment of prices as a state variable depends on investors’ information. Under rational expec-
tations with known pricing functions, P, would be replaced by its determinants. When investors treat
prices as exogenous, P; enters directly as a state variable. I maintain the latter assumption for generality.

5Under P?, agents believe all the variables in the right-hand side of the budget constraint (1) have
bounded support. Since Cy > 0 and C < C Vt, where C is consumption in the most favorable combination
of states, then E}" 3°° §'Cy <EF S22 6'C = &5 < oo
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Figure 1: Stock demand function. The graph plots the policy function in equation (7) for the case
with P; > Py and Qi > P,.

up to the full position (S! = S). In between, the tax gives rise to an intermediate band,

Q% - TPbit

< po<
@ R

in which the option value of deferring taxation on unrealized gains outweighs marginal
incentives to trade, so she simply carries forward her previous holding (S! = ;_1). Thus,
7 endogenously generates an inaction region between the buy and sell thresholds that
prevents sales that would otherwise occur: this is the standard lock—in effect.

The width of the no-trade region is proportional to the valuation-basis wedge, 1= (Q%f
Plft). Holding the basis fixed, the inaction band widens when the investor’s subjective
valuation Q! rises relative to Pgt. In equilibrium, valuations are typically higher in booms
and the basis is relatively low compared with contemporaneous valuations, so the no-trade
region tends to be larger precisely when embedded gains (measured at market prices) are
large. Moreover, for a given Q' —Pgt, the width is increasing in the tax rate. Hence a higher
capital gains tax amplifies inaction exactly in states in which selling would otherwise help

contain elevated prices, echoing classic lock-in arguments (e.g., Somers (1948)).

2.3. Equilibrium

The competitive equilibrium is standard: In each period, a price P; and allocations {S{, SP}

must clear the market and satisfy the optimal policy (7) for each agent. As shown in the



proof of Lemma 1, the subjective marginal valuation of the stock is given by:
Qi = 0E”" [Dyy1 + Ppy1 — 7max{0, Pryy — PIL{Si; < S} | 2] (8)

which involves the expected selling probability. In general, this expectation is unknown,
and numerical methods are needed. Instead, in this section, I construct an equilibrium that
implies an analytically tractable form of this expected probability, which is illustrative of
the role of CGT on price volatility.

To have a benchmark, let me briefly expose the equilibrium without taxes, which does
not involve the expected probability of trading. In this case, the agent wants to hold
everything if the stock is undervalued, hold nothing if the stock is overvalued, and hold
anything if the stock is correctly priced, always with respect to her subjective valuation
Q:. With this demand schedule, market-clearing prices are such that the most optimistic
agent is the one pricing and holding the asset. In what follows, I construct an equilibrium

that preserves the trading strategies when taxes are introduced.

2.3.1. Bayesian Rational Expectations Equilibrium (B-REE)

In this section, I assume the subjective probability measures {PP*} are common knowledge.
This knowledge about market participants and rationality (i.e., agents solve a well-posed
optimization problem that implies that they value the asset using their Euler Equation)
implies that agents can deduce the pricing function, that is, how beliefs and fundamentals
map into prices. With this assumption, I construct an equilibrium in which ownership
alternates with the state.'6

Before stating the equilibrium, let me introduce some notation. Let P* = [P}, P}

denote the vector of equilibrium state prices. Let

D¢ = Wﬁ—)HDH_'_(l_WfI—)H)DL E[D% Di],
w7 Dr+ (1 =nf, ) Dy

be the vector of expected dividends in each state, evaluated under the beliefs of the marginal
agent in that state. Let Sg = 01/ 2 S!di denote aggregate stock holdings of group j €
{A, B}.

To streamline the proposition statement below, define the upper bound on type B

beliefs B A
_B _ (1 - 7TL~>L) (1 - 57rH%H)

TS = T ()

161 Jabel the baseline as a Bayesian Rational Expectations Equilibrium (B-REE). Heterogeneous be-
liefs are rationalized as Bayesian updating from common public signals (prices) under dogmatic priors.
Conditional on their posterior beliefs, agents understand the equilibrium pricing function and form model-
consistent expectations of prices and dividends; in this sense the expectations are rational, even though
beliefs differ across agents.

10



Next, define

M(r) = (L=dnyp) (L= 0lnf L +7(L=mf 1)) = (L= m) (L =7, ) (1=7) (9)

and the matrix

) 5 1—0[nf, +7(1—7f,,)] 61 —7_y)
}( T) =
(T) 5(1 - WEHL)(l - T) 1- 57TI{XIHH

Note that under the maintained parameter restrictions 6 € (0, 1), Wﬁ_)H,Trf_)L € [0,1],
and 7 € [0,1], M(7) > 0 so that K (1) is well-defined. With these objects in mind, consider

the following proposition.

Proposition 1. Assume that beliefs satisfy

(Z) 7Tf[—>H > 1_7TIBi—>L (10)

. B -B
(it) Tgopg < THom (11)
Then, there exists a competitive equilibrium with.:

(s, 58y = § L0 =4 12)
(0,1), ifsg =1L

Py, ifsi=H
gl U (13)
Pz, Z'fSt:L

where equilibrium state-prices are given by:
P* = K(1)D¢ (14)

Proof. Appendix D.2.

Thus, there exists an equilibrium in which changes in the state of nature trigger trade
that reallocates the asset to the group that is most optimistic in the current state. Absent
taxes, this is the natural competitive allocation under heterogeneous beliefs, and any or-
dering Wfl g < 71’;} _, g suffices to sustain it. With realization-based capital gains taxation,
however, selling triggers a tax liability that drives a wedge between the seller’s reservation
price and the market price, so market clearing requires strictly more disagreement than
the baseline ordering.

Condition (i) ensures Pj; > Pj, consistent with Dy > Dr: the marginal buyer in the
boom must be sufficiently more optimistic than the marginal seller in the bust. Condition

ii) is the seller participation constraint: the belief gap 74 — 7B must exceed the
H—H H—H

11



wedge
T(WfIHH - (1 - WfﬂL))
1- 57(1 B Wf—)L)

which is the minimum disagreement needed to induce type B holders to sell in the L — H

k(T) =

transition despite incurring the realization tax. Because k(7) is strictly increasing in 7,
higher taxes demand greater disagreement, tightening the admissible belief region. This
requirement is implemented as an upper bound on 7rf[ _ - type B investors must be suf-
ficiently pessimistic about the boom — pessimistic enough that the after-tax price still
exceeds their valuation. Thus, lock-in operates here not by eliminating state-contingent
trade, but by increasing the disagreement required to make trade privately optimal. If
condition (ii) fails, the economy instead admits a locked-in no-trade equilibrium with de-
generate allocations and price indeterminacy; Appendix B provides details.

More broadly, the belief restrictions reveal that realization-based taxation acts as a
selection device on market participants. To sustain trade in the boom, sellers must hold
sufficiently pessimistic beliefs (low 7'('5 _. ) and buyers sufficiently optimistic ones (high
Trfl _p)> so the tax endogenously concentrates participation among agents with more po-
larized views.!”

With this configuration of beliefs; equilibrium prices are pinned down by the Euler
equations of the marginal traders, which imply a 2 X 2 linear system with solution (14).
Prices are linear in expected dividends, with loading matrix K(7) determined by belief
heterogeneity and taxes. To lighten the notation, from now on I denote m4 = 771‘3 _ g and

TR = wf_ﬂ, unless otherwise stated.

2.3.2. B-REE with Learning about Dividends

This section relaxes the assumption of full information about the dividends process. In
particular, agents only observe true dividends up to a noisy signal, D; = D(s;) +¢eP, with
eP ~ N(0, U?D). The noise might be due to measurement errors, imperfect information,

or other frictions. To filter the noisy signal, agents use the following state-space model:

Dt = Ht b? + €tD €tD ~ N(O, UQD) (15)
bP =bl, +vP v ~ N(0,0251) (16)

where Hy = (1{s; = H},1{s; = L}) selects the realized Markov state s; € {H,L},
and b = (bﬁt,b,’at)’ are the underlying dividend levels, which are thought to be very

persistent. To estimate them, agents use a Kalman filter. Let bD|Z"1 ~ N(BL_;,02%.)

. . . . 2 o2p BRY, olptimsalpoh
be the prior belief based on information up to ¢ — 1 and o3, = =~ o = is
S

Tn a multi-agent setting, this logic implies that boom-state demand is endogenously concentrated
among the most optimistic investors: the tax wedge raises the required valuation gap, pushing marginally
optimistic buyers out of the market and leaving only the top tail of beliefs to absorb the asset.

12



the steady state forecast-error variance of the Kalman filter. Note it depends not only
on the measurement precision 1/ 02D and on the volatility of the latent component agD,
but also on the stationary probability with which state s is observed (e.g., ms = u for
s; = H). on measurement precision 1/ O'%, process volatility 03 p, and the long-run visit
probability 75 (e.g., ms = pu for s, = H), since more frequent observations leads to a
smaller forecast-error variance. Optimal filtering implies that the posterior distribution
when period ¢ information is revealed is given by bL|Z! ~ N(BL,02,). Then, steady-state

optimal filtering implies

sDt = 55_1 + GasIst (Dt - 55Dt—1) (17)
and
) "

where Iy = 1{s; = s}. Naturally, agents only update beliefs about the state s dividends
when that state realizes and new dividends data is available. Otherwise, beliefs are not
updated, that is, 3L = 3_1. Altogether, the subjective expectations of state s dividends
are given by EF [Dstﬂ- = Bb.

The subjective price model nests Bayesian-Rational Expectations Equilibrium without
Learning as a special case when agents assign probability 1 to bé% = D; and believe 012/ p =0.
Then, B85t = Ds and prices are given by the B-REE prices in all periods.

In what follows, I consider small deviations from the B-REE, characterized by a small
0’3 b, such that the B-REE optimal trading strategies remain optimal. To focus on the effect
of time-varying beliefs without adding an additional layer of heterogeneity, I assume that
both agents hold the same dividend expectations. Under these assumptions, the system of

Euler equations characterizing the B-REE becomes

Piry = 8[ma(BR + B Prga) + (1= ma) (BF, + B Prysa) |, (19)

Ppy = 8|7 (8E, + BT Prys) + (1= mp) (B8R, + BT Pagsr — 7(E] Prgir — Pry) ) |-
(20)

where the main difference with respect to the case without Learning is the time-varying
nature of expected state-dividends and, as a result, the time-varying nature of prices.
Proceeding by forward iteration and using a standard transversality condition, equilibrium

prices become:

Pl =K"Bp (21)

where Pt* = [P;[J,Pzi]v IBtD = [ﬁg,t’ﬁgt]’ and



with
MP = (1—9dma) (1 —ot(l—mp) — (57TB) — 621 —ma) (A —7p)(1—1)

and

P = (1—-6r(1 —mp))ma+6 (1 —ma —7B) (1-6r(1—7mp)) (1 —ma)
N (1—7p) (1 67 74) mp(1—67a) +6(1—75) (1 —7) (1 —7a)

Equilibrium prices (21) are well-defined provided 1 — §7(1 —7g) > 0 and MP > 0, which
always hold for the assumed bounds on the set of parameters. As in the case with full
knowledge of the dividends process, equilibrium prices are a linear function of expected div-
idends. In this case, though, dividends beliefs are time-varying, which generates additional

variability in prices.

2.3.3. Equilibrium with Learning about Prices

This section presents an alternative information setup that forces agents to learn from
prices. This framework is interesting for two reasons: it captures the price extrapolation
behavior frequently observed in markets, and it opens a new channel through which taxes
affect volatility.

Agents have full knowledge of the dividend process but only imperfect knowledge of
other agents’ beliefs. This prevents them from computing the equilibrium pricing func-
tion—a calculation that would normally proceed by solving the system of Euler equations
given knowledge of all agents’ beliefs. Instead, agents must form probabilistic expectations
about future prices directly, treating prices as uncertain even conditional on fundamentals.
This departure from rational expectations equilibrium has significant implications for price
dynamics and tax incidence.

This prevents them from computing the equilibrium pricing function—a calculation
that would normally proceed by solving the system of Euler equations given knowledge of
all agents’ beliefs. Instead, agents must form probabilistic expectations about future prices
directly, treating prices as uncertain even conditional on fundamentals.

In line with the noisy signal framework for dividends, let agents use the following

stochastic model of prices:

P, = H;b; +¢f ef ~N(0, o3) (22)
b; =b;_1 + 14 Uy ~ N(O, 0’312) (23)

where H; = (1{s; = H}, 1{s; = L}) is a 1 x 2 selector that picks out the realized state at
date t and by = (bgy¢,bre)’. Thus, agents think of prices as being made of a fundamental
and very persistent component b plus noise. This model extends the standard linear model

considered in the learning literature, and it is consistent with the extrapolative behavior
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shown in surveys. The subjective price model nests Bayesian-Rational Expectations Equi-
librium prices as a special case when agents assign probability 1 to bsp = P; and believe

02 = 0. Then, By = P; in all periods, and prices are given by the B-REE prices in all
periods.

Agents observe prices in state s only if that particular state is realized; otherwise, they
do not update their beliefs. b is an unobserved component and af and 14 are innovations
to the signal and the unobserved component, respectively. Since agents do not observe b,
they filter the signal using a Kalman filter, similar to the one used for learning about divi-
dends. Optimal filtering implies that the posterior distribution when period ¢ information
is revealed is given by by|Z! ~ N (Bsi, 02).

As in Adam, Marcet, and Beutel (2017), I suppose the transitory price innovation

decomposes into two independent pieces,
P 1 2
& = &1 + & (24)

where e} ~ i.i.d. N(0,07) and € ~ i.i.d. N(0,07) are mutually independent, so that
O'%) = O'g + ag. Suppose agents observe ¢} with a one-period lag, that is, at time ¢ they
receive the information shock €/ = —e} with € ~ i.i.d. N'(0,02), ) is measurable with
respect to Z!, and it is orthogonal to Z!~!. Intuitively, €’ captures the period-t news
that helps agents disentangle the transitory component embedded in the previous price
observation. Let Iy = 1{s; = s}. Then, under steady-state optimal filtering, posterior

means update as

/Bst = ﬁs,t—l + gs Is,t—l (Pt—l - Bs,t—l) + gs Is,t—15? (25)
where the steady-state Kalman gain is

2 2
"= e (26)
If the previous state differs from s, then I5;—1 = 0 and beliefs are not updated, i.e.
Bst = Bsi—1. Altogether, subjective expectations satisfy Ef [Ps41] = Bst-
In what follows, I consider small deviations from the B-REE with learning about divi-
dends, characterized by a small 02, such that the optimal B-REE trading strategies remain

optimal. In this case, equilibrium prices satisfy
PH7t = 5[71‘,4 (DH + EZ)PH,t+1) + (1 — 7TA) (DL + EfPL7t+1)] (27)

PL,t = (5[71'3 (DL + EfPL,tJrl) + (1 - T('B) (DH + EfPH,tJrl - T(EZDPH¢+1 - PL,t))]
(28)
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Using the subjective price beliefs and solving these equations, one obtains

Pr=6 [AD + B[Bt] (29)
where
TA (1—7TA) TA (1—7TA)
A= (1-7p) . b B=| (1-mp)(1-1) B
1-(1—mp)r 1-=6(1—7p)T 1-1—mp)r 1—-0(1—mp)T
(30)

The pricing equation (29) and the updating equation (25) fully characterize the dynam-
ics of the model when agents learn about prices. Instead of being equal to the present value
of dividends, equilibrium prices depend on the expected one-period ahead dividends and
expectations about one-period ahead prices. The previous models that assumed knowledge
of the pricing function implied expected ¢ + 1 prices equal to expected future dividends,
from period ¢ + 2 on. This formulation is then more general, allowing for price beliefs
that deviates from the present value of dividends, in line with the empirical observations

of excess volatility.

2.4. Taxes and Volatility

This section studies how capital gains taxation affects stock price volatility across the
equilibrium environments introduced in Section 2.3. The analysis proceeds gradually to
isolate the mechanisms at work. In the Bayesian—Rational Expectations Equilibrium, state
prices are constant, so all price variation is between-state: volatility is entirely driven by
the economy alternating between the high- and low-dividend states. In this benchmark,
the capital gains tax amplifies volatility by widening the wedge between state-contingent
prices. Introducing learning generates an additional source of within-state variation. Under
the B-REE with dividend learning, time-varying dividend beliefs induce fluctuations in
state prices even when the dividend state is fixed; in that case, the tax tends to reduce
within-state volatility by dampening the pass-through from beliefs to prices. Finally, in
the equilibrium with learning about prices, beliefs move endogenously with realized prices,
strengthening within-state dynamics; capital gains taxes then reduce volatility through two
margins, by lowering the beliefs-to-price pass-through and by attenuating belief fluctuations
themselves. Thus, learning about prices strengthens the stabilizing role of capital gains
taxes, but the same force is already present under rational expectations. Because taxation
raises between-state dispersion but dampens within-state transmission, the net effect on

overall volatility is theoretically ambiguous.
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2.4.1. Bayesian-Rational Expectations

In the B-REE, prices fluctuate with fundamentals: as the economy alternates between
recession and boom, prices move between P; and Pj;. The equilibrium pricing formula
(14) shows that taxes are capitalized into prices, which may affect the price gap between

states. The following proposition analyzes this (de)stabilizing role of the tax.

Proposition 2. In the Bayesian-Rational Ezpectations Equilibrium, the variance of the

stock price is increasing in T:

% Var(Pt*) >0

Proof. Appendix D.3.

The proposition shows that, for the belief configuration that supports the B-REE,
a realization-based capital gains tax widens the wedge between high-state and low-state
prices. It is useful to separate two components of the total effect. The first holds beliefs
fixed within the admissible region characterized in Proposition 1. The second considers
how the tax shifts the boundary of admissible beliefs, and therefore changes equilibrium
beliefs when the boundary binds.

Start with the fixed-belief component. Equilibrium prices solve the Euler system

PH:5[7TA(DH—|—PH)—|—(1—7I‘A)(DL—|—PL)] (31)
PL:5[7TB(DL—|—PL)—{—(1—WB)(DH+PH—T(PH—PL))] (32)

The tax enters in the low state because a holder in state L values a recovery partly through
the associated capital gain Py — Pr, of which a fraction 7 must be paid in taxes upon
realization. This reduces the perceived payoff from transitioning to H and therefore lowers
Pr. The decline in Py, feeds back into the valuation in the high state through the first Euler
equation, lowering Py as well. The proof shows that P, falls more than Pg: the former is
hit directly, while the latter declines only indirectly through future expected prices. As a
result, the price wedge widens and price volatility rises. This fixed-belief mechanism is a
version of the result in Stiglitz (1983).

At the boundary, there is an additional effect. The tax rate also changes which belief
configurations can sustain the equilibrium: a higher 7 strengthens the lock-in force and
makes it harder to induce realization, so sustaining trade requires more optimistic beliefs for
agent A about boom persistence. This endogenous belief adjustment further increases Pg
more than Py, widening the price wedge. Therefore, when the boundary binds, the same
tax change widens the wedge both directly through realization taxation and indirectly
through belief selection, amplifying the increase in volatility relative to the fixed-belief

benchmark.®

8 The boundary adjustment 7’4 (7) > 0 is derived via the implicit function theorem applied to the seller
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2.4.2. B-REE with Learning about Dividends

The learning process through which agents cope with their imperfect knowledge of the
dividend process generates variation in state prices. Whereas previously agents knew with
certainty the dividend level associated with each state, under noisy information they must
learn about the true underlying level. For instance, observing a higher-than-expected
dividend makes them more optimistic about the underlying level, while a lower-than-
expected dividend prompts a downward revision in beliefs. These fluctuations in beliefs
create additional volatility that was absent under full information. The new source of
volatility opens a new channel for taxes to affect volatility.

Remember 7, and 74, the lower and upper bounds on 74 stated in Proposition 1.

Define the auxiliary upper bound

M if §2—mp)>1
7 (mg) = 02T
1 if 6(2—7p)<1
and let
a = min{7a, 75%(7B)}

Consider the set
IP(rp) = {77,4 € |mg, 74l s Fu(ma;np) > 0 and Fr(ma;mg) > 0}
where, for s € {H, L},
Fy(masmp) = (1-06ma)q(ma) £F as(1)' = a5(0) £F a5(0)'

Here ZE = Var(8P), q(ra) = (74,1 — ma), and as(7) denotes the s-th row of the tax-
dependent dividend-learning loading matrix A (7). In particular, as(0) and as(1) are the
same loadings evaluated at 7 = 0 and 7 = 1, respectively. Given these thresholds, the

following lemma formalizes the effect of taxes on the volatility of each state-price.

Lemma 2. Consider the Bayesian—Rational Expectations Equilibrium with dividend learn-
ing under the mean—coefficient approzimation with \s = E[I;] and symmetric Kalman
gains gg = g = g > 0."9 Suppose that 74 € ITP(ng). Then, for all T € (0,1) and for
each s € {H, L},

d .
%Var(P&t) <0

participation constraint, which requires 7(1 + 6(1 — 7g)) < 1 for the boundary to be locally well-defined.
This condition is satisfied for all empirically relevant tax rates (e.g., at 6 = 0.95 and 7 = 0.8 it permits 7
up to 0.84, well above any observed capital gains tax rate). For this reason, I do not elevate it to a formal
assumption in Proposition 2.

Note that in the two-state case Ay = pand A, =1 — p.
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Proof. Appendix D.4.

In the dividend-learning equilibrium, a higher capital gains tax rate dampens price
volatility because it reduces the sensitivity of equilibrium valuations to the dividend-belief
vector through the pricing loadings. In our specification, belief dynamics are pinned down
by dividend realizations (and hence are unaffected by 7); taxes operate solely through the
equilibrium mapping from beliefs to prices.

At the same time, taxes affect the common scale factor in the pricing kernel, §/MP (1),
which mechanically rescales state prices. Holding fixed the normalized dispersion of the
state-specific loadings, an increase in 6/M P (7) can therefore raise Var(P;,). The net effect
of taxes on volatility reflects the interaction between (i) a variance-reducing pass-through
channel operating through the loadings and (ii) an offsetting variance-increasing rescaling
through 6/MP (7).

The belief restriction in Lemma 2 guarantees that the pass-through attenuation domi-
nates the countervailing level rescaling uniformly over 7 € (0,1) in both states. Formally,
Fs(ma;7p) > 0 is a variance-dominance condition under the weighting matrix Zg : it en-
sures that the contraction in the state-s pricing loadings induced by taxation is strong
enough to offset the mechanical variance increase arising from the common scale factor
§/MP(1).

Economically, the restriction rules out belief configurations in which prices effectively
load on only one component of the dividend-belief state—either because g(m4) is close to
a corner or because the relevant loading vector as(+) places negligible weight on one belief
component. In such near-degenerate cases, taxes compress risk exposure primarily along a
single dimension, and this compression can be too weak (relative to the change in 6 /M P (7))
to deliver a monotone decline in price volatility. By restricting attention to Z”(rp), the
lemma ensures that both belief components enter state prices with nontrivial weight, so the
attenuation in pass-through is sufficiently strong to dominate the level-rescaling effect. The
condition is therefore best interpreted as a transparent sufficient condition for monotone

volatility effects, rather than as a necessary requirement.

2.4.3. Learning about prices

Consider the equilibrium with learning about prices. The key insight is that the pass-
through effect compounds dynamically: a lower pass-through makes prices less reactive to
shocks, which implies less variation in the forecast errors and more stable beliefs. This
section formalizes this point.

A key difference with respect to Learning about dividends is that belief dynamics
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become self-fulfilling. In particular, they are characterized by the following VAR(1):%°

Bt =di + UBr—1 + my (33)
with
d; = 0Gdiag(I;_1) AD
U; = I, — Gdiag(Ii—1) + 6 Gdiag(Li—1) B
n = GI,_1€}

and G = diag(gm, 1), Ii—1 = (Igt—1,I4—1)". This self-referential process generates an
additional channel for taxes. To see that, take the variance on both sides of the pricing

function to get this decomposition:
Var(Py) = 6°BsXsB, (34)
where X3 = Var(8;) and B, refer to the corresponding row of matrix B. Its total derivative

with respect to 7 reads as

d 2
%Var(Pst) =2) (

dB;
dr

%

o B. (35)

)2ﬂ8;+5268

The first term captures the loadings effect (how 7 changes Bj), similar to the case with
Learning about dividends; the second term captures how 7 changes the beliefs’ covariance
matrix X3. While with Learning about dividends, %D = 0 (entrywise), that is no longer
true when agents learn about prices. The following lemma derives the conditions under
which both terms in equation (35) are negative.

Before stating the result, introduce compact notation for the parameter restrictions
used in the proof. Define the variance ratio

Var(BLs)

P = YarlBm) =

For given (0, 7) and a candidate equilibrium variance ratio p, define

1

=S

20The VAR results from plugging the equilibrium pricing function (29) into the updating equation
(25) for each state, using that in equilibrium agents observe the market-clearing price P,_1 = P; ;. While
agents may entertain a subjective signal extraction problem in which prices contain transitory components,
the law of motion in (33) describes equilibrium belief dynamics under realized prices; hence €2 should be
interpreted as a belief (or information) shock.
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and

(1=7)(26 = 1)+ /(1 = 7)2(26 = 1)2+45((1 = 7) + p) (1 — 7)(1 — 6)

malp) = 25((1—7)+p)

Define the threshold
0 = max{@l, @2}

where ©1 and O, are given by

1—0(rp+7(1—7B))

—

0 =

—
—

E=1-0mg+6%(mp—7p)(ms + 75 —1)
Y rd(ng — 1)[1 £ 8(mp — 1)+ 0% (ma — V)(ma + 75 — 1)}
and
gy |:7TA —(1-=7)(1- WB)} + <1 — 27rB> —7(1—7mp)
(1 —0ma)(wa+ 7B — 1)(1 —0(1— WB)T)

Given this notation, consider the following lemma.

Oy =

Lemma 3. Consider the equilibrium with learning about prices and a mean—coefficient
approximation of equation (33) with E(Ig) = As. Assume symmetric constant gains gg =

gr = g > 0. Suppose that

(i) 7€ (np,78(p))  and  Tp(p) > mp
A
(i) 22 > e
AL
Then there exists g > 0 such that, for all g € (0,g) and each s € {H, L}:

1. The tax weakly reduces the pricing loading component,

< 0B,

87')258/5 =0

2. The tax strictly reduces the belief dispersion component,

s
B, ==L B <0
dr

Hence, the tax strictly reduces the volatility of equilibrium prices in state s,

d *
- Var(Py) < 0

21



Proof. Appendix D.5.

Let me elaborate on the intuition behind the lemma. In the low state, the tax affects
the price in two different ways, as apparent by inspecting the loadings matrix (30). A
tax drags down the after-tax gain in the event of a recovery from L to H, so the low-
state price becomes less sensitive to recovery beliefs. This is the stabilizing bit: shocks to
expectations about future high prices translate less into today’s low price, forecast errors
shrink, belief updating becomes more cautious, and the whole price—belief feedback loop is
weakened. However, the tax also introduces a basis-price channel: whenever realized gains
are positive, the after-tax payoff loads on the basis with coefficient proportional to 7, so
basis fluctuations become more price-relevant as 7 rises. In the one-period-basis version
used here, this channel is particularly transparent because the basis at ¢ + 1 equals Pry,
which makes the wedge appear in the denominator and creates a direct feedback from the
low-state price into the future tax term. This effect can be destabilizing by amplifying the
impact of basis movements, even as the numerator channel tends to dampen within-state
fluctuations. If fluctuations in beliefs are more relevant than fluctuations in basis prices
for understanding price volatility, the stabilizing effect would prevail.

The restrictions on beliefs ensure that the stabilizing effect dominates. Assumption (i)
is mild in the applications of interest because the variance ratio p is typically close to, or
below, one, so the admissible interval (75, T5(p)) is non-empty; the restriction simply rules
out parameterizations in which low-state belief variation is implausibly large relative to
the high state. When mp is too small, the basis price dominates due to the nonlinear effect;
when 7 is too large, the low state is so persistent that recoveries are almost never expected,
so the stabilizing effect essentially disappears. The tax reduces volatility by weakening the
sensitivity of the low-state price to the belief factor Sp. The restriction Agy/Ap > © is a
sufficient dominance condition that ensures that the stationary covariance of beliefs is not
overwhelmingly driven by low-state episodes in a way that could offset the tax-induced
compression of the low-state loading on . Under this condition, the reduction in the
low-state exposure to S translates into an unambiguous decline in unconditional price
volatility as 7 rises. The small-gain assumption plays a complementary role: it linearizes
the learning dynamics so that beliefs follow a time-invariant VAR(1) with a well-defined
stationary covariance, and price fluctuations remain in a narrow band around their state-
dependent means. A small g is consistent with the small deviation from the B-REE we are

considering and with standard estimates in the literature (see Section 3).

2.4.4. A more general proposition

This section integrates the results from the previous ones. In Proposition 2, state prices
were constant and taxes influenced the gap between boom and bust prices; on the contrary,

Lemmas 2 and 3 focused on price variation within each state. The following proposition
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integrates both rationales.

Proposition 3. In the learning equilibrium linearized around the Bayesian—Rational Ez-
pectations Equilibrium, and under the conditions of Proposition 2 and Lemmas 2 and 3,
the total effect of a capital gains tax on price volatility is ambiguous. In particular, to first
order around the B-REE,

) [P = B Vo) 0 V(i) (a9

v~

>0 <0

where P} denotes the B-REE state price and Var(Ps:) is computed under the stationary

distribution of the linearized learning dynamics within state s € {H, L}.

Proof. The proposition follows from the law of total variance
Var(P;) = Var(E[P; | s;]) + E[Var(P; | s;)]

along with the combination of Proposition 2 and Lemmas 2 and 3. Proposition 2 carries
over to the learning economy because, under the mean-coefficient first-order approximation
around the B-REE, the unconditional mean of state prices coincides with the B-REE price
up, that is E(Ps) ~ PY (under the assumptions of both Lemmas). [

The capital gains tax has an ambiguous effect on price volatility in models with infor-
mation frictions, contrasting with the unambiguous destabilizing effect under the Bayesian-
Rational Expectations equilibrium. This ambiguity arises from the decomposition of total
variance into two distinct components with opposing responses to taxation. The first com-
ponent—the variance of conditional expectations across states—behaves like the B-REE
case (up to a linear approximation) and then the Proposition 2 goes through. The second
component—the expected conditional variance—captures within-state price fluctuations
generated by changes in expected state-payoffs and becomes stronger when agents extrap-

olate from prices.?!

2.4.5. A remark

A natural concern is that the variance results above reflect a mechanical level effect: if
taxes lower mean prices, a decline in Var(P;) could simply mirror that decline rather than
a genuine reduction in price dispersion. The economically relevant object is Var(ln /),

which nets out mean-valuation shifts.

2Tn the model, the two variance components map neatly into fundamental and non-fundamental forces.
However, all that is needed for the pass-through effect to work is variation in the expected state-payoffs.
Setups with information frictions are a natural way of generating such variation, but the rationale is more
general.
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The analytical results extend naturally to log-variance in some cases. For Proposition
2 the extension is immediate; for Lemma 2 it requires an additional condition on Dy /Dy,
that is straightforward to verify.”? For Lemma 3, however, the extension does not follow
from the same approach. In Lemma 2, the belief mean E[3”] = D 7-independent, so the
log transformation introduces a mean-level effect that can be controlled by a condition
on dividends. In Lemma 3, the self-referential structure of learning about prices makes
E[B;] track the equilibrium price level P¥(7), which depends on 7 even under symmetric
dividends. This introduces a mean-level effect of the same order as the variance compression
that cannot be signed analytically. For this reason, I state the theoretical results in terms
of Var(P;) and use the quantitative model to verify that the identified mechanisms are
strong enough to reduce log-variance as well.

Moreover, the analytical section works with prices while the quantitative model targets
the price-dividend ratio. This difference is purely one of normalization. In the analytical
model, dividends are stationary, so prices inherit stationarity and are the natural object of
analysis. In the quantitative model, dividends grow, so prices are nonstationary and the
price-dividend ratio becomes the appropriate stationary variable. The theoretical results
of Section 2 apply to whichever object is stationary in each setting: prices in the simple

economy, the log price-dividend ratio in the richer one.

3. Quantitative Model

3.1 Structure

The backbone of the quantitative model is the model presented in Section 2. In this
section, I extend it in key dimensions to make it closer to the real-world tax system and
more suitable for quantitative analysis. In what follows, I describe all the extensions.
Stochastic capital taxes. The quantitative model incorporates a richer tax environment
along several dimensions. A proportional tax on dividends 7 is introduced, completing
the characterization of personal capital income taxation. Moreover, I depart from the
assumption of constant tax rates by allowing both dividend and capital gains taxes to

evolve stochastically over time. Tax rates follow unit root processes:
=T+ Eth' for i € {D,CG} (37)
where the innovations are jointly normal and potentially correlated:

e’ 0 o? o
Lol ~iddN T Thee (38)
ef 0 oD,CG  Orca

The unit root specification captures the high persistence of tax policy while allowing for

22These derivations are available upon request.
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permanent shifts such as major tax reforms. The correlation structure op cg reflects the
possibility that dividend and capital gains tax rates move together, for instance following
joint tax reforms (e.g., the Economic Growth and Tax Relief Reconciliation Act of 2001).

Stochastic taxes introduce an additional source of volatility: changes in taxes will
directly affect expected payoffs, demands and prices. Thus, while the theory in Section
was about tax levels, here tax changes are a direct source of volatility themselves. When
evaluating tax cuts, I will disentangle the effect of pure tax volatility from the effect of the
tax level on volatility.

Carryover losses. In the previous sections, realized losses did not originate either a
rebate when realized or a right to offset future gains. Thus, these "lost" losses are the
polar opposite of full tax rebates which are often assumed in the literature. In this section,
I relax this assumption, making it closer to the existing tax system: losses can be used
to offset future gains, thus reducing future tax liabilities. This use of losses modifies the

investor’s budget constraint as follows:

C} + PSS} =Wy + ((1 — TtD)Dt + P)S;_4

. , . o , (39)

— 78% max { max{0,S;_; — S{}(P, — Py,) — LiS;_1, 0} + Ty
L} are losses per share such that total carryover losses LiS;_; are subtracted from gross
realized gains, max{0, S{_, —Si}(P; — P},), where P}, is the basis price. Thus, the presence
of carryover losses generates a second kink in the budget constraint at max{0,S! ; —

Si} (P, — P},) = LiS;_,. Hence, the agent can sell S{_; — S; = min{ HP éf’é;;t)} shares

with embedded gains (i.e. Py > Pgt), but does not pay taxes, as carryover losses exactly

offset the gains at that point.

The stock of unrealized losses per share becomes a state variable. Its law of motion is

max {LiSﬁfl — (P — Pgt) max{0, Sf,l - S, 0} '
i : if 5i > 0,
t+1 — St (40)

0 if Sf =0

Realized gains (P, — Pgt) > 0 draw down losses up to the zero lower bound, while realized
losses (P, — Pgt) < 0 augment it. If no shares are sold, losses simply carry forward un-
changed, i.e. L} ,S; = L}S;_; for S; > 0. At full liquidation (S} = 0), the per-share loss
state is set to zero and thus does not affect decisions off the market.??

Basis price. In this section, I allow the basis price to differ from the previous period

price. Potentially, investors’ portfolio contains shares acquired at different prices across

23An alternative is to take the total unrealized losses £¢ = LiSi , as the state variable and‘allow
for losses survival even when equity positions have been liquidated using this law of motion £i,; =

max {.cz‘ — (P, — P{)max(0,Si_; — SY), o}.
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multiple periods. To account for this heterogeneity, I track the average price basis using
a quantity-weighted recursion similar to the literature (e.g., Ehling, Tompaidis, and C.
Yang (2019)). When the agent increases her position from Si ; to Si, the new average
basis reflects both the existing shares carried at basis Pbit and the newly acquired shares

purchased at the current price P;:

Pbitsé—l+Pt_(Sé7Sé—l) lf SZJ > S; 1
Pl = & B 41
=1 o (41)
bt t = ~t—1

This recursion preserves the total cost basis of the portfolio: the numerator represents
the sum of the historical cost of existing shares and the cost of new purchases, while the
denominator normalizes by the new total position. When the agent reduces her position
or holds it constant, the average basis remains unchanged.

Risk aversion. The quantitative model includes a CRRA utility function with parame-
ter +. In this case, diminishing marginal utility ensures that the first-order conditions pin
down interior allocations rather than the bang-bang solutions obtained under linearity.

Discount factor and supply shocks. The quantitative model incorporates stochastic

variation in both the discount factor and aggregate stock supply. Specifically,
or=0+¢e (42)

and
Sy =1+c¢ (43)

where innovations are i.i.d. with zero mean. Discount factor shocks capture dynamics in
the risk-free rate despite the absence of an explicit bond market in the model. Supply
shocks account for time variation in the effective stock supply driven by share repurchases.

A continuum of states of nature. The baseline two-state economy is replaced by a
richer environment with a continuum of states. While the analytical model restricted the
economy to binary states s; € {H, L} with corresponding discrete dividends realizations, I
now specify fundamental processes that follow continuous distributions (following Adam,
Marcet, and Beutel (2017)):

In D =npg” +1Inef
t—1
(44)
4% Wi
ln<1 + —t> =(1-p)n(l+ w) +pln(1 + = 1) +Ing”
Dy Dy

Dividend growth follows a log-normal process with mean growth rate 3 and innovation &),

capturing both growth and fluctuations in stocks’ payoffs. The wage-dividend ratio follows

a persistent AR(1) process in logs with persistence parameter p. The intercept In(1 + w)
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pins down the deterministic steady state of In(1+W,/D;). Wage and dividends innovations

are jointly Normal and potentially correlated (capturing, for instance, aggregate income

shocks):
lnstD . 1 0’% UZD ODW
<lnew> ~ zz]\/( ~5 <02 '\, ) (45)
t w pw 0w

This extension enables quantitative analysis by matching empirically observed mo-
ments of income dynamics (e.g., dividends growth volatility). Even more importantly, the
extension introduces dividend growth, which induces corresponding price appreciation over
time. Growth overcomes a critical limitation of the two-state model, that only generates
capital gains in the transition from the low to the high state, ignoring the possibility of
accumulating gains over time as prices grow (e.g., prices in low states today might be much
higher than in high states 30 years ago). This mechanical constraint severely limited the
model’s ability to match empirical patterns of capital gains realization.

A large population of heterogeneous groups with imperfect information. Instead of 2
types of agents, I consider a large finite number of I types with mass 1/I each, which allows
for richer trading dynamics. As in the analytic model, agents differ in their subjective
probability measure P?. Agents are endowed with perfect knowledge of the stochastic
processes for wages and taxes, but they have imperfect knowledge about the stochastic
process for dividends and the equilibrium pricing function (as in Section 2.3.3.). Investors
deal with this friction by learning about both dividends and price growth.

In particular, agents do not know the mean dividend growth 8. Instead, they think
that dividends growth is the sum of two unobserved components, one persistent and the
other transitory:

D _ Ind} + In e
t—1 (46)
Ind! = Ind! | + In v

In

. 2Vi . . i .
where Ine? ~ iiN(—(US) ,(02)") and In VAN ii./\/'(—(ag’) ,(02)?). Signal extraction us-

ing the steady state Kalman filter implies that the posterior for the unobserved state
is given by Indi|Z; ~ N (In(B%)7, (O’%D)i). The posterior variance is given by (O'gd)i =

(aﬁ)i—_)‘”r\/w where ' = (@)

(@3)!

is the signal-to-noise ratio. In turn, the posterior

mean evolves as

. . . D . )
In(B)’ = n(B0)" + ¢ (1n g — (B ) + (47)

. . 0.2 1 . i . . . .
where s = gl( g) - (1- gl)(ag) , and the steady-state Kalman gain is given by ¢* =
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(03 )i+ (02)!
(03 ) +©2) +(o3)

-. Altogether, expected dividend growth for agent ¢ is given by

BP' (2] = i)’ (18)

where k! = exp{(a%d)i /2} is a variance correction term. This process implies that agents
with a higher Kalman gain, who are more confident about the information content of
dividend signals, are more optimistic when good news arrives and more pessimistic when
bad news arrives, in line with the switching optimism of Section 2. Thus, agents agree-to-
disagree, based on the different views they hold about the information content of dividend
data.

Furthermore, the assumption of homogeneous subjective price beliefs is relaxed. That
introduces another layer of disagreement and a trading motive based on disagreement
about non-fundamentals. The subjective model for prices is analogous to the dividend-
belief model in the sense that beliefs are updated by a forecast-error correction (Kalman-
gain) rule. The timing, however, differs because the information set for prices follows
Section 2.3.3: agents observe the market-clearing price P; when they trade at t, but they
only learn part of the transitory innovation embedded in the previous price observation
with a one-period lag. Consequently, the signal that is informative about price growth and
available at time ¢ is lagged price growth, In(P,—1/P;—2) (together with the period-¢ infor-
mation shock that helps disentangle the transitory component of P;_; as in Section 2.3.3).

Formally, 3! is predetermined at the start of period ¢ (measurable with respect to the
information set Z} available before the period-t trading decision), and it governs agent i’s

conditional forecast of next period price growth. The updating equation is

. . 4 P . .
B =B +¢ (Ino— —Inpi_,)+x (49)
P
. (o2)i . (025"
with k), = gl—( g) —(1- 92)7( ”§>) 2% Hence,
i1 P .y
B[] = wig; (50)
P

where &' = exp{(a%)i /2}, and B} are the mean posterior beliefs about price growth.?> Thus,
the learning rules for dividends and prices share the same adaptive-learning structure, while

the use of lagged price growth reflects the assumed lag in observing part of the transitory

24As in Adam and Merkel (2019), in the quantitative version, I set the information about the lagged
transitory component equal to zero; otherwise, the updating rule would include an additional term ¢° Ine?,
as in the analytic specification. Consistent with the timing conventions in Section 2.3.3, the price signal
enters with a one-period lag through In(P;—1/P;—2), so Bi is predetermined at the start of period t.

25 Addam, Marcet, and Nicolini (2016) show that, in closely related stock-pricing learning environments,
discrepancies between the perceived and the actual price law of motion can be empirically hard to detect
in aggregate data, so the learning rule need not imply large or easily detectable systematic forecast errors.
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price shock.

3.2. Equilibrium computation

In this section, I characterize equilibrium in the extended model. I begin by restating the

recursive problem of an individual investor. The Bellman equation of agent’s ¢ solves

iy chH Piryrif i i
Vit = e { = 4 0P el 1 ) 651)

subject to the budget constraint (39) and stock and consumption limits.

In the extended economy, the vector of states for individual ¢ becomes
Z;EL‘ - {Wt, Dta TtCG7 TtDv z_;tiv Sz—lv Pgta Lizfa Pta (BtD)Za ﬁZ7 5157 S’t}

which includes wages, dividends, taxes and transfers, past holdings, the basis price, carry-
over losses per share, the stock price, beliefs on dividends and price growth, the discount
factor, and aggregate supply.? Relative to the analytical benchmark, the state space
is larger because it must accommodate the richer tax system, belief heterogeneity, and

aggregate shocks. I use the following equilibrium concept.

Definition 1 (Recursive Competitive Equilibrium under Internal Rationality). Given the
ezogenous processes, agents’ subjective probability measures {P° Z-Izl, and initial individual

states, a recursive competitive equilibrium under internal rationality is a collection of:

1. Individual policy functions for consumption and stock holdings,
C! o
| = h'(% 52
() -nee) e

Pt* = p(rt7 Wt? Dt7 thca TtDa gh gt) (53)

2. A pricing function,

where I'y is a cumulative distribution function over predetermined individual states,

I
Ti(s, b, 87,8, T) = S w1{SiL < s, By <b, Li <1, (B7) < 8, 81 <8, T} < T}
=1
(54)

Such that:

26Transfers are taken as given by individual households (small-agent .assumption). In the quantitative
model, I use either no transfers (baseline) or a rebate rule such that T} is predetermined at the start of
period t observed before the trading decision; see the sensitivity analysis is Section 4.2.

29



(a) Household optimality. For each agent i, the policy h' solves the Bellman problem (51),
subject to the period budget constraint (39), the asset-holding limits, and the subjective

law of motion for individual states and beliefs implied by P*.

(b) Market clearing.”” For all t,

I
D i) = 8, (55)
=1
I . .
Z ,U,ZCtZ = Dt + Wt (56)
=1

Note that in conventional models with Rational Expectations, households forecast fu-
ture prices by forecasting the aggregate state. Formally, one specifies a transition law for
the cross-sectional distribution, I'y11 = H(I',-), and a pricing function p(I'y,-), so that
agents form expectations about p(I'y11,-) using H. Under internal rationality, an equilib-
rium transition law for I'; still exists because individual states evolve endogenously and
markets clear each period. The key difference is informational: households do not know
the mapping p(T', -). They therefore treat the current price as an individual state variable
and forecast future prices directly using their subjective price model.

This equilibrium concept has a direct computational implication. Under each agent’s
subjective probability measure P!, the price process is an exogenous component of the
perceived individual state, so the agent’s dynamic program can be solved conditional on
simulated price paths drawn from P?. Given the resulting policy rules, the equilibrium price
in each period is obtained by aggregating individual demands and imposing stock-market

8

clearing.?® Operationally, computation proceeds in two steps: (i) solve the individual

problems conditional on the perceived price process to obtain policy functions; (ii) use these
policies to compute the market-clearing price and thereby recover the implied equilibrium

pricing function p(T,-).?

2TCondition 56 assumes that taxes are rebate to investors. If one assumes taxes are thrown away,
the condition becomes 3I_ p'Ci = Di(1 — 72) + Wy — 79 Y, ' max { max{0, Si_, — Si}(P, — P},) —
LiSi 1,0},

281 do not provide a general uniqueness result for the market-clearing price. In the simulations reported
below, the numerical procedure did not encounter multiplicity.

29This two-step organization does not remove the endogenous interaction between beliefs and prices.
At the beginning of each period ¢, individual states z; are predetermined, including beliefs ()" and j;.
Given a candidate price P, households’ optimal policies h%(-) imply demands S;(P). The equilibrium
price P; is pinned down by stock-market clearing, >, /,LZ‘SZ(Pt) = S,. This defines the equilibrium pricing
function P/ = p(T's,-) as the market-clearing mapping from the current cross-sectional distribution and
aggregate states into prices. Along the simulated equilibrium path, the realized market-clearing price P;*
enters next-period individual states and belief updating, so beliefs affect prices through demand, and prices
affect beliefs through updating.
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Step 1: Recursive solution of the agent’s consumption-savings problem.

For each agent, a recursive solution to her optimization problem boils down to a pair of
unknown time-invariant policy functions for goods and stock demands (C})* = hi(z}),
(S8)* = hi(z}). Key challenges in approximating the policy functions include the presence
of a highly non-linear subjective conditional expectation in the optimality conditions, the
piecewise optimality conditions with a no-trade region, and the potentially binding stock
holding limits. In what follows, I describe the strategy to tackle these challenges.

Denote (z}) = P%éEPi [% zi} = %. Thus, v(z}) summarizes investor i’s

discounted subjective marginal value of carrying one additional share into t+1 relative to

the current price. Under realization-based capital gains taxation with average-cost basis
and loss carryovers, an additional share at ¢ affects next period’s direct tax liabilities and
also the next-period tax states (L¢ 1 Plit +1)- Appendix E derives the particular form of
PGd).

Under risk neutrality, the relevant comparison is simply between ()} and the market
price P; (penciling in the corresponding tax payments). Under risk aversion, instead, the
continuation value is weighted by marginal utility, so the optimality conditions can hold
at an interior portfolio choice and consumption enters through v'(C{) = (C¢)~7. In this

case, the KKT conditions read as:

ci > wt_lm and S/ =S
Ci= "7 and Sie[Si,,S]U[SE S ]
T/ft_l/’y >Cp > (jﬁ:)_l” and S; =S} if P, > P
t
Cl = <%)71M and S! € [0, S7]

7
Kt

(%)_IM >C! and S! =0

i
K

(57)

where 1y = 9(z}) and x} = 1 — 7% max { ( - P?it) , O}, which captures the wedge between

the market price and the after-tax liquidation value when unrealized gains are positive
(and satisfies k{ = 1 when P, < P},). 5’; denote the loss-exhaustion kink for the period-¢
choice S}, i.e., the smallest post-trade position at ¢ such that carryover losses exactly offset

realized gains at t. Equivalently, when P; > Pgt,

. . L
SZ = Szfl maX{O, 1 — m}

and S} = 0 otherwise. Selling is tax-free for Si € [S%, 5! ;] and taxable for ¢ < Si. In

the continuation-value term, the analogous next-period threshold 5’; 1 enters through the
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event {S;,; < S’ti+1}. See Appendix E for details.

Conditions (57) characterize the investor’s optimal stock demand by comparing the
continuation value 9! to the marginal cost of adjusting the position. When the investor
increases her holdings (Si > S¢_,), the marginal cost is the purchase price P, and the inte-
rior FOC takes the usual form (Cf)~7 = v{. When the investor reduces her holdings, sales
are tax-free as long as carryover losses offset realized gains, so the relevant marginal pro-
ceeds are P; for S! € [S’f, S¢ ], and the same interior condition applies. Selling beyond the
loss-exhaustion threshold (S} < S’;) triggers capital-gains taxation, so marginal proceeds
fall to xiP; and the selling FOC becomes (C}) 7ki = 1i. Because P, > kiP; whenever
ki < 1, the kink at S} = S'tz generates an inaction condition: if ¥ lies between the two
marginal-utility-scaled prices, the KKT inequalities hold and the optimum is S} = S’z (and
reduces to Si =S¢ , when S/ = S? ). Finally, complementary slackness with the bounds
Si € [0, S] delivers corner solutions, while interior choices satisfy the equalities above.

There are two main challenges to solve this problem: the unknown conditional ex-
pectation and the inequality constraints. The conditional expectation is parametrically
approximated following the idea of the Parameterized Expectations Algorithm (Marcet
(1988)); inequality constraints are dealt in a case-by-base basis building on the algorithm

in Marcet and Singleton (1999). Appendix E contains the details.

Step 2: Aggregation and market-clearing prices

Once the first stage has been completed, equilibrium prices are determined by the stock

market clearing condition:

ZM'S@%) =S, (58)

where p¢ = 1/I is the population mass of each group of investor. All it takes is to solve
this nonlinear equation for P;.

Solving the stock market clearing condition (58) for prices, one obtains that the equilib-
rium pricing function depends on the cross-sectional distribution and the macroeconomic
variables:

P} = p(Ty, Wy, Dy, 7EC 7P) (59)

Thus, with imperfect knowledge about the pricing function, I'; is needed to compute

aggregate endogenous variables like prices, but not for solving the investors’ problems.

3.3. Model parameterization

This section estimates the model using U.S. stock market data. The moments include
standard unconditional statistics from the excess-volatility literature as well as conditional
moments related to capital gains realization behavior. Because, despite the remarkable

simplification from Internal Rationality, solving the model remains computationally inten-
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sive, I follow Adam, Marcet, and Beutel (2017) and estimate only a subset of parameters
via SMM, calibrating the rest to direct data counterparts or to standard values in the
literature. I first describe the data moments that discipline the estimation, then turn to

the calibration choices and the SMM procedure.

3.3.1. Data moments

The moments fall into two groups: standard statistics capturing excess volatility in stock
prices, and measures of how investors’ realization behavior responds to capital gains taxes.
The data sample is from 1975 to 2022, at quarterly frequency where available and annual

otherwise. The asset pricing data focuses on the S&P500.

Facts about the US stock market. The statistics in Table 1 shows the classic “excess
volatility” facts. The volatility of log returns is large, o(ln R;) = 15.00, while dividend
growth is comparatively smooth, (A ln D;) = 3.40. Valuation ratios move a great deal: the
dispersion of In PD; is 19.12 while its mean is just 3.80 in In terms. The Campbell-Shiller
decomposition reveals that most movements in valuations are accounted for by future
returns rather than future cash flows. While this is broadly in line with classic results, the
cash-flow share in this sample is 25%—mnotably higher than in Cochrane (2009)—and its
sign is positive. In terms of levels, average returns are dominated by capital gains rather
than dividend growth (6.13% versus 2.50%), underscoring that dividends capture only a
relatively small portion of total payoffs during this period.

The table also reports a complementary measure of valuation volatility based on impulse
responses: the one-year-ahead response of the log price-dividend ratio to a unit price-
growth shock is 3.21, indicating a strong propagation of short-run shocks into valuations.
Finally, following Adam et al. (2015), I include the correlation between detrended trading

volume and absolute price changes.?"

While trading volume appears to be uncorrelated
with valuations when trends are removed, periods of large price changes are significantly
associated with high trading volume.

Capital Gains Tax Reforms. Since the 1970s, there have been significant changes in
the statutory rates. For reference, Appendix C offers a brief summary. However, statutory
rates might, in practice, be very different from effective marginal rates, which are the
ones relevant for making decisions. Thus, the literature on capital taxes uses the so-called
effective average marginal rates, that is, a value-weighted mean of the marginal tax rates
of investors adjusting for the features of the tax code (as maximum and minimum taxes,
partial inclusion of social security or phaseouts of the standard deduction) (see, for instance,
McGrattan and Prescott (2005)). The NBER-TaxSim program computes these rates.

There is an important feature the NBER-TaxSim rates do not consider: capital gains

accruing to pension funds, individual retirement accounts, and nonprofit organizations

30The table removes a linear trend, but results are robust to other detrending methods.
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Table 1: Stock market statistics. 1975-2022. This table reports a list of statistics using
the data sources described in Appendiz A. The wvariables are in real terms. Growth rates and
returns are annualized and multiplied by 100. Correlations are multiplied by 100. Newey- West
standard errors are in parentheses, except for the IRF's that are obtained via bootstrapping with
1000 repetitions. dy = Y oo PP AlnDyy; and 7 = Y o0 PP~ LInRyyj come from a standard

Campbell-Shiller decomposi%i_oln. =
Excess Volatility Statistic St. Errors
Variance of the PD ratio V(InPDy) 19.12 3.57
Covariance PD - future dividends C(InPDsx, Jt) 4.60 0.84
Covariance PD - future returns C(InPDy, 7) -14.52 2.78
Std. Deviation of log returns o(ln Ry) 15.00 1.37
Std. Deviation of log dividends growth o(ln Dy/Dy_1) 3.40 0.50
Serial correlation PD ratio corr(PDy, PD:_1) 98.12 4.35
Valuations, returns and capital gains
Mean Price-Dividend ratio E(PDy) 44.74 3.74
Mean stock returns E(R:) 8.97 2.33
Mean dividend growth E(D:/D¢—1 — 1) 2.50 1.07
Mean stock price growth E(P:/Pi—1 — 1) 6.13 2.29
Shock propagation
Valuations response E(PDiyalel =1,1;) — E(PDiy4lel =0,1;) 3.21 0.38
Trading Volume
Comovement trading and prices corr(TVy, |Py/Pi—1 — 1]) 32.30 12.66

which are subject to a tax-deferred scheme.?! Following the literature (e.g., McGrattan
and Prescott (2003), Sialm (2009)), I also adjust the rates for the non-taxable share of
equity income. I computed it following Rosenthal and Austin (2016). This adjustment is
relevant due to the important regulatory changes involving pensions savings vehicles took
place along the period (see McGrattan and Prescott (2005) for details). The result of these
regulatory reforms was an enormous switch in corporate equities ownership, moving from
households (taxable units) to pensions funds and IRA accounts (non-taxable units). See
Appendix F for details in the computation. Figure 2 plots the top statutory rate and the
effective average marginal tax rate. As observed, the effective rate is similar to scaling

down the top statutory rate.

31The tax-deferred scheme implies that these funds are only taxed upon withdrawal. In this case, they
face an ordinary income tax. As a result, they do not affect stocks equilibrium valuations. To see that,
take a Traditional IRA, for instance. Contributions to it are deductible (under some conditions), which
means that the investor is paying lower taxes ($1 invested in the equity fund costs $(1 — 7)). So, she saves
taxes today with her contributions. She gets some income once she withdraw her money, which ends being
$(1 — 7) per each dollar withdrawn. Hence, these future taxes are already offset by today taxes and have
nothing to do with asset pricing. In fact, the tax deduction can imply an income tax cut since when the
investor is working she usually is in a higher income bracket than when she gets retired, but this is another
topic.
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Figure 2: Statutory vs. Effective Long Capital Gains Tax Rate.

The tax elasticity of realization. A key debate in the capital gains taxation literature
is the tax elasticity of realization, i.e., how much agents change realization behavior in
response to a tax change.

In a recent paper, Agersnap and Zidar (2021) use a panel design that exploits cross-
state policy variation and fixed effects while controlling for pre- and post-tax dynamics to
isolate the effects of a particular tax change.?” Instead, aiming at applying a comparable
design to the simulated aggregate series generated by the model, I estimate the following

long-difference regression:
Ay log Gy = ar + B Ay log(1 — TtCG) + XiA + wy, (60)

where G are aggregate realized gains, A,z = x¢ — x4y, and Xy is a vector of controls
(all in log differences).

This specification relies on medium-run changes in aggregate time series. Under the
assumption that over n years no omitted aggregate factor is both strongly trending and
tightly correlated with A, log(1—7%) conditional on X3, 3, in (60) is a consistent estimate

of the medium-run net-of-tax elasticity of realizations. It can be converted to a tax-rate

32 Agersnap and Zidar (2021) implement a dynamic event-study with (i) a long-window regressor,
Aiilogns:, and (ii) a stack of £3-year binned leads/lags of Aszlogns 4+ to net out anticipatory and
post effects, leveraging cross-state tax variation and rich fixed effects. Their medium-run elasticity is
formed as a difference of coefficients, 8; — B_s, from two complementary projections. However, in a single
national series, those overlapping bins are nearly collinear with the long-window change, leaving little
residual variation and producing unstable (often very large) coefficients. Equation (60) therefore uses a
parsimonious long-difference design without the bin stack to target the same horizon directly and avoid
near-collinearity in aggregate data.
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elasticity noting that

dlog(1—7) dlog(l—m7) T
— T = —

leth th 1—7',5’

so the tax-rate elasticity evaluated at a benchmark 7* is

rax(r) = B (= 155 (61)

I include two groups of controls to purge economy-wide forces that comove with re-
alizations but are not the capital-gains tax itself. First, I include a small set of minimal
controls: the PD ratio, which absorbs valuation cycles that comove with realizations, and
the net-of-dividend tax rate, to net out concurrent reforms that alter the relative price
of payout modes and hence the propensity to realize gains. The second group includes
standard macro-financial variables: real GDP growth and the output gap, inflation, the
federal funds rate, the three-month T-bill rate, and the ten-year Treasury yield. These
controls absorb shifts in discount rates, the business cycle, and financing conditions that
move realizations independently of CGT (e.g., higher real rates or recessions can depress
realizations even at a fixed tax rate). I exclude variables such as share repurchases or stock
market turnover because they are at least partly post-treatment mediators: a lower CGT
can induce substitution toward or away from buybacks and spur trading, so conditioning
on them would absorb channels through which the tax operates and would push the esti-
mated elasticity toward a direct (net-of-substitution) effect rather than the policy-relevant
total effect.

Table 2 reports the results for A = 1 using both top statutory and average effective tax
rates.>> A clear term structure emerges: elasticities are small at one year, peak around the
five-year window, and attenuate by the decade horizon. Using the statutory rate, the no-
controls elasticities move from —0.11 at n = 1 to —0.56 at n = 5, easing to —0.38 at n = 11;
using the effective rate, the elasticity is uniformly larger in magnitude——0.32, —0.75, and
—0.52, respectively. Adding the minimal controls (P;/D; and the net-of-dividend tax 77)
barely changes these patterns (with the exception of the elasticity at n = 11 for statutory
rates, which becomes as large as for n = 5). Bringing in the full macro-finance block
reduces magnitudes somewhat but preserves the same hump-shaped profile and the gap
between statutory and effective specifications. Standard errors indicate that the medium-
and long-run responses are statistically distinguishable from zero and cluster around one-

half in absolute value, while the one-year estimates are smaller and noisier, consistent with

33The tax change is measured over the window [t — n,t], while the realization response is measured over
[t4+h—n,t+h]. Thus, with & > 0 the dependent variable intentionally starts after the tax-change window
ends. I set h = 1 throughout for two reasons. First, with annual data, h = 0 estimates are sensitive to
the precise dating of reforms and to reform-year timing and aggregation of realizations; setting h = 1 is
therefore a conservative choice that reduces sensitivity to reform-year measurement. Second, h = 1 delivers
estimates that are more stable across specifications and more precisely estimated.
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short-run timing effects that wash out over longer horizons.

Table 2: Empirical macro-estimations of the tax elasticity of realization. This table
reports estimations of By in expression (60) and the implied tax elasticity of realizations (61). It
uses aggregate U.S. data on capital gains realizations, the top statutory capital gains tax rate, the
effective average marginal capital gains tax rate, and macro-finance controls. The sample period is
1975-2022. For each horizon, 7% is computed as the average tax rate over the regression sample
used for that horizon. Newey—West standard errors are in parentheses.

Statutory rate Effective rate
/87‘ Etax (T*) /Br €tax(7—*)
1 year (n =1) 7" =0.2243 7" = 0.1065
0.39 -0.11 2.70 -0.32
(0.76) (0.22) (1.83) (0.22)
+ Controls: P;/D;, 77 -0.44 0.13 2.47 -0.29
(0.67) (0.19) (1.82) (0.22)
+ Controls: all 0.72 -0.21 3.23 -0.38
(0.77) (0.22) (1.85) (0.22)
5 years (n = 5) 7" =0.2140 7" =0.1035
2.07 -0.56 6.51 -0.75
(1.21) (0.33) (2.72) (0.31)
+ Controls: P,/D,, P 2.34 -0.64 6.28 -0.72
(1.32) (0.36) (2.69) (0.31)
+ Controls: all 2.42 -0.66 5.88 -0.68
(1.32) (0.36) (1.97) (0.23)
11 years (n = 11) T =0.2119 T = 0.1036
1.40 -0.38 4.50 -0.52
(1.06) (0.29) (2.19) (0.25)
+ Controls: P;/D;, 7 2.57 -0.69 5.27 -0.61
(0.63) (0.17) (1.24) (0.14)
+ Controls: all 1.80 -0.48 4.90 -0.57
(0.56) (0.15) (0.83) (0.10)

The figures are broadly in line with the literature. For 5 years, the numbers are similar
to the elasticity used by the Joint Committee on Taxation, which is —0.70 (Gravelle, 2020)
and the estimate obtained by Dowd, McClelland, and Muthitacharoen (2015), —0.72. For
10 years, the point estimates are between —0.69 and —0.38 are not entirely dissimilar
with the [—0.5, —0.3] band reported by Agersnap and Zidar (2021). This lower elasticity
might be related to a wider time window that captures medium-term realizations that were
only locked in in the short term (Sarin et al., 2022). While alignment with the literature

validates the specification, my primary goal is to obtain an elasticity that can be computed
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identically in both empirical and model-generated data, providing an additional moment

to discipline the estimation.

3.3.2. Parameterization

Table 3 contains the parameter values. As anticipated, a subset of parameters is chosen
outside of the SMM procedure. In particular, the risk aversion parameter is set to 2, which
is a standard value in the literature (e.g., Campbell and Cochrane, 1999, Adam, Marcet,
and Beutel, 2017) and ensures full comparability of the results. Moreover, the persistence
of the quarterly wage-dividend is calibrated to 0.99, which matches the empirical value of
the data for the sample period. To discipline the model further, I calibrated to shocks for
dividends, capital taxes, stock buybacks, and the discount factor to perfectly match the
corresponding data counterparts.>® See Appendix A for details about these series.

The remaining parameters are: the average wage-dividend ratio w, the standard devi-
ation of wage-dividend shocks o,,, and the parameters characterizing the learning process.
To avoid the curse of dimensionality, Kalman gains are obtained as random draws from a

log Normal distribution:

i 1 5 5
g ~log N’ In(sg) — 5 In (1+%)m (1+22) (62)

Hg Hg
This formulation allows for heterogeneous gains while dramatically reducing the num-
ber of free parameters. There are two natural high-dimensional alternatives. First, one
could estimate the Kalman gain agent-by-agent, which requires I free parameters {gi}i[:l.
Second, one could estimate the two subjective-noise variances underlying each agent’s gain,

2 2T

oZ,}i—1)- Relative to the 2I-parameter vari-

which requires 21 free parameters (e.g., {0} ;,0Z;

ance benchmark, the approach I follow reduces the number of free parameters from 21 to
2 (from 200 to 2 when I = 100); relative to the agent-by-agent gain benchmark, it reduces
the number from I to 2. Altogether, the parameter vector to be estimated by SMM is
0 = {w,ow, g, 04}

Following the extension of SMM by Adam, Marcet, and Nicolini (2016) to include
statistics rather than pure moments, the estimated vector 6 minimizes the distance between
the model g(@)and the empirical data statistics S, that is,

= argmin 5-3500) W [5-500)] (63)

34 Although equation (37) specifies a highly persistent law of motion for tax rates under agents’ subjective
measures, the baseline quantitative exercises are conducted over the finite historical sample using the
observed tax sequence (with Monte Carlo repetitions over wage shocks). Hence, the targeted moments are
finite-sample moments conditional on the realized tax history, rather than population moments under a
stationary distribution implied by (37).

38



Table 3: Parameter values. The table
baseline version of the model.

reports the value of the parameters for the

Non included in SMM

Persistence wage-dividend ratio P 0.99 Calibrated
Dividends shocks eP Calibrated
Supply shocks es Calibrated
7€ shocks e Calibrated
77 shocks e’ Calibrated
0 shocks el Calibrated
CRRA parameter ~ 2 Literature
Included in SMM

Average wage-dividend ratio w 6.02 Estimated
Standard deviation WD shock ow 0.0203 Estimated
Kalman gain mean Iy 0.0277 Estimated
Kalman gain dispersion g 0.0057 Estimated

where S and 5(0) are M x 1 vectors, W is a M x M weighting matrix and © is a compact
subset of R* (k = 4 in this case) that contains the true parameter vector 6y in its interior.
I use a diagonal weighting matrix, with the diagonal entries consisting of the inverse of
the individually Newey-West variances of the corresponding observed statistics S. This
criterion minimizes the sum of squared t-statistics across moments, therefore focusing
more directly on matching them. To compute S (0), I follow a Monte Carlo procedure with
1000 repetitions. In simulations, I use I = 100.

The bottom panel of table 3 contains the estimated 6. A few comments are per-
tinent. First, the estimated values for the gain distribution parameters are (fig4,64) =
(0.0277,0.0057), broadly in line with the literature on learning about prices (e.g., Adam
et al. (2015), Adam, Marcet, and Nicolini (2016), Adam, Marcet, and Beutel (2017)). As
an additional check, appendix Appendix G estimates Kalman gains for synthetic cohorts
in the UBS Gallup Survey and fit a log-Normal distribution, finding (,ugBS ,(04)VB9)
(0.0293,0.0062). Thus, the SMM estimates look remarkably close to these points estimates

from surveys, Additionally, a key point of models with learning about prices is that they

generate enough price volatility without resorting to either large risk aversion or large fun-
damental risk. In this vein, the estimated standard deviation of the wage shocks is 0.0203,
which is close to the empirical point estimate (in the sample, a point estimate for oy, is
0.0215, but 0.0203 is within the confidence bands).

Finally, the combination of PEA for solving the model with SMM for parameter estima-

tion requires careful implementation. PEA proceeds by fixing the structural parameters
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f and iterating on the approximation until convergence, whereas SMM evaluates many
candidate values of 6, each requiring a new set of PEA parameters. Thus, PEA constitutes
an inner fixed-point routine nested within SMM’s outer minimization over 6. Appendix E

describes an efficient algorithm for managing this PEA-SMM loop.

3.4. Model evaluation

This section assesses the model’s ability to replicate a comprehensive set of empirical
facts. I distinguish between moments used in estimation and a separate set of "validation
moments" that serve as out-of-estimation checks. This approach mirrors the distinction
between training and validation sets in machine learning and provides a more stringent
test of the model’s structural validity. If the model captures the underlying economic
mechanisms—rather than merely fitting a particular set of moments—it should also match
statistics that were not directly targeted in estimation.

Table 4 presents the results. The top panel reports the eight statistics included in
the SMM estimation. The model matches these moments well: t-statistics for the null
hypothesis that model and data moments are equal are uniformly small in absolute value,
with none exceeding conventional significance thresholds. The model successfully captures
the key "excess volatility" facts that have long puzzled asset pricing researchers: high
volatility of the price-dividend ratio (19.90 vs. 19.12 in the data), the Campbell-Shiller
decomposition showing that most valuation movements reflect expected returns rather
than cash flows, and the high persistence of valuations. Crucially, the model also matches
the 1l-year tax elasticity of realizations (—61.52 vs. —60.07), ensuring that investors’
behavioral responses to taxation align with the empirical evidence. This is essential for
the credibility of the counterfactual tax experiments that follow.

The bottom panel reports the validation moments—statistics that were deliberately
excluded from the estimation criterion. The model performs remarkably well on this val-
idation set. First, it generates the correct negative correlation between valuations and
dividend tax rates (—75.94 vs. —67.19), capturing the upward trend in valuation that
coincides with the downward trend in capital taxes. Second, the model replicates the
one-year impulse response of valuations to price shocks (2.70 vs. 3.21), demonstrating
that the learning dynamics generate realistic momentum in the price-dividend ratio at
business-cycle frequencies, without generating overreaction to shocks. Third, the 5-year
tax elasticity (—78.12 vs. —72.45)—which captures medium-run realization responses dis-
tinct from the long-run elasticity used in estimation—falls within the confidence interval of
empirical estimates, suggesting the model correctly captures the term structure of behav-
ioral responses to taxation. Fourth, the model is able to reproduce the positive association
between trading and price changes, providing qualitative validation of the model’s trading
mechanisms even if the quantitative magnitude is somewhat overstated. Finally, dividend

growth and price growth are included as internal consistency checks; mean and standard
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Table 4: Quantitative performance of the model. This table reports the M
statistics included in the SMM estimation. The first two columns report the observed
statistics for the US data. The next four columns report model-implied statistics and
their t-statistics using table 3’s parameters. Rates of growth and returns are annu-
alized. Variances, covariances, correlations and elasticities have been multiplied by
100. The taz elasticities of realizations corresponds to the values for the specifica-
tions with the effective tax rate and (P;/Dy, TP) as controls in Table 2.

US data Model
S, S;(6) t-stat
Included in the SMM estimation
E(PD,) 44.73 47.08 -0.63
E(r§) 8.97 8.81 0.07
Var(InPDy) 19.12 19.90 -0.22
Cov(InPDy, ) -14.52 -15.14 0.22
Cov(InPDy, d;) 4.60 4.75 -0.18
o(In Ry) 15.00 15.62 -0.45
corr(PDy, PDy—1) 98.12 96.23 0.43
Etax, 11y (T") -60.07 -61.52 0.08
Non-included in the SMM estimation
corr(PDy, ) -67.19 -75.94 0.88
E(PD;yalef = 1,1;) — E(PDyyale; =0, 1) 3.21 2.70 1.33
Etax,5y(T") -72.45 - 78.12 0.18
corr(TVy, | P/ Pi—1 — 1)) 32.30 51.24 -1.50
E(P:/P;1 —1) 6.13 6.02 0.02
E(D:/Di—1 — 1) 2.50 2.50 0.00
o(ln 52) 3.40 3.40 0.00

deviation of dividend growth disciplined by calibration, and mean price growth largely

implied by the fit to mean returns and valuations.

4. The effects of tax cuts

In this section, the effect of tax cuts on the stock market is evaluated. Leveraging the good
quantitative performance of the model, I use it to run experiments that quantify the effect
of tax cuts on different statistics. In Section 4.1., I outline the causal effect measure and
decompose it. Section 4.2.explores the sensitivity of the relative average effect of tax cuts
to key parameters and model assumptions. Finally, in Section 4.3., I present a calibration

exercise.
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4.1. Measuring the Causal Effect of Tax Cuts

In this section, I introduce a measure of the effect of tax cuts on stock market volatility.
Leaning on the good quantitative properties of the model, I use counterfactual simulations
of scenarios without tax cuts.

Let S;(0 | {r}) denote a model-implied statistic j computed under the empirical tax
path {r}L_, at the estimated parameter vector §. I measure the causal effect of the
observed tax changes by comparing this statistic to a counterfactual economy in which

taxes are held fixed at a benchmark level 7 for all ¢.3> Formally, define the tax-path effect
AS; = S50 {m}) - S;(0 1 {7}) (64)

A positive AS; indicates that, in the model, the observed sequence of taxes raises statistic
j relative to the constant-tax benchmark 7.

To express magnitudes relative to the data, let S'j denote the empirical counterpart of
statistic j (e.g., for j = Var(ln PDy), S'j is the sample variance of the price-dividend ratio).
I report the dimensionless relative effect

AS;

3, (65)

which, when multiplied by 100, gives the percent of the observed level of statistic j
accounted for by moving from the constant benchmark 7 to the realized tax path {7}.
This object summarizes the effect of the entire sequence of tax changes relative to 7.

To summarize the magnitude of the tax reform itself, define the average absolute devi-

ation of the tax path from the benchmark,

1 T
gr = T;\n—ﬂ (66)

If 7 is chosen as the maximal tax rate in the sample, then g, corresponds to the typical cut
size (in percentage points) relative to that initial level. Finally, normalizing the relative
volatility effect by g, yields a semi-elasticity per one percentage point:

AS; ‘

T
E- ~
J

S;

(67)

-

This semi-elasticity maps a one-percentage-point average tax deviation from 7 into a pro-

portional change in statistic j. For example, if 7 is the maximal tax rate, 7 = 0.30 means

35 A natural concern is that the historical tax sequence combines shifts in tax levels with time-variation
in taxes (policy innovations), which are themselves a direct source of volatility in the model. Section 4.2
isolates the level (trend) component by shutting down tax innovations while holding fixed the remaining
shock history; the resulting volatility effects are similar.
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Figure 3: Causal effect of tax changes in volatility. The first column shows the relative
causal effect coming from the pass-through effect; the second column shows the residual effect, that
includes the lock-in effect and general equilibrium interactions. The third column shows the net
effect, which is the sum of the previous two as in equation (73). The counterfactual tazx rate is
T = T1975 = 1632%

that a 1pp average tax cut (relative to 7) is associated with a 0.30% increase in the statistic
j measured relative to its empirical level 5’]-.

In the exercise, T is kept at its 1975 value, which is representative of the "high" tax
regime and focus on the variance of the log price-dividend ratio, which I refer to as S’Var(é |
{7}). Under this counterfactual, the model predicts volatility of Sva.(0 | {7}) = 13.32,
compared to Sva(f | {7}) = 19.90 under the historical path. The relative causal effect is
therefore

ASv.,  19.90 — 13.32

— = = 0.3441
Svar 19.12

That is, absent the tax cuts, volatility would have been approximately 34% lower on
average, with a 95% confidence interval ranging from 27% to 41%.?¢ The third bar of
figure 3 plots it. The implied semi-elasticity is e3,, = 6.17: a one percentage point tax
cut raises volatility by roughly 6% relative to the empirical benchmark. Taken together,
these results suggest that the cumulative effect of capital gains tax cuts over this period

represents a first-order contributor to stock market volatility.

36 Alternatively, one could normalize AS; by the model-implied statistic rather than its empirical coun-
terpart. In this case, the denominator becomes 19.90, yielding a relative effect of 33.06%. The modest
discrepancy between the two normalizations reflects the small gap between the empirical and model-based
point estimates.
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4.1.1. Decomposing the Causal Effect

In this section, I decompose the volatility response to the historical tax cuts into (i) a
pass-through benchmark and (ii) a residual that captures the incremental contribution of
realization-based taxation. The pass-through benchmark is disciplined by a counterfactual
economy in which capital gains are taxed on an accrual basis under the same tax path {7;}.
Relative to the baseline realization system, the accrual base eliminates trading-contingent
realization incentives—shutting down the kink and the associated inaction region—while
preserving the scaling of after-tax payoffs implied by the statutory rate. The difference in
volatility responses between the historical tax path {7z} and a high constant-rate bench-
mark {7}, computed within the accrual economy, therefore provides a transparent measure
of how taxes affect volatility through capitalization into prices in the absence of lock-in.
Isolating “lock-in” as a separate, additively identified mechanism is less straightforward
in the quantitative model. Unlike in the analytic model-—where one can remove pass-
through by holding expectations fixed conditional on the discrete state—here beliefs evolve
endogenously over a continuum of states through learning and heterogeneous updating.
Importantly, the belief updating equations are identical across the realization and accrual
economies; what differs is only the tax system (realization-based versus accrual-based)
and the equilibrium objects it disciplines.?” Because trading affects prices and prices
feed back into beliefs, changing realization incentives necessarily changes the equilibrium
price signal and hence the endogenous path of beliefs. For this reason, I interpret the
difference between the total effect in the baseline realization economy and the pass-through
benchmark measured in the accrual economy as a residual: it captures the incremental
effect of implementing the same statutory tax changes under a realization base rather than
an accrual base, inclusive of general-equilibrium interactions between trading, prices, and
belief dynamics. The sensitivity analysis in Section 4.2 complements this accounting by
attenuating learning to verify that the pass-through component behaves in the predicted
direction.?®
Accrual-based taxation. Consider an asymmetric accrual regime, where gains are

taxed and losses are not subsidized but are carried forward to offset future gains. In

37One might worry that policy-induced changes in volatility would alter agents’ learning speeds (a Lucas
critique). In constant-gain learning, however, the gain parameters are structural primitives of the updating
rule and are therefore taken to be policy-invariant.

38 Throughout this decomposition, all comparisons are conducted along a common realized history of
exogenous shocks and primitives: the dividend/fundamental innovations and the net supply process {St}
are held fixed across tax paths and across the baseline (realization-based) and accrual counterfactuals.
The belief-updating equations and information structure are also held fixed. What differs across legs is
solely the tax treatment of gains (realization-based vs. accrual) and the associated equilibrium objects it
disciplines—prices, portfolios, realized gains, and tax-base states (e.g., basis and loss carryovers) adjust
endogenously within each economy given the same shock realization.
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this case, the budget constraint of the investor reads as
Ci+ PS =W+ (1 —P)Dy + P)S;_y — 7' max{P, — P_1 — L},0}S;_; + T}  (68)

The stock of unrealized losses is a state variable whose law of motion is:

. St .
= fg— max{L; — (P, — P,—1),0} (69)
t
With accrual taxation, the problem is differentiable everywhere, which eases computa-
tions. Analogously to the realization-based economy, let ’(/JA(ZA ;) summarize investor i’s
discounted subjective marginal value of carrying one additional share into t+1 relative to
the current price where Zi&t is the state vector under accrual taxation. Then, the KKT

conditions boil down to
Ci > () and ;=S
Ci = (i) "7and S} € (0,9) (70)
Ci < (i) and ;=0

where wg“ = wA(zg). The model can be solved by a simplified version of the algorithms

used to solve the realization-based economy. See Appendix E for details.

Channels decomposition. Let the causal effect in the accrual-based economy be
At = S0 [ {n}) - SO {7}) (71)

where 5’34 refers to the moment generated in the accrual-based economy. Because accrual
taxation is not trade-contingent, it eliminates the kink in the household problem and the
associated no-trade region induced by realization incentives. The effect ASJA therefore
provides a transparent benchmark for how taxes affect volatility through capitalization
into equilibrium prices when realization-driven trading distortions are absent.?’

To relate this benchmark to the total effect in the baseline realization economy, define

the residual difference
ASF = AS; = ASH =501 {n}) = 50| {m))] )
- |50 147 - 510147

Equation (72) compares the response of the statistic to tax cuts under realization-based

taxation to the corresponding response in the accrual counterfactual. The first bracket

*In the accrual pass-through benchmark, I apply the same capital-gains tax path {r;} from the baseline
realization economy to the accrual tax base (i.e., Si*(0 | {7¢}) uses the identical {:} sequence). See Section
5.2. for a revenue-neutral approach to accrual-based taxation.
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measures the gap between realization and accrual outcomes along the observed tax path,
i.e., the quantitative importance of realization incentives in the estimated economy. The
second bracket subtracts the analogous gap evaluated at the benchmark tax level. The
resulting difference, ASJR should be interpreted as a residual component that captures the
contribution of the lock-in effect along with general-equilibrium interactions with belief
formation and price dynamics. In particular, because beliefs govern both valuation and
trading motives in the quantitative model, changes in equilibrium prices and belief dy-
namics can alter when the realization kink binds; accordingly, ASJR is not a standalone
estimate of a pure lock-in channel.

With this notation, the total causal effect admits the accounting identity
AS; = ASH + AST (73)

I refer to AS’f as the pass-through benchmark (the effect of taxes absent realization-based
lock-in), and to ASJR as the residual contribution associated with realization incentives
and interactions.

Columns 1 and 2 of Figure 3 report these two objects. In the accrual-based economy,
lower taxes are highly destabilizing, generating an average increase in volatility of 50%,
with a 95% confidence interval of [47.50%), 53.13%]. In the baseline realization economy, the
corresponding total effect is smaller because realization incentives partially offset the desta-
bilizing accrual benchmark. Quantitatively, the residual component ASJB is approximately
—15%, with a confidence interval of [-24.56%, —7.26%]|, indicating that realization-based
trading distortions—together with their equilibrium interactions—attenuate, but do not

overturn, the destabilizing pass-through benchmark.

4.1.2. Comparison to Dai-Shackelford—Zhang (2013)

While the paper’s main focus is on volatility of prices/valuations, Z. Dai, Shackelford, and
Zhang (2013) study the volatility of returns. In this section I apply the same toolkit to

returns and compare the model’s predictions to their estimates.

Empirical benchmark (Dai—Shackelford—Zhang). In their baseline DiD regressions,
they find increases of about 14% (RA-1978) and 18% (TRA-1997) in the monthly standard
deviation for large—gain portfolios relative to small-gain portfolios; and 9% (RA-1978) and
17% (TRA - 1997) for non—dividend payers relative to dividend payers. Converting these
to semi-elasticities per 1 percentage—point (pp) tax change by dividing by the statutory
cut magnitudes (RA: 35% — 28%, ~ 7 pp; TRA: 28% —20%, ~ 8 pp) yields approximately
+2.0-2.3% per 1 pp for the large—gain split and +1.3-2.1% per 1 pp for the non—dividend

split. These are treated—minus—control effects measured over the pre/post windows defined
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around each reform.

Model-based aggregate effect. Let S,,(f | {n}) denote the model-implied standard
deviation of stock returns under the historical tax path and S’UR(é | {7}) the counterpart
under a constant benchmark 7. Keeping 7 at its 1975 value, the model yields SUR (é |
{7}) = 11.20 versus Sy, (0 | {r:}) = 15.62 under the historical path. The relative causal
effect is o o

Sor(0 | {7e}) — Sop(0 | {7}) 15.62 —11.20

- — 0.2947
S 15.00

i.e., absent the tax cuts, volatility would have been about 30% lower on average (95%
CI: [28.21%, 30.74%]). The implied semi-elasticity is 7, = 5.29: a one-percentage-point
tax cut raises the standard deviation of returns by roughly 5% relative to the empirical
benchmark. Despite the very different estimands (aggregate path effect vs. cross-sectional

DiD), the magnitudes are of the same order.

Local, reform-specific effects in the model. Because Z. Dai, Shackelford, and Zhang
(2013) analyze discrete reforms, I also compute model-based local semi-elasticities using
their time windows: for RA-1978 (January 1976-May 1981) I obtain ¢ = 5.49, and
for TRA-1997 (January 1994-December 2000) €7, = 2.29. Thus, the model predicts a
larger effect for the 1978 cut and an elasticity closely aligned with Z. Dai, Shackelford, and
Zhang (2013) for the 1997 reform. This broad alignment supports the credibility of the
mechanism and suggests the model might be useful for interpreting their cross-sectional

evidence.

4.1.3. Other statistics

The previous sections have focused on the effect of tax cuts on various measures of mar-
ket volatility. This section complements the analysis by examining the effects on other
statistics. The absence of CGT cuts would have reduced mean stock valuations by approx-
imately 20%. Similarly, the correlation between valuations and dividend taxes is diminished
by about 25%, as the absence of CGT cuts softens the upward trend in valuations that
drives this correlation. Thus, tax cuts contributed to stock market exuberance, although
the effect on valuation levels is considerably smaller than the effect on volatility.

The increase in volatility can be decomposed into the two Campbell-Shiller compo-
nents. The effect is much stronger for the comovement between valuations and future
returns than for the comovement between valuations and future dividend growth, suggest-
ing that factors other than fundamental growth played an important role in explaining the
heightened volatility. This finding is entirely consistent with the model: lower taxes accen-
tuate the price-expectations feedback loop, which translates into volatility unexplained by

fundamentals—captured by the covariance of valuations with future returns. Consistent
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with this interpretation, the one-year-ahead IRF falls from 2.70 to 1.87, which corresponds
to a fall of about 25% with respect to the empirical benchmark 3.21. In turn, higher taxes
would have slightly increased the serial correlation of valuations, partially offsetting the
stabilizing effect.

Finally, the model suggests that tax cuts played a central role in generating the co-
movement between trading volume and price changes. Higher taxes would have reduced
this correlation by half when AS; is normalized by the data moment, and by 32% when
normalized by the model moment S;(6 | {r}).*0 This finding is consistent with the view
that CGT reduces trading: an equivalent change in prices would be associated with lower
trading volume under a high-tax regime.

Table 5: Causal Effect of Capital Gains Tax Cuts on selected statistics. The first
column report the moments. The second and third columns report the model-implied statistics

using the parameterization in Table 3 and using the empirical tax sequence and the constant tax
rate T respectively. The last column report the relative causal effect as defined in equation (65).

Si01{n}) S;(01{r}) AS;/S; (%)

E(PD;) 47.08 37.64 21.09
Var(In PD;) 19.90 13.32 34.41
Cov(In PDy, 7) -15.14 -9.53 38.64
Cov(In PDy, d;) 4.75 3.78 21.08
corr(PD;, PD; ) 96.23 97.95 -1.75
corr(PDy, ) -75.94 -59.55 24.40
E(PDiy4lel =1,1,) — E(PDiy4lef =0,1;) 2.70 1.87 25.80
corr(TV;, |Pi/Pi—1 — 1|) 51.24 34.65 51.37
E(P;/Pi—1 — 1) 6.02 5.37 10.56

4.2. Sensitivity Analysis

In this section, I explore the sensitivity of the relative causal effect to alternative modeling
choices. Each exercise uses the baseline parameterization outlined in Table 3, isolating the
marginal contribution of the assumption under consideration. Table 6 collects the results.

Tax level versus tax volatility. The baseline comparison evaluates the historical
tax path against a counterfactual with high and constant taxes. Because the estimated
tax process is highly persistent, this counterfactual removes not only the wedge implied by
a lower average tax rate but also the stochastic innovations to taxes (i.e., tax policy risk).
Therefore, the measured causal effect could in principle partly reflect the elimination of

transitory tax fluctuations (for example, the sharp cut in the early 1980s that was partially

“OThese different normalizations are immaterial for most moments, as the model matches the data
moments closely. For this particular correlation, the difference is material because the model overstates
the correlation.

48



reversed within a few years) rather than the effect of a sustained shift in the tax level, which
is the object of interest.

To separate these components, I decompose the observed tax series into a long-run
trend, {r}**"}, capturing the gradual transition from high to low taxes, and a residual
capturing short-run fluctuations around that trend. I extract {Tttrend} using an HP filter
with a high smoothing parameter so that the trend abstracts from transitory policy rever-
sals. This yields the following accounting decomposition of the total effect into a “trend
(level) effect” and a “volatility (risk) effect”:

(S5(0) | {m:})—(S;(0) | {7}) = (S;(0) | {r{™™9}) = (S;(0) | {7}) + (S;(0) | {m}) — (S;(0)

frirena)

trend effect volatility effect

(74)

The first term measures how volatility would change if the tax regime followed only the

secular decline from its 1975 anchor, while the second captures the additional volatility
generated by short-run tax movements around that trend.

Table 6 reports results for Agp = 1,000,000 and Agp = 100,000. Despite the aggressive
smoothing of the tax path, the relative causal effect is robust: for the lower smoothing
parameter, it remains virtually unchanged at 34.38%; for the higher smoothing parameter,
it declines modestly to 30.16%. These results suggest that short-run tax fluctuations
contribute only a limited share of the total effect; most of the volatility impact is accounted
for by the persistent decline in tax levels. Hence, the causal estimate is not primarily driven
by tax-policy-risk innovations, but by the sustained shift in the tax regime, in line with
the mechanism emphasized in Section .

No dividend tax cuts. What would the effect of capital gains tax cuts be in the
absence of dividend tax cuts? To answer this question, I hold 77 = 7P = max {7/}
for all ¢t and recompute the causal effect of capital gains tax cuts. In this counterfactual,
g\/ar(é | {r¢¢ 7P}) = 17.35, so keeping dividend tax rates high throughout has mild
effects on volatility. However, keeping both tax rates high and constant delivers very low
volatility: Svar(d | {7,7P}) = 7.54. Thus, the effect of capital gains tax cuts is larger
in this scenario, delivering a relative effect of approximately 50%. This result suggests a
remarkable interaction between capital gains and dividend taxes: keeping both high would
have reduced valuation volatility substantially.

Statutory rates. The baseline uses average marginal effective capital-gains tax rates.
While standard in the literature as a proxy for the aggregate tax burden, effective rates
are not a pure policy object: they also embed time variation in market composition (tax-
able versus tax-exempt ownership), which may itself respond endogenously to tax reforms.
To isolate policy variation more cleanly, I therefore re-compute the counterfactuals using
the top statutory capital-gains tax rate. Furthermore, statutory rates avoid imposing a

population-average effective wedge uniformly across heterogeneous investors; all taxable
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investors face the same statutory schedule, so cross-agent heterogeneity is not mechani-
cally collapsed into a single time-varying effective rate. Using statutory rates does not
substantially affect the size of the causal effect; the point estimate decreases slightly to
31.46%. The more sizable change concerns the semi-elasticity: since statutory tax rates
display larger variation, the average tax cut is larger and the elasticity is correspondingly
smaller, averaging 2.55.

Alternative assumptions about taxes. The tax rates used in the baseline economy
reflect several modeling choices; here I explore the sensitivity to some of them. First,
I introduce tax rebates, whereby agents receive a refund of the taxes they paid in the
previous period.*! Rebates play a paramount role in the risk-sharing view of capital gains
taxation, making this a natural test. According to this view, lower taxes reduce risk-
sharing, thereby increasing volatility; thus, a larger effect of tax cuts is expected. In
the model, including tax rebates is relatively inconsequential: the causal effect declines
modestly to 30.29%. Moreover, the model does not generate a larger effect, so the risk-
sharing hypothesis prediction does not find much support—perhaps unsurprisingly, given
the asymmetric and realization-based nature of the tax system.

Second, the baseline economy assumes that agents perceive tax rates as unit root
processes. | depart from this assumption in two ways. I begin by exploring the possibility
of tax foresight, as evidence suggests that markets have substantial ability to forecast
taxes (Kueng (2014)). To address this possibility, I endow investors with perfect foresight
of near-term taxes (which are indeed the only relevant ones under learning about prices),
such that ET (r59) = 75G and EF (r2,) = 72,. It turns out that the effect of near-term
foresight is very modest, delivering a relative effect just slightly below the baseline: 31.46%
versus 34.41%. Alternatively, I let agents learn about taxes using the same constant-gain
scheme they employ to learn about prices and dividends. Learning about taxes makes
expected taxes somewhat smoother but also heterogeneous, given the different gains among
investors. Overall, this additional disagreement reduces the relative effect of taxes, as
greater disagreement induces more trading and thereby reinforces the lock-in effect.

Discount factor and supply shocks. The quantitative model incorporates cal-
ibrated series for the discount factor and aggregate stock supply to match the secular
decline in risk-free rates and the rise in stock repurchases—factors that may independently
contribute to higher volatility®®> As a robustness check, I compute the relative effect of
tax cuts under a constant discount factor equal to the sample mean of the calibrated se-
ries (0.9986). In this case, the effect of tax cuts diminishes to 29.38%. That is, tax cuts

would have been somewhat less consequential for volatility in a world with higher and

“IThis is a convenient simplification that preserves recursivity in the system; otherwise, tax rebates and
prices are simultaneously determined, which represents a deeper deviation from the no-rebates case and
potentially compromises comparability.

42Gee, for instance, Adam (2020) about the decline in safe rates.
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stable interest rates, although the attenuation is modest.** When aggregate supply is held
constant at unity throughout (eliminating stock repurchases), the effect of tax cuts falls
further to 22.58%. The model thus suggests that stock repurchases interacted significantly
with capital gains tax cuts to amplify stock market volatility.

Price-expectations feedback loop. A central ingredient of the model is learning
about prices, which is the source of the belief—price feedback underlying the pass-through
channel. To isolate the quantitative role of this feedback from the effects of the realization-
based tax wedge, I conduct counterfactual simulations that keep the tax schedule and all
other primitives (including the Kalman gains for dividend growth) fixed while varying only
the Kalman gain in the capital gains belief updating equation. Specifically, I set the mean
gain at 0.001, which makes capital gains beliefs almost unresponsive to price signals and
therefore largely shuts down the feedback loop.

In this case, the relative causal effect of the historical tax cuts on volatility falls to
4.62%. Recomputing the lock-in vs. pass-through decomposition under the same low-
gain calibration shows that the pass-through component declines from 50% in the baseline
to 31.14%, consistent with a substantially weaker amplification of belief fluctuations into
prices. At the same time, the lock-in residual becomes more negative, moving from —15%
to —26.52%, so the two components nearly offset each other. This pattern suggests that
the pass-through critically depends on the strength of price-belief feedback, and it also
highlights that the magnitude of the residual depends on general-equilibrium interactions
with that feedback.

Beliefs heterogeneity. In addition, I reduce heterogeneity in learning gains to
o4 = 0.001. This change modestly increases the effect to about 38%, consistent with
weaker trading motives and a less stringent lock-in mechanism when cross-sectional belief

dispersion is compressed.

4.3. A Historical Counterfactual

I illustrate the effect of tax cuts through a calibration exercise. Instead of using discount
factor shocks to replicate the empirical dynamics of the risk-free rate, I calibrate a series
of 0 shocks to match the empirical dynamics of the price-dividend ratio exactly. This
approach ensures that the model replicates the data precisely when fed the empirical time
series of taxes, offering a complementary angle to the previous results: it allows for an
exploration of the timing of tax cut effects on market valuations.

Figure 4 illustrates the results. The red line represents the estimated model with
calibrated ¢ shocks, which matches the empirical data by construction. The blue line
depicts the mean of simulations under a scenario where 7°¢ = 7% in every period.

Interestingly, until the second half of the 1990s, the series with and without tax cuts

43 An alternative interpretation of the baseline result is that lower interest rates may have more muted
effects on market volatility—and hence financial stability—when capital gains taxes remain relatively high.
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Table 6: Sensitivity analysis. The table reports the relative causal effect of tax cuts and semi-
elasticities according to equations (65) and (67) for alternative specifications of the model. It uses
T = T1975 and focuses on the variance of the log price-dividend ratio SVar(é | 4). Tax trend smooth
uses Agp = 100,000; the very smooth one uses Agp = 1,000,000. The small average gain sets
tg = 0.001 and the small gain standard deviation uses o4 = 0.001.

Baseline Smooth Trend Very Smooth Trend No 77 cuts
Relative Effect 34.41 34.38 30.16 51.27
Semi-elasticity 6.17 6.17 5.41 9.20

Constant § No supply shocks Small i, for prices Small o,

Relative Effect 29.38 22.58 4.62 37.81
Semi-elasticity 5.27 4.05 0.83 6.78

Tax Rebates Statutory rates Tax Foresight Tax Learning
Relative Effect 30.29 31.46 31.46 26.39
Semi-elasticity 5.43 2.55 5.64 4.74

appear remarkably similar, despite several tax cuts having been implemented since the
1980s. This observation can be attributed to nonlinearities in the model: the relationship
between taxes and volatility is highly convex, such that tax cuts have particularly large
effects when tax rates are already low. Since the mid-1990s, the economy with higher taxes
underperforms, opening a valuation gap that only begins to close toward the end of the
sample. Thus, in the model, a scenario without tax cuts would have reduced stock market
exuberance significantly.

The model without tax cuts implies valuations that are considerably more stable, fea-
turing a much smoother dot-com boom and a far less pronounced decline during the Great
Recession. In contrast, the COVID-19 boom-bust episode appears relatively insensitive
to tax policy. These differences point toward potentially distinct drivers: the model sug-
gests that a substantial portion of the dot-com boom and the Great Recession crash were
driven by extrapolative beliefs, so that higher taxes would have tempered these swings; in
contrast, the COVID-19 episode was more fundamentals-driven, so capital gains taxes do
comparatively little to stabilize it.

Yet, even with high taxes, the model predicts a boom-and-bust pattern around the
2000s, suggesting that other forces are necessary to fully explain the bubble. For example,
Bordalo et al. (2024) proposed that overreaction in long-term expectations was a key
element in explaining the bubble. Moreover, in terms of levels, the model without tax
cuts still delivers a sustained run-up in valuations from 20 to 50, albeit not reaching the
observed peak. This suggests that complementary explanations—such as the reduction in
macroeconomic risk boosting demand for risky assets proposed by Lettau, Ludvigson, and

Wachter (2008)—may also play a role in accounting for the full extent of the sustained

52



901 —— US data

—— Constant CGT at the 1975 level
95% MC band
80 1

704
60 -
50 4
40 A
30 A n \F
[J !

20 A

1980 1985 1990 1995 2000 2005 2010 2015 2020

Figure 4: The price-dividend ratio without tax cuts in a calibrated version of the
model.

increase in market valuations.

5. Policy experiments with alternative fiscal instruments

In this section, I use the model to evaluate how two alternative tax instruments that
have featured prominently in recent policy discussions—an accrual-based capital gains tax
(CGT-A) and a financial transactions tax (FTT)—affect stock market volatility. I first
map these instruments into the same analytic framework developed in Section 2 to derive
predictions for how each policy shapes market volatility. I then quantify these effects in
two experiments. The first implements a revenue-neutral reform that replaces realization-
based taxation with an accrual-based regime, that compares realization vs accrual regimes.
The second introduces, on top of the baseline realization-based CGT, a small FTT and a

small CGT-A and compares their performance.

5.1. Analytic insights

In this section, I study the effects of a tax on unrealized capital gains and on financial
transactions on volatility using the analytic model in Section 2.

5.1.1. Accrual-based capital gains taxation

In this section, I show that accrual-based taxation is appealing for a simple reason: it

retains the stabilizing pass-through effect while avoiding the destabilizing lock-in effect.
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To show this, consider the same structure described in Section 2 for a moment. Instead of
a tax on realized-gains, I study a tax that applies symmetrically to unrealized gains and
losses. Moreover, I focus on a knife-edge analytical case where beliefs satisfy m4 = 1 — 7.
This setup delivers a sharp characterization that cleanly isolates the mechanism at play.
In the quantitative experiments, I relax beliefs assumptions and implement asymmetric
taxation with carryover losses.

In this case, the budget constraint simplifies to
Ci+ PS; =W+ (Dy+ P)S;_y — (P, — P.1)Si_, + T} (75)
which is differentiable everywhere. Then, the subjective valuation becomes
Qi — 6E™ [Dt—l—l + Piy1 — 7(Pry1 — Pt)| Zﬂ

Equilibrium. An equilibrium with full specialization naturally emerges in the assumed
configuration of beliefs without the need for requiring large amounts of disagreement, as
there is not a no-trade region. Given WI“}HH > WEHH and FfﬂL > FE%L, the B-REE with

accrual taxes implies this system of two equilibrium conditions:

Py = 6[naDy + (1 = 7a)Dp + (maPy + (1 — 7a)PL)(1 = 7) + 7Py]
PL:(5[7TBDL—|-(1—7TB)DH—|—(7TBPL—|-(1—WB)PH)(l—T)—l-TPL]

Under the knife-edge condition m4 = 1 — g, expected dividends are identical in both
states, D¢ = maDg + (1 — w4)Dyp = (1 — 7g)Dy + 7Dy, so solving the two equations
yields Py = P;, = P* with 5
pPr = T3 D¢
so there are no capital gains in equilibrium and the accrual tax rate 7 is irrelevant in this
case.
Consider the small deviation from this equilibrium as in the previous section. Using

the subjective price model (22), the beliefs updating equation simplifies to

Bt = Br—1 + g(Pt—l - 5t—1) + geb (76)

2 / 2
where g = 02:7572 with o2 = w. It follows that the equilibrium price under
sTO0p
Learning boils down to
o
P, = D+ (1 - 77
= (D + (1 - 7)) (77)

When agents learn about prices, prices remain state-independent but they inherit the

beliefs dynamics.
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Taxes and volatility. Taking variances on both sides of the equilibrium pricing function
(77),
Var(P;) = wVar(5;) (78)

2
where w = (5?_;:)) . Intuitively, the price variance depends on the variance of beliefs up

to a scaling factor that determines the pass-through from beliefs to price volatility. Using
this variance decomposition, the total derivative with respect to 7 is given by:
dVar(P;)  dw

d
20 = S Var(B,) + w-Var(8) (79)

As in the realization-based case, 7 influences price volatility through two channels:
the loading w and the learning process that determines beliefs’ dynamics. The following

proposition characterizes the directional effect of the tax.

Proposition 4. In the equilibrium with learning about prices with a capital gains tax on
accrual, the loading, the variance of price beliefs, and the variance of the stock price are

all decreasing in 7:

dw d d
- <0, e Var(8:) < 0, e Var(Pt) <0

Proof. Appendix D.6.

The intuition of the proposition is straightforward: accrual-based taxation retains the
pass-through effect entirely avoiding the lock-in effect. From a volatility point of view,

that makes it appealing.

5.1.2. Financial Transactions Tax

F

Consider now a tax 7% on the value of financial transactions. The budget constraint

becomes
Ci4+ PSS! =W, + (Dy+ P)S!_| —rF|Si_, — Si|P + T} (80)

Proceeding exactly as in the CGT case, one obtains the following optimal demand function:

S if Qf > P(1+7)
Si=10 if Qi< P(1—7) (81)
i if P —-7) <@l < P(1+7F)
where
Qi = 6E]" [Dyy1 + P (1 — 750{S},, < S{} + 7F1{Si 1 > Si})] (82)

This delivers a symmetric no-trade band [P;(1—7F), P,(1+7)] of width 27F P, around Qi,
in contrast with the CGT case where the sell threshold depends on the embedded gain via
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the basis. Note that under an FTT the proportional trading wedge 7% is invariant across
states (it depends only on the transaction value), whereas under a CGT the effective selling

wedge depends on the investor’s basis through the embedded gain.

Equilibrium. For brevity, I first outline the B-REE in this context, and then expose the
case when agents learn about prices. Before stating the equilibrium characterization, let
me introduce compact notation. Temporarily, I write again the transition probabilities as
mi_ fori € {A,B} and s € {H, L}. Define the scalar

MF = ((1 + TF) - 577}3—>H> ((1 + TF) — (57TE_>L> _ 52(1 _ 7T}3_>H)(1 _ ﬂ-f—>L)(1 _ TF)2

which is positive under the maintained parameter restrictions ¢ € (0, 1), 7rf} TR €
[0,1], and 7" € [0,1].** Let

Ko 0 ( (L+rF)=orf, o0 —mf (1 - rF>>
MF 5(1 - Wf—w)(l - TF) (1 =+ TF) - 571-[41—>H

Let P = (Py,Pr) € ]R?F be an arbitrary candidate stationary state-price vector. Define
the following price-dependent belief thresholds:

7TA — (1'1'5) (1_7TE—>L) (DH—DL) + 57T§—>LDL
Tt = 5D, + (14 20(1—7F.,,)) (Di - Dr)
_,F
by (1 5 )P _ <DL +(1+ TF)PL) (83)
ﬂ-Hﬁ\H( ) - (DH—DL)+(1—TF)PH—(1+TF)PL
(1—TF)(1—5)P _D
iy (P) = T

(DH—DL)—I-(I—I-TF)PH—(1—7'F)PL

Notice the thresholds 72 ., ,;(P) and 74 , ;;(P) are not primitive objects: they are functions
of prices. In equilibrium, they are evaluated at the endogenous price vector P* charac-

terized in the proposition below. Similarly, define the following price-dependent feasibility

bounds:
D.(P) = min{(1 — TF(S)(l —9) Py, (T)PH -1+ TF)PL}
. _ (Du —Dp)+ (Pu — Pr)
TF(P) - Py + Pp,

These bounds summarize sufficient conditions ensuring that the thresholds in (83) are well-

defined (in particular, that the denominators are positive) and feasible in the probability

MLetu = 147" and v = 1—7". Then M % (a,b) is bilinear in a = 75_,  and b = 72_, ; , so its minimum
on [0, 1]? is attained at a corner; evaluating (a,b) € {0,1}* yields M¥ € {u® — 6°v*, u(u —6), (u—4)?},
all strictly positive for 6 € (0,1) and 77 € [0, 1].
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simplex when evaluated at P = P*. With this notation in place, the following proposition

characterizes the B-REE with a financial transaction tax.

Proposition 5. Assume that beliefs satisfy:

(Z) WerH > E?{—)H (84)
(it) ThHon < Thu(P*) (85)
(iii) 7wy < 7ioy(P) (86)

and that the conditions Dy, < Dp(P*) and 77 < 7F(P*) hold. Then there exists a com-

petitive equilibrium with

1,0), ifss=H
(s, sy = {08 e (87)
(07 1)7 Zf St = L
Py, ifsg=H
p = T s (88)
P/, ifsi=1L
where the equilibrium state-price vector P* is given by
P* = KI'De° (89)

Proof. Appendix D.7.

The proposition delivers the same qualitative price structure as in the CGT case: equi-
librium prices are a linear function of expected dividends, with the projection matrix now
incorporating the buy-sell wedge created by 7. The disagreement requirements are ex-
pressed through price-dependent belief thresholds. In state H, type B’s cutoff governs
taxed liquidation on an L — H arrival (entering with SZ; = 1): she needs to be suffi-
ciently pessimistic about staying in H, so that selling is optimal. Symmetrically, in state
L, type A’s cutoff governs taxed liquidation on an H — L arrival (entering with S’iA_ 1 =1):
she needs to be sufficiently pessimistic about returning to H, so selling is optimal. Con-
dition (i) ensures Pj; > P; under Dy > Dy. The feasibility bounds Dy, < D(P*) and
F < FF (P*) are implicit sufficient restrictions, evaluated at P*, that guarantee these
price-dependent thresholds are well-defined and admit solutions in [0, 1].4°

With a financial transaction tax, trading on switches is sustainable only if beliefs are

45The feasibility restrictions on Dy, and 7 are technical sufficient conditions and are quite relaxed in
typical parameterizations. For instance, for § = 0.99 and ¥ = 0.02,

(1-77)(1-6) 098-0.01 _ _3

so the first bound simply requires D1 /Pr, = O(1 — §) and is slack whenever Pr, reflects any meaningful
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sufficiently dispersed, because buyers pay (1+ 7") P} while sellers receive only (1 —7F)P?.
To make this “required disagreement” explicit (as in the CGT case), rewrite the partic-
ipation bounds (ii)—(iii) as wedge conditions. Define the high-state and low-state belief

wedges at the equilibrium price vector P* by

_ _A _A
KE(TF) = 7TL—>H—7TL—>H(P*)

so that (ii) is equivalent to 75, < 77 . — x5 (7F) and (iii) is equivalent to 77 ,,; <
74 g — kE(rF) (i.e., the relevant belief gaps must exceed x% and xf). The dependence
F

on 7 is explicit because 75 , - (P) and 7', ;(P) in (83) contain the net-of-tax trading
prices (1—7) Py, (1+7F) Py, (1—7F)Pp, and (1+7) Pp; evaluated at P*(71") from (89),
this yields wedges x5 (71") and xf (7F) that are functions of 77" both directly (through the
(14 7) terms) and indirectly (through the endogenous prices P*(71)).

Let again m4 = 7T}_4[ g and mg = WLB - Consider now the same small deviation from
this equilibrium when agents have imperfect market knowledge. In this case, equilibrium

prices satisfy this system of equations:

4]

Pits = ;=5 [7a(Da + BY (Pra) + (1 = ) (Dr+ (1= 7B  Pa) | (90)
o

Pry= 15 ,F [TFB (D +EF (Pry41)) + (1 — 7p) (DH + (1 - TF)EZD(PH,t—f—l))} (91)

The system comes from the relevant first order conditions and market clearing ((1 +
)Py = Q4 and (1 + 7F)Pp, = QF). Using the same model of prices the was outlined

for the CGT case, equilibrium prices can be compactly written as

P = (D4 BT ) (92)
where
B = " (=)t =ma) (93)
(1 -1 —7p) TR

The pricing equation (92) and the updating equation (25) fully characterize the dy-
namics of the model when agents learn about prices. As in the CGT case, equilibrium

state prices become time-varying, driven by fluctuations in expected future prices. The

transition/resale option value. The second bound is slack if

Py 1+47F 1.02
5 —0.99 22 <103,
P "1 _F 0.8

i.e., a spread above 3%. Ain the empirically relevant low-wedge region (e.g., o 0.02) the restriction is
comfortably satisfied.
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FTT enters the pricing function through two distinct channels. First, it appears in the
denominator, reflecting the transaction cost incurred upon purchase. Second, it enters
the loading matrix BY', capturing the anticipated tax liability upon future sales: sellers
internalize that realizing gains will trigger a transaction cost, which depresses the expected

after-tax payoff.

Taxes and volatility. [ start by analyzing the effects of the FT'T on price volatility in
the B-REE context. Let

1—

F 1 GG
A 5(1*7‘1’3) 1*TFC'1

| =

with L )
0=0-8) (55771

2((1+7F) = 67p) +20%(1 — wp)*(1 — )
(1+7F) —6)> = 62(1 — mp)2(1 — 7F)?

Given this notation, the following proposition states the influence of a financial transaction

tax on price volatility.

Proposition 6. Consider the Bayesian—Rational Fxpectations Equilibrium with o Finan-

cial Transaction Taz characterized in Proposition 5. Additionally, suppose

(i) ma>xh (94)
(ii) 1—7FC1 >0 (95)

Then the variance of the stock price is increasing in ¥ :

d *
FV(I’I"(Pt>>O

Proof. Appendix D.8.

As in the CGT case, a tax on financial transactions affects volatility through its effect
on state-price dispersion. In the B-REE with an FTT, 7 enters equilibrium prices through
two conceptually distinct mechanisms. First, the purchase wedge (1 + 7)1 scales the
intertemporal pricing kernel that capitalizes future payoffs. This force acts symmetrically
across states and therefore tends to move Pj; and P; in the same direction. Second,
the tax reduces the resale component of continuation values: whenever trade occurs, the
resale term in the Euler equations is multiplied by (1 —7%). This trading-option channel is
inherently state-dependent because the resale value is weighted by the perceived probability
of switching to the other state. Hence the transaction tax has a state-dependent effect

whenever the equilibrium continuation value places different weight on resale across H
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and L. The proof of Proposition 6 shows that the state-dependent trading-option channel
dominates the common purchase-wedge scaling, so that an increase in 7" depresses the
low-state valuation relatively more than the high-state valuation and therefore increases
dispersion AT (7F) = P}, — P;.

Since, in this two-state model, price volatility is increasing in this wedge, the key
to Proposition 6 is to ensure that dispersion increases with 7. The assumptions iso-
late exactly these requirements, conditional on existence of the B-REE set in Proposi-
tion 5. Assumption (i) is a convenient one-sided sufficient condition ensuring that the
state-dependent trading-option channel dominates the common purchase-wedge scaling, so
that the net positive sign emerges. Assumption (ii) is a purely technical sign restriction
used in the proof: it ensures that the rearrangement delivering the one-sided bound Ei
preserves inequality direction (equivalently, it rules out regions where the sufficient condi-
tion in terms of w4 would flip or become vacuous). Under these conditions, dispersion is
positive and increasing in 7, implying dTLFVar(Pt*) > 0.

In the CGT economy, the realization wedge selects frontier beliefs in a way that tilts
valuations toward the high state, raising Pj; relative to P; and thereby reinforcing state-
price dispersion. In contrast, under an FTT the belief adjustments needed to sustain
trade need not tilt dispersion in a single direction. When a trading constraint binds, a
higher 71" lowers the seller’s net-of-tax proceeds in the relevant state; to keep the marginal
seller willing to trade, equilibrium beliefs on the binding frontier must assign sufficiently
high probability to being in the high state next period, so that the continuation value is
large enough to compensate the seller for tax payments. Because this compensation can
operate through either frontier, it can raise Pj; (when trade is disciplined by the high-state
constraint) or raise P; (when it is disciplined by the low-state constraint). As a result, the
frontier contribution to the dispersion wedge AF (1) = P}, — Pj is in general ambiguous.

Consider now the equilibrium with learning about prices. Beliefs dynamics are char-
acterized by an equation like (33) but adjusting the loadings matrix. Naturally, the same

logic of lemma 3 carries over to the case with FTT.

Lemma 4. Consider the equilibrium with learning about prices with a Financial Transac-
tions Taz, with pricing function (92) and belief updating (25). Suppose symmetric Kalman

gains g = gr, = g > 0 and adopt a mean-coefficient approximation to belief dynamics. Let

AP = 1+6TF BY. Then there exists g > 0 such that, for all g € (0,g) and for each state
se{H,L}:

1. The tax reduces the effective loadings,

dAF
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2. The tax reduces belief fluctuations,

dy
FA=B \F
A; F (AJ) <0
3. Up to a first-order approximation around the mean price, the tax reduces the variance
of prices
d

FVGT(PSt) <0

Proof. Appendix D.9.

The lemma is the FTT analogue of Lemma 3 for the CGT economy, but the sign logic is
simpler since 71" reduces all elements of the loadings matrix. Hence, the pass-through from
beliefs to prices is unambiguously attenuated, so prices are mechanically less sensitive to
belief shocks. By the same token, smaller price forecast errors imply smaller belief revisions
and therefore lower belief volatility under learning. In contrast, under a CGT, the basis-
price channel generates an offsetting force: higher 7 dampens some components of the
belief-to-price map but raises others through the state-contingent realization wedge. As a
result, the CGT counterpart requires additional restrictions to sign the net effect. Since
the FTT effect is one-directional, the lemma imposes no further parameter restrictions
beyond the maintained small-gain/mean-coefficient approximation, and is therefore more
general than its CGT analogue.

Combining Proposition 6 and Lemma 4 one gets a theoretically ambiguous net effect,
paralleling the CGT analysis. Using the law of total variance as in Proposition 3, the total

derivative of the variance of log prices with respect to the FTT reads as

dVar( P} d N 12 d
dr<Ft) = p(l—p) IF [Piy — Pr]”+ IF [M Var(Ppy) + (1 — p)Var(Pry) (96)
>0 <0

The sign is theoretically ambiguous, with different components pulling in opposite direc-
tions; determining which dominates is an empirical question. This ambiguity may help
rationalize the mixed findings in the empirical literature, as the two channels may operate
with different intensities across institutional settings and market conditions. The frame-
work also provides a lens through which to interpret the quantitative results of Adam et al.
(2015), who find that an FTT stabilizes markets by reducing the magnitude and duration
of stock price booms, yet destabilizes by increasing the frequency of boom-bust episodes.
Within my framework, the former reflects the pass-through effect while the latter reflects a
lock-in effect. Their conclusion that FTTs are mildly destabilizing overall is thus contingent

on the relative strength of these opposing forces under their particular parameterization.
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5.2. Quantitative Experiments
5.2.1. Experiment 1: Replacing Realization-Based by Accrual-Based Taxation

This experiment implements a regime change in capital gains taxation from a realization
to an accrual base. As argued above, accrual-based taxation is appealing for a simple
reason: it retains the stabilizing pass-through effect while eliminating the destabilizing
lock-in effect.

Consider the asymmetric accrual regime with carryover losses described in Section 4.1.1.
The experiment constructs a sequence of accrual-based CGT rates {7/4}7_; that would have
generated the same revenues as the model-implied realization-based fiscal revenues in every

period. Specifically, I follow these steps:

1. Use the baseline estimated model to compute a series of tax revenues under realization-

based taxation. Total tax revenue is given by:

Ti =703 wl max { max{0, ${_, — S{H(Pi — ) — LiSi_,,0f  (97)

2. Using the baseline parameters, simulate the model under accrual taxation. Revenue

under accrual is given by:

’7;’4 = TtA Zui max{0, P, — P,_1 — Li}Sf_l (98)
i

3. Find 7/ such that 7;4 = T;. This requires solving the following equation each
period:*0

T
1 t

A _ ' - 99
t >, wtmax{0, Pitf) — Py — Li}S;i 4 o

4. Simulate the baseline model replacing {7¢“}_, with {7/A1L ;.

Figure 5 plots the time series for TtA. The average across Monte Carlo simulations and
time periods is 7.18%, which is substantially below the average effective rate in the data,

10.77%.*" The lower rate reflects the broader tax base under accrual: because all gains

46The contemporaneous accrual base

Bi(r) = Z,ui max{0, Py(7) — Pr—1 — Lj} Si_,

(3

can be zero in downturn-like periods. In that case, T;*(7) = 7 B¢(7) = 0 for all 7 > 0, so exact within-
period revenue matching is mechanically infeasible unless 7; is also essentially zero. In simulations, I
therefore implement the following rule: if Bi(7) < ep for all 7 € [Tmin, Tmax], I set 2 = Tmin (so TA = 0)
and record the residual 7,2 — 7; for diagnostics; otherwise, I solve ﬁA(TtA) = T¢. I find that periods in
which the asymmetric accrual base collapses coincide with negligible realization-based capital-gains tax
revenues, so the residual is tiny (in particular during episodes like the Great Recession).

4"For each Monte Carlo replication m = 1,...,M I draw a sequence of idiosyncratic wage shocks
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Figure 5: Revenue-neutral accrual-based capital gains tax. The figure plots the time series
of accrual-based CGT rates 7/* that would generate the same revenue as the estimated realization-
based system. The solid line shows the mean across Monte Carlo simulations; shaded bands indicate
the 68% and 95% percentile bands.

are taxed regardless of realization decisions, a smaller rate suffices to generate equivalent
revenue.*

Holding all else equal, the model implies that this regime change would have reduced
valuations volatility by approximately 20% and returns volatility by about 10%. Ad-
ditionally, the attenuation of shock propagation, as measured by the IRF coefficient, is
substantial—roughly 40%—and the association between price changes and trading volume
is cut by half. Thus, a lower tax applied in a less distortionary manner appears to pay off

in terms of stock market stability.

5.2.2. Experiment 2: Financial Transaction Taxes versus Accrual-Based Capi-

tal Gains Taxes

In this experiment, I retain the realization-based CGT regime and introduce small sup-
plementary taxes on either stock market transactions or unrealized gains with carryover

losses. The technical details for incorporating these taxes into the quantitative framework

A, (m)

and compute the corresponding equilibrium outcomes and the revenue-neutral rate 7; in each period.
The solid line plots the cross-replication mean ﬁ >om TtA (™) " Shaded regions are percentile bands across

replications (68%: 16-84; 95%: 2.5-97.5) and thus summarize the model-implied dispersion in 74 driven
by idiosyncratic income risk, holding the aggregate history fixed. These bands are not statistical confidence
intervals and do not reflect parameter-estimation uncertainty.

48The realization-based rate satisfies T; = 7C %Gy, so low-frequency movement in 7C¢ largely reflects
time variation in the realized-gains base G; driven by asset-price growth and cycles. Under accrual taxation,
7/ solves T; = 7{1G:+ (7{1), where the accrual base G:(-) is endogenous to equilibrium prices. This fixed-point
breaks any mechanical mapping from a declining 7°¢ to a declining 7/
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of Section 3 are provided in Appendix E.

The motivation is twofold. First, financial transaction taxes have been routinely in-
voked as a potential tool to curb excess volatility (e.g., L. H. Summers and V. P. Sum-
mers (1989); Stiglitz (1989)) on the grounds that they would discourage speculative trad-
ing. The modern theoretical evidence, however, is mixed. While Davila (2023) derive an
ambiguous effect, Buss and Dumas (2019) show that a transaction tax can raise return
volatility. Quantitative studies likewise suggest that FTTs need not reduce—and may
even increase—volatility (e.g., Adam et al. (2015); Buss et al. (2016)). Here, I revisit
this question leveraging the strong quantitative performance of the model. Second, an
additional tax on unrealized gains—as distinct from a full regime change from realization
to accrual—featured prominently in recent U.S. policy proposals under the Biden-Harris
administration. While curbing excess volatility was not the primary stated objective, the
analysis here offers an informative complementary perspective on the potential benefits of
such a measure.

For the experiment, I simulate the model with small tax rates. FTT proposals in L. H.
Summers and V. P. Summers (1989) have suggested rates around 0.5%, and the baseline
optimal tax in Davila (2023) is 0.37%. In their experiments, Adam et al. (2015) also
consider higher rates. To capture the different magnitudes, I use 7" € {0.5%,1%, 2%, 5% }.
The same set of rates is applied for the accrual-based CGT 4.

Effects of a small FTT. For small transaction taxes (77" < 0.02), the FTT has a visible
effect on the volatility of valuation ratios in levels but a muted effect on return volatility.
As shown in Table 7, V(In P;/D;) falls from 19.22 at 7% = 0.005 to 12.88 at 7" = 0.02.
To understand the underlying drivers, I use the following variance identity, which follows

from the variance of a first difference:*’

Var(AlIn(PDy))
2(1=p)

where p = corr(ln PDy,In PD;_1). Equation (100) shows that Var(In PD;) can fall either
because the variance of valuation changes Var(Aln PD;) declines (smaller innovations)
or because persistence falls (larger 1 — p). In the table, over 7 € {0.005,0.01,0.02},

Var(Aln PDy) is essentially unchanged, while the serial correlation declines from 98.25 to

Var(In PD;) = (100)

97.21. Thus, the reduction in the volatility of valuation ratios is driven primarily by a
decline in their persistence rather than by period-to-period fluctuations.

Consistent with this diagnostic, return volatility barely responds to small FTT rates,
since return volatility is primarily driven by the variance of valuation changes rather than

by the persistence of the valuation ratio. The annualized o(In R}) remains around 15: it

OLet x; = In(P;/Dy). By the variance formula, V(z; — z4—1) = V(x:) + V(xs—1) — 2Cov (2, Te—1).
Under covariance stationarity, V(z:) = V(z:—1) = V(x), and Cov(zt,z¢—1) = pV(z). Hence V(Ax:) =
2V(z)(1 — p), which implies (100).
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declines only from 15.12 at 7" = 0.005 to 14.77 at 77" = 0.02. Moreover, the FTT amplifies
shock propagation: the one-year response of valuations to a price-growth shock rises from
2.69 to 3.01 over the same range. Hence, at low rates the FTT alters the dynamics of
the price-dividend ratio in a way that lowers unconditional dispersion, but it does not
consistently attenuate the short-run movements in valuations that are most closely tied to

return volatility.

Effects of small accrual-based capital gains taxes. The accrual-based capital gains
tax operates through a fundamentally different mechanism. As 74 increases, it delivers
a broad-based reduction in volatility that is visible both in valuation innovations and in
returns. Var(A In PDy) falls sharply—from 0.51 at 74 = 0.005 to 0.32 at 74 = 0.02, and to
0.18 at 74 = 0.05—and annualized return volatility declines in tandem, from 13.85 to 10.88
and then to 8.39. At the same time, the serial correlation of In P;/D; rises (from 98.58 to
99.08 to 99.44), indicating that valuations become both smoother at high frequencies and
more persistent at low frequencies. The IRF statistic corroborates a genuine dampening of
shock transmission: the one-year valuation response falls monotonically with 74 (from 2.48
at 0.005 down to 2.10 at 0.02). Taken together, these patterns are consistent with CGT-A
acting directly on the marginal incentive to generate short-run price movements, thereby
reducing both the variance of valuation changes and the propagation of price-growth shocks

into valuations.

Additional moments. Two additional moments reinforce the contrast in mechanisms
and highlight important side effects. First, the comovement of trading volume with absolute
price changes, corr(TV;,|P;/P;—1 — 1|), is essentially unchanged under small FTT rates
(approximately 52 percent) but declines systematically under CGT-A (from 48.0 to 37.7
as 74 rises from 0.005 to 0.02). This suggests that CGT-A weakens the link between
trading intensity and large price movements, whereas the FT'T does not. Second, the FTT
substantially raises mean valuations—E(PD;) climbs from 49.05 to 61.56 by 7 = 0.02—
whereas CGT-A leaves mean valuations broadly stable or slightly lower (46.76 to 45.52).

Thus, CGT-A achieves lower fluctuations without affecting mean valuations much."

Behavior at higher rates. At the higher rate 7f = 0.05, the FTT becomes clearly
destabilizing: Var(In PD;) jumps to 41.46, Var(AIn PD;) rises to 0.90, o(In R}) increases
to 18.70, and the IRF more than doubles to 6.99. At this level, FTT sharply reduces the
association between absolute price movements and trading volume. In this regime, the

mechanism is a lock-in margin: the tax discourages rebalancing so that turnover becomes

50Notice that while the analytic results in Section 5.1.2 the effect of 77" on equilibrium prices is negative,
the effect here goes in the opposite direction. This reflects the influence of other forces, such as risk-
aversion, and general equilibrium effects. Likewise, Adam et al. (2015) find that transaction taxes raise
mean valuations.
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Table 7: Selected statistics under a Financial Transaction Tax and an Accrual-Based
Capital Gains Tax. This table reports model-implied moments for alternative tax rates. Moments
are defined as in Table 4, except two additional moments Var(AlnPDy) and corr(inPDy, InPD;_1)
which are the variance of the log price-dividend ratio growth and the serial correlation of the
log price-dividend ratio. The case without additional tazes, that is, ¥ = 0 for the Financial
Transaction Tax and to 74 = 0 for the Accrual-Based Capital Gains Tax, corresponds to the

baseline results in Table 4.

FTT (%) CGT-A (%)
0.5% 1% 2% 5% 0.5% 1% 2% 5%
E(PD;) 49.05 51.73 61.56 77.78 | 46.76 46.21 45.52 43.98
E(r) 848 814 699 6.00 | 855 840 823  8.09
Var(InPD;) 19.22  17.96 12.88 41.46 | 19.72 19.16 18.70 17.86
Cov(InPD;, ) -14.32 -13.15 -8.94 -32.98 | -14.58 -13.89 -13.15 -11.92
Cov(InPDy,d;) 490 480 393 848 | 514 527 555  5.95
Var(AlnPD;) 0.61 058 059 090 | 051 042 032  0.18
corr(InP Dy, InPD;_1) 98.25 98.16 97.21 98.76 | 98.58 98.80 99.08  99.44
o(ln Ry) 1512 1479 1477 1870 | 13.85 1258 10.88  8.39
E(PDyyalef =1,1;) —E(PDisalel =0,I;) | 2.69 273 301 699 | 248 230 210 1.74
corr(TVi, | Py /Po—y — 1) 51.90 52.16 52.15 32.77 | 48.00 44.01 37.66 24.46

muted and less responsive precisely when prices move the most, while price responses
and valuation volatility are amplified. Over the same range, CGT-A continues to move
all moments smoothly and monotonically in the stabilizing direction; there, the weaker
comovement between trading and prices reflects smaller price fluctuations (pass-through
stabilization) rather than suppressed trading.

In summary, CGT-A appears both more targeted at the sources of return volatility
and more robust to the precise choice of the tax rate, while the FT'T can generate adverse
dynamics once it is set even moderately high. These findings suggest that policymakers
seeking to reduce excess volatility through the tax system should favor instruments that

operate on the incentive to hold appreciated assets rather than on the act of trading itself.

6. Conclusions

Returning to a central question in the theory of capital gains taxation, this paper de-
velops a framework to analyze how capital gains taxes affect asset price volatility. The
model incorporates key features of real-world tax systems that have proved challenging
to incorporate in equilibrium models: capital gains are taxed only upon realization and
asymmetrically—gains are taxed, while losses are carried forward to offset future gains.
Within this environment, capital gains taxation generates two opposing forces. A lock-in

channel widens the no-trade region and can amplify price jumps; a pass-through chan-
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nel dampens the transmission of beliefs fluctuations into prices, which is at the core of
the price-belief feedback loop that generates excess volatility. The net effect is therefore
theoretically ambiguous and must be resolved empirically.

I apply the framework to evaluate the consequences of the sequence of U.S. capital gains
tax cuts since the 1970s. An estimated version of the model matches a comprehensive set
of moments remarkably well and implies that, over this historical episode, tax cuts in-
creased volatility. Quantitatively, the model attributes to these tax cuts a 35% increase in
price—dividend ratio volatility. Volatility rises by 50% because lower capital-gains taxation
strengthens the pass-through from beliefs to prices, amplifying self-fulfilling fluctuations.
The resulting attenuation of the lock-in channel—together with general-equilibrium feed-
backs—is not strong enough to offset this amplification. Similarly, the model predicts a
30% increase in stock return volatility, aligned with the econometric evidence in Z. Dai,
Shackelford, and Zhang (2013) and providing a structural interpretation of their reduced-
form estimates.

Leveraging the model’s quantitative performance, I use it to study alternative tax
arrangements. The main policy lesson is that adding a small tax on unrealized gains can
improve financial stability: it strengthens the stabilizing pass-through mechanism while
avoiding the destabilizing lock-in channel. By contrast, a financial transactions tax delivers
mixed results and, if miscalibrated, can meaningfully distort trading and price dynamics,
potentially making markets more fragile rather than more stable.

The analysis in this paper is deliberately positive. A natural next step is to study opti-
mal policy in this richer environment. While Sahm (2008) and Aguiar, Moll, and Scheuer
(2024) analyze optimal policy when comparing realization- and accrual-based regimes, the
former relies on a highly stylized setting whereas the latter shows that lock-in can be elim-
inated under an optimally designed tax on total net trades. The conventional realization-
based system studied here instead taxes realized gains relative to an acquisition basis and
therefore generates endogenous lock-in. Studying the optimal choice between realization
and accrual in a framework that jointly incorporates this lock-in margin and the asset-price
pass-through forces emphasized in this paper could yield new insights into the theory of
capital gains taxation.

The model is an exchange economy, so it abstracts from feedback from asset prices
to the macroeconomy. Introducing production would allow to study how tax-induced
volatility transmits to investment and growth. It would also enable an integrated analysis
of personal and corporate capital taxation, providing a more complete view of how lower
capital taxes—both personal and corporate—shape macroeconomic fluctuations.

The model focuses on the aggregate stock market to derive an aggregate effect of
tax cuts consistent with the available cross-sectional evidence. A natural extension is to
introduce multiple risky assets that differ in their exposure to capital gains taxation. If tax

wedges are asset-specific, capital gains taxes can affect not only volatilities but also return
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correlations and hedging properties, with implications for equilibrium risk premia, portfolio
allocation, and shock propagation across markets. I leave these cross-asset comovement
effects for future research.

Although the paper already engages with the cross-sectional evidence in Z. Dai, Shack-
elford, and Zhang (2013), a natural complementary source of cross-sectional variation is in-
ternational. Anecdotal accounts suggest that tax reductions have been followed by episodes
of financial stress and boom—bust dynamics, including the Scandinavian crisis and housing
booms in Spain, Denmark, and Ireland. Conversely, Japan’s extraordinary run-up in equity
prices during the 1980s occurred in a largely tax-free environment, and the market’s peak
coincided with the introduction of a tax on stock capital gains in April 1989. While system-
atically exploiting this cross-country and historical variation is challenging—because data
quality, institutional heterogeneity, general-equilibrium spillovers, and cross-border capital
flows complicate identification—it remains a promising research avenue for assessing the
role of capital gains taxation in financial instability globally.

Methodologically, the paper proposes a tractable way to solve and estimate rich hetero-
geneous agent models under an information structure that relaxes full-information rational
expectations in a manner consistent with survey evidence. I have illustrated the approach
in a highly nonlinear setting; a natural extension is to embed it in environments with
a richer financial sector, endogenous leverage, and production in order to study economic
crises and to evaluate the joint design of macroprudential and monetary policy. One conjec-
ture is that capital taxation used for financial-stability purposes can provide an additional
policy margin, potentially easing potential conflicts between macroeconomic and financial
stability when using a single instrument -the interest rate.’!

Economists have long sought tax instruments that can mitigate financial instability.
Although an FTT has been a prominent proposal, its implications for volatility are mixed.
Against this backdrop, this paper shows that capital gains taxation can serve as an effective

tool to curb excessive asset price volatility.

51See, for instance, this speech by MinnFed president. https://www.minneapolisfed.org/article/2017/monetary-
policy-and-bubbles.

68



References

Adam, Klaus (2020). Monetary policy challenges from falling natural interest rates. Tech.
rep. ECB conference.

Adam, Klaus, Johannes Beutel, Albert Marcet, and Sebastian Merkel (2015). “Can a fi-
nancial transaction tax prevent stock price booms?” In: Journal of monetary economics
76, S90-S109.

Adam, Klaus and Albert Marcet (2011). “Internal rationality, imperfect market knowledge
and asset prices”. In: Journal of Economic Theory 146.3, pp. 1224-1252.

Adam, Klaus, Albert Marcet, and Johannes Beutel (2017). “Stock price booms and ex-
pected capital gains”. In: American Economic Review 107.8, pp. 2352—-2408.

Adam, Klaus, Albert Marcet, and Juan Pablo Nicolini (2016). “Stock market volatility and
learning”. In: The Journal of Finance 71.1, pp. 33-82.

Adam, Klaus and Sebastian Merkel (2019). “Stock price cycles and business cycles”. In.

Agersnap, Ole and Owen Zidar (2021). “The tax elasticity of capital gains and revenue-
maximizing rates”. In: American Economic Review: Insights 3.4, pp. 399-416.

Aguiar, Mark, Benjamin Moll, and Florian Scheuer (2024). “Putting the ‘Finance’into
‘Public Finance’: A Theory of Capital Gains Taxation”. In.

Anagnostopoulos, Alexis, Eva Carceles-Poveda, and Danmo Lin (2012). “Dividend and
capital gains taxation under incomplete markets”. In: Journal of Monetary Economics
59.7, pp. 599-611.

Barberis, Nicholas, Robin Greenwood, Lawrence Jin, and Andrei Shleifer (2018). “Extrap-
olation and bubbles”. In: Journal of Financial Economics 129.2, pp. 203-227.

Becchetti, Leonardo, Massimo Ferrari, and Ugo Trenta (2014). “The impact of the French
Tobin tax”. In: Journal of Financial Stability 15, pp. 127-148.

Belda, Pau, Janko Heineken, and Adrian Ifrim (2025). “Heterogeneous Beliefs and Wealth
Inequality”. In: Working Paper.

Benhabib, Jess, Wei Cui, and Jianjun Miao (2024). “Capital income jumps and wealth
distribution”. In: Quantitative Economics 15.4, pp. 1197-1247.

Bordalo, Pedro, Nicola Gennaioli, Rafael La Porta, and Andrei Shleifer (2024). “Belief over-
reaction and stock market puzzles”. In: Journal of Political Economy 132.5, pp. 1450—
1484.

Brun, Lidia and Ignacio Gonzalez (2017). “Tobin’s Q and Inequality”. In: Available at SSRN
3069980.

Buss, Adrian and Bernard Dumas (2019). “The dynamic properties of financial-market
equilibrium with trading fees”. In: The Journal of Finance 74.2, pp. 795-844.

Buss, Adrian, Bernard Dumas, Raman Uppal, and Grigory Vilkov (2016). “The intended
and unintended consequences of financial-market regulations: A general-equilibrium

analysis”. In: Journal of Monetary Economics 81, pp. 25-43.

69



Campbell, John Y and John H Cochrane (1999). “By force of habit: A consumption-based
explanation of aggregate stock market behavior”. In: Journal of political Economy 107.2,
pp. 205-251.

Cappelletti, Giuseppe, Giovanni Guazzarotti, and Pietro Tommasino (2017). “The stock
market effects of a securities transaction tax: quasi-experimental evidence from Italy”.
In: Journal of Financial Stability 31, pp. 81-92.

Cloe, Carl W (1952). “Capital gains and the changing price level”. In: National Tax Journal
5.3, pp. 207-217.

Cochrane, John H (2009). Asset pricing: Revised edition. Princeton university press.

Constantinides, George M (1983). “Capital market equilibrium with personal tax”. In:
Econometrica: Journal of the Econometric Society, pp. 611-636.

Dai, Min, Hong Liu, Chen Yang, and Yifei Zhong (2015). “Optimal tax timing with asym-
metric long-term /short-term capital gains tax”. In: The Review of Financial Studies
28.9, pp. 2687-2721.

Dai, Zhonglan, Douglas Shackelford, and Harold Zhang (2013). “Capital gains taxes and
stock return volatility”. In: The Journal of the American Taxation Association 35.2,
pp. 1-31.

Davila, Eduardo (2023). “Optimal financial transaction taxes”. In: The Journal of Finance
78.1, pp. 5-61.

Deng, Yongheng, Xin Liu, and Shang-Jin Wei (2018). “One fundamental and two taxes:
When does a Tobin tax reduce financial price volatility?” In: Journal of Financial
Economics 130.3, pp. 663—692.

Dowd, Tim, Robert McClelland, and Athiphat Muthitacharoen (2015). “New evidence on
the tax elasticity of capital gains”. In: National Tax Journal 68.3, pp. 511-544.

Ehling, Paul, Michael Gallmeyer, Sanjay Srivastava, Stathis Tompaidis, and Chunyu Yang
(2010). “Portfolio choice with capital gain taxation and the limited use of losses”. In:
Awvailable at SSRN 1003034.

Ehling, Paul, Stathis Tompaidis, and Chunyu Yang (2019). “Tax Collection from Realized
Capital Gains on Equity”. In: Available at SSRN 3349058.

Eichfelder, Sebastian, Mona Noack, and Felix Noth (2022). “The impact of financial trans-
action taxes on stock markets: Short-run effects, long-run effects, and reallocation of
trading activity”. In: National Tax Journal 75.3, pp. 539-569.

Feenberg, Daniel and Elisabeth Coutts (1993). “An introduction to the TAXSIM model”.
In: Journal of Policy Analysis and management 12.1, pp. 189-194.

Fernandez-Villaverde, Jests (2025). Deep Learning for Solving Economic Models. Tech. rep.
National Bureau of Economic Research.

Fernandez-Villaverde, Jests, Samuel Hurtado, and Galo Nuno (2023). “Financial frictions
and the wealth distribution”. In: Econometrica 91.3, pp. 869-901.

70



Gemmill, Robert F (1956). “The Effect of the Capital Gains Tax on Asset Prices”. In:
National Tax Journal 9.4, pp. 289-301.

Giglio, Stefano, Matteo Maggiori, Johannes Stroebel, and Stephen Utkus (2021). “Five
facts about beliefs and portfolios”. In: American Economic Review 111.5, pp. 1481—
1522.

Gonzalez-Fernandez, Marcos, Ana-Maria Fuertes, and Maria-Dolores Robles (2026). “The
Financial Transaction Tax in Spain”. In: Forthcoming in Journal of International Ac-
counting, Auditing and Tazation, Available at SSRN: hitps://ssrn.com/abstract=5062009.

Gravelle, Jane G (2020). “Capital gains tax options: Behavioral responses and revenues”.
In: CRS Report for Congress. Vol. 41364.

Hakansson, Nils H. (1970). “Optimal Investment and Consumption Strategies Under Risk
for a Class of Utility Functions”. In: Econometrica 38.5, pp. 587-607.

Han, Jiequn, Yucheng Yang, et al. (2021). “Deepham: A global solution method for het-
erogeneous agent models with aggregate shocks”. In: arXiv preprint arXiw:2112.14377.

Haugen, Robert A and A James Heins (1969). “The effects of the personal income tax on
the stability of equity value”. In: National Tax Journal 22.4, pp. 466-471.

Haugen, Robert A and Dean W Wichern (1973). “The diametric effects of the capital gains
tax on the stability of stock prices”. In: The Journal of Finance 28.4, pp. 987-996.
Kase, Hanno, Leonardo Melosi, and Matthias Rottner (2022). Estimating nonlinear het-

erogeneous agents models with neural networks. Centre for Economic Policy Research.

Klein, Peter (1999). “The capital gain lock-in effect and equilibrium returns”. In: Journal
of Public Economics 71.3, pp. 355-378.

Kueng, Lorenz (2014). Taz news: The response of household spending to changes in expected
taxes. Tech. rep. National Bureau of Economic Research.

Lettau, Martin, Sydney C Ludvigson, and Jessica A Wachter (2008). “The declining eq-
uity premium: What role does macroeconomic risk play?” In: The Review of Financial
Studies 21.4, pp. 1653-1687.

Marcet, Albert (1988). “Solving nonlinear stochastic growth models by parametrizing ex-
pectations.” In.

Marcet, Albert and Kenneth J Singleton (1999). “Equilibrium asset prices and savings of
heterogeneous agents in the presence of incomplete markets and portfolio constraints”.
In: Macroeconomic Dynamics 3.2, pp. 243-277.

McGrattan, Ellen R (2023). “Taxes, regulations, and the value of US corporations: A
reassessment”. In: Review of Economic Dynamics 50, pp. 131-145.

McGrattan, Ellen R and Edward C Prescott (2003). “Average debt and equity returns:
Puzzling?” In: American FEconomic Review 93.2, pp. 392—-397.

— (2005). “Taxes, Regulations, and the Value of US and UK Corporations”. In: The Review
of Economic Studies 72.3, pp. 767-796.

71



Milgrom, Paul and Ilya Segal (2002). “Envelope theorems for arbitrary choice sets”. In:
Econometrica 70.2, pp. 583-601.

Moll, Benjamin (2025). “The trouble with rational expectations in heterogeneous agent
models: A challenge for macroeconomics”. In: The Economic Journal, ueafl104.

Rosenthal, Steve and Lydia Austin (2016). “The dwindling taxable share of US corporate
stock”. In: Tazx Notes 151.6.

Sahm, Marco (2008). “Methods of capital gains taxation and the impact on asset prices
and welfare”. In: National Tax Journal 61.4, pp. 743-768.

Sarin, Natasha, Lawrence Summers, Owen Zidar, and Eric Zwick (2022). “Rethinking how
we score capital gains tax reform”. In: Tax Policy and the Economy 36.1, pp. 1-33.
Sialm, Clemens (2009). “Tax changes and asset pricing”. In: American Economic Review

99.4, pp. 1356-83.

Somers, Harold M (1948). “An economic analysis of the capital gains tax”. In: National
Tazx Journal 1.3, pp. 226—232.

— (1960). “Reconsideration of the capital gains tax”. In: National Tax Journal 13.4,
pp- 289-309.

Stiglitz, Joseph E (1983). “Some aspects of the taxation of capital gains”. In: Journal of
Public Economics 21.2, pp. 257-294.

— (1989). “Using tax policy to curb speculative short-term trading”. In: Regulatory Reform
of Stock and Futures Markets: A Special Issue of the Journal of Financial Services
Research, pp. 3—17.

Summers, Lawrence H and Victoria P Summers (1989). “When financial markets work too
well: A cautious case for a securities transactions tax”. In: Journal of financial services
research 3.2, pp. 261-286.

Viard, Alan D (2000). “Dynamic asset pricing effects and incidence of realization-based
capital gains taxes”. In: Journal of Monetary Economics 46.2, pp. 465-488.

Xiong, Wei (2013). “Bubbles, crises, and heterogeneous beliefs”. In: Handbook of Systemic
Risk Chapter 24, pp. 663-713.

72



Appendix

A. Data Sources

Stock market data. Stock prices, dividends and CPI inflation come from Shiller’s web-
site. The monthly data has been transformed into quarterly frequency by taking the last
month of the quarter. In addition, nominal variables have been transformed to real terms
using Shiller’s CPI index. Annual dividends have been converted to quarterly figures by
dividing them by 4 to compute quarterly returns. Data on trading volume is from Datas-
tream. In particular, trading volume = Turnover by value (US-DS Market-TV) / Market
value (US-DS Market - MV). Data on stock repurchases is from Compustat. Supply shocks
are constructed using the repurchase rate u; = Repurchases, /MarketCap, (both in dollars),
which is unitless. Interpreting repurchases as proportionally retiring shares outstanding, I
set the model’s normalized supply to S; = 1—1w; so that g = S;—1 = —uy. In turn, the
discount factor has been calibrated to match the dynamics of the real T-Bill. The nominal
risk-free rate is the 90-day T-Bill, from the FRED database and inflation expectations are
from Michigan Surveys of Consumers, available here. I construct the ex-ante quarterly
gross real T-bill return using the Fisher relation, combining the nominal gross return with
expected gross inflation. The quarterly discount factor is then set to the inverse of this
gross real return.

Macroeconomic data. Consumption data is the BEA real quarterly personal con-
sumption expenditures series. Wages are the BEA compensation of employees.

Capital Tax Rates. The base effective average marginal rates on dividends, short
and long capital gains and interests are supplied by the TAXSIM program of the National
Bureau of Economic Research (NBER). See Feenberg and Coutts (1993) for a description
of the program. The data can be found at here. These rates are offered on an annual
basis from 1960 to 2018 at federal level and from 1979 to 2008 at state level. I took the
rates computed using 1984 data in/deflated to law year, which reflects changes in tax rates
without conflating changes in the income distribution.

Following Sialm (2009), I adjusted for state and local taxes before 1979 and after
2008 as well as for the distinction between qualified and nonqualified dividends from 2003
onward to get a complete series for the 1960-2018 period. Before 1960, the tax rates are
interpolated using data from Sialm (2009). Details on the computation of the taxable share
are available on Appendix F.

Realized Capital Gains. Total realized capital gains are from the Tax Foundation,
which combines data from the Treasury Department, the Congressional Budget Office
(CBO) and Wolters Kluwer. The series expands the years 1913-2025. The data uses
returns with positive net capital gains and can be found here. The graph below compares
this series with data from the CBO from here and here, and data directly from the IRS-
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Figure 6: Total Realized Capital Gains by source. Annual data.

SOI (Table 1 in here) that covers the period 1997-2015. Crucially, the series from SOI
includes all the returns (also the ones with net losses). As observed, all the series basically
overlap, so using the series with net gains returns is without significant information loss.

Another concern is that the above series measure realized capital gains from all sources,
whereas the model focuses on corporate equities. To assess whether this aggregation ma-
terially changes the relevant dynamics, I use SOI data that report realized gains by asset
type. Over the sample, realized gains from corporate stock and mutual funds comove
closely with total realized gains: the correlation in levels is 0.87, and the correlation in
first differences is even higher at 0.96. The graph below illustrates this point. These re-
sults suggest that, although the levels differ, total realized gains are a good proxy for the
time-series dynamics of equity realizations, making the macro elasticity estimated on total
gains informative for the elasticity of corporate stock gains.

Under U.S. law, when net capital losses exceed net capital gains, taxpayers may use at
most $3,000 of the excess to reduce ordinary taxable income in the current year, carrying
forward the remainder. In the model, I abstract from this contemporaneous ordinary-
income offset while allowing loss carryovers, so the only omitted object is a bounded transfer
of at most $3,000 (times the marginal ordinary-income tax rate) in net-loss states. The
table below shows that the capital-gains tax base is generated overwhelmingly by returns
with very large net gains: AGI > $1 million filers account for about 73% of aggregate net
gains, with average net gains per return on the order of $1.5 million (roughly 500 x 3,000),
and the extreme upper tail (AGI > $10 million) alone accounts for roughly 40% of aggregate
net gains with average net gains around $15 million (about 5,000 x 3,000). Consequently,
the omitted $3,000 offset is quantitatively immaterial at the scale that drives both aggregate

revenues and the tax wedge in the model: the government meaningfully shares in upside
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Figure 7: Total vs Corporate Stock + Mutual Funds Realized Gains. Data from IRS-SOI.

realizations through capital-gains taxation, but provides essentially no contemporaneous
rebate in net-loss states. In this sense, for the economically relevant part of the distribution,
the tax system is effectively asymmetric. To directly assess the size of the contemporaneous
offset on net-loss returns, I use IRS aggregate net capital loss in AGI after limitation and the
number of returns with net capital loss. Over 1998-2015, the average net loss that enters
AGI per net-loss return is approximately $2,223, with a range of roughly $1,893-$2,358.
This is close to the statutory $3,000 cap, indicating that net losses are overwhelmingly used
to net against gains (or carried forward), while the contemporaneous ordinary-income offset
is mechanically small.

Survey expectations. The main survey is the UBS Index of Investor Optimism.
The quantitative question on stock market expectations has been surveyed over the period
1998:Q2-2007:Q4 with 702 responses per month on average. To make the data consis-
tent with the model, I have run some adjustments. First, the series have been deflated
by using inflation expectations from the Michigan Surveys of Consumers, available at
https://data.sca.isr.umich.edu/data-archive/mine.php. Second, I transformed real
returns expectations into capital gains expectations by subtracting an annualized dividend

component. See Appendix G for more details.

A B. A Locked-In Bayesian Rational Expectations Equilib-

rium

Definition 2 (Locked-in B-REE). Fiz an initial owner j € {A, B}. A lock-in Bayesian—Rational

Ezxpectations equilibrium with owner j consists of:
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Table 8: Net capital gains by AGI group: concentration and average net gain per return (SOI).
The table is constructed from IRS SOI tabulations by AGI group. ‘Avg net gain per return’ equals
total net gains in the group divided by the number of returns in the group. ‘Share of returns’ and
‘share of net gains’ are computed relative to totals across the AGI groups in the SOI extract for
each year.

Year Share of returns  Share of net gains  Avg net gain per return ($) Avg / $3,000
Panel A. AGI < $1 million

2004 90.06% 28.46% 56,223 18.7x
2005 90.01% 28.85% 65,141 21.7x
2006 89.57% 28.63% 74,359 24.8x
2007 90.07% 23.70% 62,014 20.7x
Avg 2004-07 89.93% 27.41% 64,434 21.5%
Panel B. AGI > $1 million

2004 9.94% 71.54% 1,280,788 426.9x
2005 9.99% 71.15% 1,448,043 482.7x%
2006 10.43% 71.37% 1,591,677 530.6 x
2007 9.93% 76.30% 1,810,555 603.5x
Avg 200407 10.07% 72.59% 1,532,765 510.9x
Panel C. AGI > $10 million

2004 0.62% 35.67% 10,202,546 3,400.8 x
2005 0.52% 34.30% 13,310,804 4,436.9x
2006 0.55% 39.43% 16,787,427 5,595.8 x
2007 0.55% 48.93% 20,781,038 6,927.0x
Avg 200407 0.56% 39.58% 15,270,454 5,090.2x

1. Asset holdings
Sl=1, 87 =0 foralit, (101)

so the initial owner j holds the asset forever.
2. State-contingent prices (Pg, Pr) such that, in each state s € {H, L},
(no sale by j): Qi(r) > RI(Py7)=(1—7)Ps+1Pi_1, (102)
(no purchase by —j): Q37(r) < Ps. (103)

Combining (102) and (103), a pair (P, Pr) supports a locked-in B-REE with owner j
if and only if, for each state s € {H, L},

< Ql(r) — TPt_1_

Q7 (1) < Py (104)
1—7
Whenever the interval in (104) is non-empty in both states,
. I(r) — TP,
Qi) < SO TP et Ly, (105)

1—171
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there exists a continuum of locked-in B-REEs with owner j: any choice of

Poe |Q7(n), (QUr) —7Pi)/(1—7)]

in each state yields an allocation with no trade and market-clearing asset demand.
In this regime, allocations are degenerate (the initial owner holds the asset forever)
and prices are indeterminate within the no-trade bands (104); consequently, the level and

volatility of prices are not uniquely determined.

C. Brief summary of changes in Capital Gains Taxation since
1975

Here I summarize all the tax reforms since 1975. In the mid-1970s, individuals excluded
50% of long-term gains; with a 70% top ordinary rate, the implied top rate on long-term
gains was 35%. The Tax Reform Act of 1976 lengthened the long-term holding period from
6 to 9 months for 1977 and to 12 months beginning after 1978. The Revenue Act of 1978
increased the exclusion to 60% and repealed the add-on minimum tax on excluded gains,
reducing the statutory top long-term rate to 28%.°> The Economic Recovery Tax Act of
1981 (ERTA) further reduced the effective top rate by capping the maximum tax on net
long-term gains at 20% for sales and exchanges after June 9, 1981. The Deficit Reduction
Act of 1984 temporarily shortened the holding period back to 6 months for assets acquired
after June 22, 1984 (through the end of 1987). The Tax Reform Act of 1986 eliminated the
exclusion and taxed long-term gains as ordinary income; with a 28% top ordinary bracket,
the effective long-term top rate was 28% starting in 1987. Subsequent budget acts in 1990
and 1993 raised top ordinary rates (to 31% and then 39.6%) but retained a 28% statutory
maximum on net capital gains.

The Taxpayer Relief Act of 1997 lowered the top long-term rate to 20% (10% for
taxpayers in the 15% ordinary bracket) for gains after May 6, 1997, but simultaneously
increased the long-term holding-period threshold to 18 months for gains realized after July
28, 1997. However, the IRS Restructuring and Reform Act of 1998 restored the 12-month
rule effective January 1, 1998.°% From May 7, 1997 through 2002, the statutory top long-
term rate for individuals was therefore 20%. EGTRRA 2001 introduced an 8% rate for
five-year gains of taxpayers in the 15% bracket starting in 2001, and an 18% rate for

52 As for the $3,000 limit: the first across-the-board limitation on using net capital losses to offset ordi-
nary income was enacted in the Revenue Act of 1942, which set a $1,000 cap and created loss carryforwards;
subsequent law kept the cap but later raised it. The Tax Reform Act of 1976 increased the cap to $2,000
for 1977 and to $3,000 for tax years beginning after 1977, which is the limit still in force for individuals
today.

53In 1999 Congress passed the Taxpayer Refund and Relief Act of 1999 on August 5, 1999, which would
have cut the long-term maximum to 18% (8% in the 15% bracket) and introduced limited indexation;
President Clinton vetoed the bill on Sept. 23, 1999, leaving the 20%/10% schedule in place.
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five-year gains on assets acquired after 2000 (which could not bind before 2006); these
provisions did not alter the 20% top rate through 2002.

After EGTRRA, the Jobs and Growth Tax Relief Reconciliation Act of 2003 (JGTRRA)
cut the statutory long-term capital-gains cap to 15% (and to 5% for taxpayers in the
10%—15% ordinary brackets), generally effective for gains realized after May 5, 2003; it
also aligned qualified dividends with these same preferential rates. The five-year/18%
regime scheduled under TRA97 (and the 8% companion for the low bracket) was effec-
tively superseded by JGTRRA’s unified 15%/5% structure. The Tax Increase Prevention
and Reconciliation Act of 2005 (enacted May 17, 2006) extended the JGTRRA capital-
gains/dividends rates through 2010 and confirmed the scheduled drop of the low-bracket
rate to 0% beginning in 2008. The Tax Relief, Unemployment Insurance Reauthorization,
and Job Creation Act of 2010 (TRA 2010) then extended the 0%/15% long-term structure
through 2012. Beginning tax year 2013, the American Taxpayer Relief Act of 2012 (ATRA)
restored a top ordinary bracket and set a new 20% top long-term rate for taxpayers above
the ATRA thresholds, while retaining 0%/15% below those thresholds. Separately—but
effective the same date— the Affordable Care Act’s §1411 Net Investment Income Tax
imposed an additional 3.8% surtax on net investment income (including realized capital
gains) above statutory thresholds, leaving statutory rates at 0/15/20 but raising effective
marginal burdens for high-income filers. From 2013 through 2022, the 0/15/20 framework

and the one-year long-term holding-period remained intact.

D. Proofs of Results

A.1 Proof of Lemma 1

Proof. The constraint set I'} features a kink at S; = S;_; due to the capital gains tax term,
making it piecewise linear and non-differentiable. To handle this, I analyze the Bellman

equation piecewise. Define

Vi(z) = max W(S}; 7)), (106)
0<8i<8§
where the return function is
Wi+ (Dy+ P)Si_y — PuS}+ Tj + 0EP [Vi(zl,,) | 2] it S > Si,
W(SH 20) = { W, + (Dy + P)Si_, — PuSi — 7(Si_, — §7) max{0, P, — P,_1}
+Tf + OBP' [Vi(2i4,) | 2] if S < Si_,

A key object for characterizing optimal policies is the expected marginal value of share-

%
Zt] .

holdings: o
V' (241)

R :
s
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While the standard envelope theorem does not apply due to the non-differentiability at
i 1= S¢ the generalized envelope theorem of Milgrom and Segal (2002) yields

8Vi(z§) _ Dt R if S} > S}, (107)
95; 4 Dy + P —rtmax{0,P, — P} ifSi<Si

Therefore, the expected marginal value satisfies

i V(2! . i i ; ;
RE” [({)(St“) ‘ 24 =E”" [Dij1 + Pis1 — 7max{0, Py — PYL{S;,, < Si} | 2] -
t
(108)
Define the investor’s subjective valuation as
— sP t+1

which represents the discounted expected marginal value of holding an additional share.

The first-order conditions depend on the investor’s initial position. For Si ; = 0:

S if Qi > P,
Si=<0 if Qi < P, (110)
{0,5} ifQi=F
For Si_; = S:
S if Q¢ > P, — tmax{0, P, — P,_1}
Si=10 if Qi < P, — rmax{0, P, — P_1} (111)

{0,8} if Qi=P, — tmax{0,P, — P,_1}
For interior initial holdings S! ; € (0, S):
S if Q} > P,
S{=148i, if P,—7rmax{0,P — P} <Qi < P, (112)

0 if Qi < P, — tmax{0,P, — P,_1}

These conditions can be summarized in the stock policy function (7). |

A.2 Proof of Proposition 1

Proof. The proof proceeds by construction. I first conjecture that the equilibrium features
complete specialization, with type A agents holding the entire stock supply in state H
and type B agents holding it in state L. Given this allocation pattern, I derive the unique
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market-clearing prices by solving agents’ Euler equations and then verify that, given these
prices, the conjectured allocation pattern is indeed optimal for each agent type.

The parameter restriction 77}3 g > 1—7rLB _,;, guarantees Pj; > Pr, anatural order given
Dy > Djy. This restriction along with the disagreement about persistence (ﬂfl N ﬂg H

and Wf_w > 7TIBi_>L) implies Qfl > QP and QF > Qf, where

QY = 6[ry_y(Du + Pu) + (1 — 7y, y)(Dr + PL)] (113)
Qf =67y (Dr + Pr) + (1 =71 )(Dg + Pu — 7(Pur — PL))] (114)
for i = A,B. These conditions come from the subjective marginal valuation of each

investor, noting two issues: i) Py > Pp implies taxes are only faced in the low-to-high
transition; ii) common knowledge about beliefs, combined with rationality, implies that
agents correctly anticipate time-invariant state prices given stationary fundamentals and
beliefs, and then EP' [Py41] = Ps.

By market clearing,

P = Qi (115)
P =Qf (116)

Hence, equilibrium prices solve this system of equations:

P}y = 8[ri_y(Dy + Pjy) + (1 — w1 5) (D1 + P})] (117)
P; =6[nP, (DL +P;)+ (1 — 7P, ) (Dy + Pfy — 7(Pf; — P}))] (118)

The solution to this system is given by equation (14).

To see why equations (115)-(116) determines equilibrium prices, focus on sy = H. In
this case, if Py < Q‘é, there is excess demand, even if Py > Qfl. At Py = Qﬁ, agents in
group A are willing to hold or buy any quantity, and since Qﬁ > Qg, agents in group B
are unwilling to buy or, in case they were the previous owners, are willing to sell, provided
Py is high enough to compensate for tax payments, a condition that will be verified below.

I proceed case-by-case to verify (Pj;, P}) delivers the conjectured allocations. First,
consider state s; = H with s;_1 = H, such that (S{1,,S2,) = (1,0). The basis price is
Py = Pj;, which implies the no-trade region is Pj; — 7(Pj; — Pf;) < Q‘é < Pj. Thus
Qfl = Pj;. Agent B remains out of the market if Qfl < Pj; which is strictly satisfied
as QB < Q4. Similarly, in s; = L with s;_1 = L such that (S{*;,SZ,) = (0,1), by
symmetric reasoning, Qf = P; and type A optimally holds zero since Qf < Qf.

Then, consider s; = H with s;_1 = L such that (Sél, SB ) = (0,1): Type A buys if
Qfl > Py;, which holds with equality. Type B sells if prices are high enough to compensate
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for tax payments: Q¥ < P}, — 7(Pj; — P;). Note that
Piy = QF = 8(nisir — hiar) | (D — Di) + (P — Pp)]
Hence QP < P}, — 7(P}; — P;) implies
0 (i m — 7hiu) (D — D) + (P — Pp)] = 7 (Pj = Pp)

or equivalently
A B T Py — Pp
— >

(119)

The seller participation constraint therefore requires a minimum amount of disagreement
between type A and type B beliefs: the belief wedge ﬂfl LH Wfl _,jy must be large enough
to compensate the seller for the realization tax. Using the closed-form price gap, the

right-hand side of (119) can be written in terms of beliefs. Define

A (1_.B
w(r A ) = T(WHAH (1 WLHL)) (120)
i) = T ()

Then trading in the L — H transition requires

A B A
Mg — THog = KT TH ) (121)

Because k(7,75 ) depends on 74, 7, the wedge condition (121) can be expressed either
as (i) a lower bound on ﬂﬁﬁH for a given 78 .., or (ii) an upper bound on 7% .
for a given Trﬁ _ - 1 follow ii) as it is slightly cleaner. To obtain a restriction that
guarantees trade for all tax rates 7 € [0, 1], note that under the maintained assumption

g >1—7B . and writing w =74 5 — (1 — 72, ;) > 0, one obtains

TW

A
K(T, T g) = =57l — ) >0 for7>0
and 5
w
Em,wf}w): 5 >0 (122)
(1—57(1—7rLB_>L))

Thus k(7,74 ) is increasing in 7, so the tightest version of (121) over 7 € [0, 1] occurs
at 7 = 1. Evaluating (121) at 7 =1 yields

71'IJ—BI—>H < 77113—>H _“(177TII?I—>H) (123)
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Using (120) at 7 = 1 gives

A B
T —(1=n7;)
Rl py) = 2 L=t (124)

1- 5<1 - 7T]L3—>L)

Substituting (124) into (123) and rearranging yields the closed-form upper bound

1—7B 1—674
Thon < Ty — &L Th ) = ( 1 i—Z;L(i(_ B I;—)H) (125)
L—L

The bound (125) is automatically feasible. The denominator is strictly positive for
§ € (0,1) and 72, € [0,1], and the numerator is nonnegative since 1 — 72 ., > 0 and
1-— (57@4[%5, > 0 for WgﬁH < 1. Hence (125) is compatible with WEHH > 0.

Finally, consider s; = L with s;_; = H such that (S{1;,52,) = (1,0): Type A sells
(no tax since P} < Pj) if Qf < P;. Type B buys if Qf > P;. Both conditions are
satisfied given P} = Q¥ > Q4. |

A.3 Proof of Proposition 2

Proof. In a stationary B-REE, the price takes only two values, P; € {Pj, P/}, with
Prob(P; = Pj;) = p. Hence

Var(Ff) = p(l — p)A(r, 7a)? (126)

where A(7,m4) = Pj;(7,ma) — P} (7,m4); the notation emphasizes the dependence on the

relevant objects. The total effect of 7 on it is given by:

AA(T,mA(T))

i\/'alr(Pt*) =2u(1 — p) A(r,ma(T)) dr

e (127)

Since A(7,74) > 0 in a B-REE (because Pj; > Pj), it is sufficient to show 4 > 0.
Differentiating,

a_ o
dr or

holding beliefs fixed  belief adjustment along the binding frontier

+  1{frontier binds} gﬁax 7' (T) (128)

where 1{frontier binds} = 1 only when the 74 frontier is binding, i.e. 75 _, +r(7, 5 ) =
7r}41 _ g+ and equals 0 otherwise.

Interior of the B-REE region. Start in the interior of the B-REE region, such that
7'y(7) = 0 and only the first component matters. Using P* = K(7)D¢ from Proposition 1,

rewrite equilibrium prices as

Ph(r,ma) = MiA(T, TA), Pi(r,ma) = MiB(T, TA),
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where
A(r,74) = (1=-8[rp+7(1—7R)]) Dg+6(1—ma) DY, B(r,mq) =0(1—7p)(1—7)Dy+(1—0m4) DY,

Hence

A(1,ma) = P (1,m4) — PL(T,m4) =

Note the key simplification:

A(r,ma) = B(r,ma) = (1= 8lmp + 7(1 = mp)] = 6(1 = mp) (1 = 7)) Dy
n (5(1 ) — (1 &m))Dg
= (1 -0)Dy - (1-0)Dy
= (1-6)(Dy — DY)
so that
5(1—9)
M(7)
Since D, —D§ = (ma+7p—1)(Dg—Dp), the maintained B-REE condition m4+7p—1 >0
and Dy > Dy, imply D§, > D¢ . Differentiating (129) w.r.t. 7 holding beliefs fixed yields

A(T,ma) =

(D — Dp) (129)

oA 6(1—0)(Dy — D)
or M(TI){2 - Mr(r)

A direct differentiation of M (1) in (9) gives
M (1) ==6(1 —7p)(1 —9)

which is strictly negative under ¢ € (0,1) and 7p < 1. Hence —M,(7) > 0 and therefore

0A

— >0
67>

Boundary-belief adjustment. Focus now at the boundary where m4 = w4 (7). From
(129), define
N(ma) =6(1—6)(Df(ma) — Df)

such that A(7r,m4) = N][V((:T‘;‘j). Then,

OA  Np,(ma) M(7,m4) — N(ma) My, (T,74)

oma M(7,m4)?

Since D§;(ma) = D, + ma(Dg — Dp) and Dj is independent of 7y,
Nﬂ-A(TrA) = 5(1 — 5)(DH — DL) >0
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Moreover, differentiating M (7,74) from (9) w.r.t. m4 yields the simplification

My, (1,74) = (75)(1 —d[mp+7(1— 71'3)]) — 52(71)(1 —7p)(1—71)
=—6(1-19)

which is strictly negative. Under the maintained restrictions, M (7,74) > 0 and (in the

B-REE region) N(m4) > 0, so both terms in the numerator are positive, implying

0A

—>0
oz

Finally, determine the sign of 94 /07. At the boundary, admissible beliefs satisfy ﬂg N

T4 g — k(1,74 ;). Define the implicit function
F(1,m4) = ma—k(T,ma) =78 .5 = 0

which pins down 74 = m4(7) locally. By the implicit-function theorem,

F.(1,74) Ke(T,T4A)
7T/ ) = — T\ — T ) 130
alm) Fr (m,ma) 1 —Kq,(1,m4) (130)
It therefore suffices to show k,(7,m4) > 0 and 1 — Kk, (7,m4) > 0. Given
_T (WA - (1- 7T]L3—>L))
wrma) = 1-67(1—78 )
L—L
one obtains 5
—(1-—
Ko (7,70) = —2 1= 7) 5 >0 (131)
(1 —07(1 —WE%L)>
and
Koo (T,74) = a >0 (132)

1_57—(1_7Tfﬁ\L>
where the signs follow from the restrictions on beliefs assumed in Proposition 1. The

regularity condition Fr, =1 — K, ,(7,m4) > 0 requires

-
1—
1—57’(1—7rfﬁL)

>0 = T(1+6(1-77.,)) <1 (133)

which holds for sufficiently small 7 and is maintained as a parameter restriction on the
admissible belief boundary. By (130), together with (131) and (133), 7/,(7) > 0.

Since 7/4(7) > 0 on the boundary, the belief-adjustment term %7@(7’) is strictly
positive, and thus % > 0 also on the boundary. Altogether, substituting % > 0 into
(127) yields 4L Var(P;) > 0. [
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A.4 Proof of Lemma 2

Step 1: variance decomposition. Fix s € {H,L}. Under dividend learning, equilib-

rium prices satisfy

5
MP(r)

Let as(7) = €, AP (1) be the s-th pricing row and define

P = AP (1)87

Ps,t(T) = as(T)/@tD
Then
P,=——P
st MD(T) Sﬂf(T)
Let Z‘g = Var(BP) and v5(7) = Var(Ps(7)). From (135),

Var(P},) = (Mgm)%sm

Taking variance on both sides of (134) one obtains

5.(r) = as(r)SBay(r)’

(134)

(135)

(136)

(137)

I first show that Eg is independent of 7. Consider the mean-coefficient approximation for

dividend learning;:
st_ (1—gAs )5315 1+ 9As Dy

for s € {H,L}. Let A = diag(Ag, Ar) and Ag = I — gA. Then
By = ApB’\ + gAL D
SO Eg solves the Lyapunov equation
S = AgSB Ay + gPolp A1U'A
hence (since Ay + A, = 1)

gA\H GAHAL
2 — g)\H 1-— g)\H)\L

ZD = O'QD
g : GAHAL gAL
1—glgAp 2—gAp

which is independent of 7. Therefore,

o7 = X0 5207y 4 ay(rymp Hel) _ p H0s0)

dr dr Egas (r)
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From the pricing coefficients, for both s € {H, L},

das(T)
dr

=—-0(1—mB)q
with ¢ = (w4, 1 —m4). Hence,
(1) = =26(1 — 7p) ¢ S as(7) (139)

Under the maintained belief configuration in Proposition 1, the pricing loadings are strictly
positive entrywise: as(7) > 0 for all 7 € [0,1] and s € {H, L}. Checking that is immediate.

The only potentially problematic term is
agpg(t) =1 —-07(1 —7p))ma+6(1 — 74 — 7B)

since m4 + mp > 1 in Proposition 1 makes the last term negative. Because apgpy(7) is
decreasing in 7, it suffices to impose ag (1) > 0, which (when §(2—mp) > 1) is equivalent

to the upper bound
0(1—7p)

TS 0(2—mp)—1

Since all entries of ZE are strictly positive, it follows that Elﬁ) as(7)" > 0 and, since ¢ > 0,
quas(T)’ > 0, implying

vi(t) <0 forall T€l0,1], se{H, L} (140)
Differentiate (136):
d 5 N, L dg § N2
—Var(Ply) = (575 (T)) o) + 50— (375 (T)) (141)

From
MP(r)y=(1- 6ma)(1 = 67(1 — 7p) — émp) — (1 —ma)(1 —7p)(1 —7)

one obtains

(MPY (1) = =6(1 —7g)(1—6) <0 (142)

so 6/MP(r) is increasing in 7 and the second term in (141) is nonnegative. A sufficient
condition for %Var(P;t) < 0 is that the negative contribution from v/ (7) dominates the

positive rescaling term:

() > 2(— W)@S(T) (143)
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Using (139), (142), and v4(7) = as (T)Egas (1), the dominance condition (143) is equivalent
to
1-9

Ny(1) > MT(T)DS(T) (144)

where Ny(7) = quDCLS(T)/ and Dg(7) = aS(T)EgaS(T)’. By construction, ¢ > 0 and each
entry of as(7) is affine and decreasing in 7. Moreover, Eg has nonnegative entries (under
g g < 2, gAr, < 2, and gAgAr < 1), and therefore both scalar maps a +— qua’ and
a — aEﬁDa’ are increasing in each component of a on R2. Since as(1) < as(r) < as(0)
entrywise for all 7 € [0,1], it follows that, for all 7 € [0, 1]

Ny(1) > Ns(1) = ¢=5a,s(1)
(1) > Ns(1)=g¢q B s(1) (145)
Dy(1) < Dy(0) = as(0)SFas(0)
Finally, since (MP) (1) < 0, we have MP (1) > MP(1) and thus
1- 1-
d d V1 el0,1] (146)

MD(r) = MD(1)

Combining (145)—(146), a sufficient condition for (144) to hold for all 7 € [0, 1] is the pair

of endpoint inequalities

1-9¢
D S D /
q¥gas(1)” > MD(1) as(0)X5as(0) for each s € {H, L} (147)

Equivalently, using MP (1) = (1 — ém4)(1 - 6),
Fy(ma;mg) = (1-0ma)qSFas(1) — as(0)SFas(0) > 0,  se{H,L} (148)

Fix 7p and let [m 4, 74| denote the admissible belief interval from Proposition 1. For each
s € {H, L}, define the cubic polynomial Fy(m4;7p) by (148) and let

IP(rp) = {77,4 € |myg,Ta]l: Fru(ma;np) >0 and Fr(ma;mg) > 0}

Because Fy(-;7g) and Fr(-;7p) are continuous in 74, the set ZP(7wp) is closed (as an
intersection of closed sets).”* Since Fj is cubic in w4, Z”(75) need not be connected in

general. Accordingly, I impose the sufficient restriction directly as

ma € IP(mp) (150)

54In particular, 7P () # 0 whenever the endpoint T4 = 74 satisfies
Fu(wa;mp) >0 and Fr(7a;7B) > 0. (149)

Under (149), 7a € I (n5).
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Under (150), the inequalities in (148) hold for both s € {H, L}, hence (147) holds. There-
fore, (144) holds for all 7 € [0,1] and both s € {H, L}, which together with (141) implies
%Var(P;t) < 0on [0,1]. The inequality is strict if (148) holds strictly for both s € {H, L}

(equivalently, if w4 lies in the interior of the feasible set in (?7?)). |

A.5 Proof of Lemma 3
Proof. Proof. For each state s,

Var(Py) = 6° Bs X3 B, (151)
Differentiating (201) w.r.t. 7,

4 Var( st)_52{(88 )2 B, + B, 25(88) + @B’}

dr or or dr
0B dx
_o52 / 2 BB
=20 <8 )Z B, + 0° Bs e B, (152)

The first term captures the loadings effect (how 7 changes By); the second term captures

how 7 changes the beliefs’ variance g (through learning dynamics).

Effect of 7 on loadings

From (30), the H-row is By = (w4, 1 — m4), which does not depend on 7. In turn, the

L-row elements By, = (b1, b2) read as

a(l—71) TR
— pr— 1
bilr) = 1—dar’ b2(7) 1—dar (153)
where a =1 —7mp. Let Yg = THH  OHL and define
OHL OLL
b1 + b
b= N8B = OHHOL +O0HLb2\ v (154)
oarby +ornpbe V2
hen d ob. b
L Var(P ‘ —952( 2 o2 1
dTVar( 14) B 0 (87‘ vt or Uz) (155)
A direct calculation yields
by _ a(éa —1) ; 0Oby _ damp (156)
or (1 —dar)? or  (1—dar)?

88



Under da < 1 (true generically since 6 < 1 and a < 1), we have 0b; /07 < 0 and 0ba /0T > 0.
Expanding (155),

1 d (O by by, by
2 gy Ve, = (Grvn)omn + (Grb)ors+ (Goba+ Glb)ows (157)
(i) own-H (i) c:\jvn—L (iit) co:z;riance

I now show that the overall sign of (157) is negative under the stated assumptions, that
is, - Var(Pry)|, < 0.

Covariance contribution. Provided opy, > 0 (shown below), the covariance contribu-
tion (iii) is negative iff
— b1 <0 (158)

Using (153)-(156) and canceling the positive factor (1 — da7)~3, this condition reduces to

oby 0ba
¥b2+§b1<0<:>1>6(1—7r3)(2—7) (159)

Thus, the following lower bound on 7 ensures a negative covariance contribution:

1

32— (160)

T > mg=1-—

If (2 —7) < 1, the bound is nonbinding and the covariance term is negative for all
mp € [0,1).

Own-variance contributions. Write the sum of the two own-variance terms in (157)

<%51)UHH + (%b)aLL

as

Since % <0< %, a sufficient condition for the own-variance contribution to be negative

is

0b ob
71b1’0'HH > (72 bg) OLL (161)
or or
Define the variance ratio
p = gLL >0
OHH

8—1)71171‘ > p<a—bfb2) (162)
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Using (153)-(156) and canceling the common positive factor (1 — dar)~3, condition (162)

reduces to
~5((A—=7)+p)7h + 1—-7)25- )75 + (1-7)(1—-0) > 0 (163)

This inequality holds for wp below its positive root,

(1=7)(26 = 1) + /(1 = 7)2(26 — 1)2+45((1 = 7) + p) (1 — 7)(1 — 6)
26((1—7) +p)

m < 7B(p) =
(164)
Hence, the condition

g < g < 7B(p)

is sufficient to ensure that 7 has a negative effect on the loadings through the own-variance
terms. For 7 € (0,1) and § < 1, the belief interval [mg,7p(p)] is non-empty if and only if
TB(p) = g

Effect of 7 on the beliefs covariance matrix

I first replace time-varying updating intensities by their stationary means so that beliefs
follow a time-invariant linear recursion with a well-defined unconditional covariance. I
then differentiate the associated covariance fixed point and study its sign in the small-gain
region, where the discrete-time object admits a continuous-time approximation. Finally,
I use a positivity argument to translate the sign condition into simple inequalities on

primitives.

Mean—coefficient approximation and a Lyapunov representation. [ use a mean—
coefficient approximation that replaces the time-varying intensity matrix diag(I;—1) by its
stationary mean

A = E[diag(L;—1)] = diag(An, L)
Under this approximation, beliefs follow the time-invariant VAR(1)
B = d+ U(T)Bt—1 + m,

with U(7) = I — GA + §GAB(7), E[p;] = 0 and Var(n,) = £, = 0 GAG. Given the

spectral radius of the matrix U(7) is below 1, the unconditional covariance X3 = Var(3;)

%8ince U(7) = I — GA + §GAB(7), the i-th row sum satisfies

Z Uii(t) =1—gi\i +0g:\i ZBij(T) =1—g\ (1 - 5281'3' (T))

J
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exists and solves the discrete Lyapunov equation
S = UMTpUMT + 2y (165)

Differentiating with respect to 7. Differentiating (165) with respect to 7 (note that
¥, is 7-invariant under the mean—coefficient approximation) gives

g d¥g T

— =U—=U W 166

dr dr * (166)
with W = UTZ],gUT + UEgUTT and U, = ‘é—g. Using the same Neumann series representa-

tion,
% =N vrw@w)* (167)
k>0

This representation makes clear that the sign of d¥g/dr is governed by the term W.

Small-gain limit and continuous-time approximation. To obtain a transparent
characterization in the small-gain region, impose symmetric gains g = gr = g > 0 so that
G = gl,, and consider g — 0. Let Q = oA and A(7) = A(Ig — 68(7’)). Then ¥, = ¢%Q
and U(1) = Iy — gA(7). A(7) is nonsingular with positive diagonal and nonpositive off-
diagonal entries.”®

Then, the discrete-time covariance admits the scaling
25(7,9) = 92(7) + O(¢?) (168)

as g — 0, where ¥(7) is the unique symmetric solution to the continuous-time Lyapunov

equation

AM S+ SN AN = Q (169)
Moreover,

T r.9) = 45.(7) + O(?) (170

Because >, B1;(7) = 1 and 3, Bo;(7) < 1 for 7 > 0, it follows that

ZU1j(T)=1—gH)\H(1—5)<1, ZUQJ'(T)<1

J

whenever g;\; > 0 and § € (0,1). In the small-gain region (in particular, for g sufficiently small), U(7) is
entrywise nonnegative, so [|U(7)|lec = max; ), Ui;j(1) < 1. Therefore p(U(7)) < [[U(7)[loc < 1.

%For 7 > 0, B(7) is entrywise nonnegative and substochastic: its first row sums to one, while its
second-row sum is —a )

—(1—mB)T
B2j(1) = ————+— <1 6€(0,1
B = gy <1 G€0)

Moreover, for 7 € (0,1) we have Bi2(7) > 0 and Bz1(7) > 0, so the strict mass loss in the second row is
reachable from both states, implying p(B(7)) < 1. Hence I> — §B(7) is nonsingular. Its diagonal entries
satisfy 1 — 6B;;(7) > 0 and its off-diagonal entries equal —dB;;(7) < 0, so A(r) = A(l> — §B(7)) is
nonsingular with positive diagonal and nonpositive off-diagonal entries.
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with ¥.(7) = d%(:). Differentiating (169) yields
AS, + 5,47 = - (ATS + EAI) (171)
with A (1) = dfl(:) = —0 AB:(7). Thus, in the small-gain region the comparative statics

of Xz with respect to 7 are pinned down by the continuous-time resolvent associated with
the linear operator X — AX + XAT and the forcing matrix A,% + EATT .

Positivity of the resolvent and a sufficient condition for ¥, < 0. Because A(7)
has strictly positive diagonal entries, nonpositive off-diagonals, and is nonsingular with
A(T)™1 > 0 entrywise, its exponential satisfies e~ A5 > ( entrywise for all s > 0. Hence

(169) admits the integral representation
S(r) = /0 T A3 =AM T g (172)
which implies ¥(7) > 0 entrywise. Similarly, (171) admits
$(r) = — /0 e Ams (AT(T)S(T) + E(T)AT(T)T) e=AMTs g (173)
Therefore, a convenient sufficient condition for ¥,(7) < 0 entrywise is
(ATE_J + f]AI) > 0 entrywise = %, <0 entrywise (174)
Combined with (170), this delivers ddz—f(r, g) < 0 entrywise for all sufficiently small g.

Forcing term and primitive inequalities. Write

S(r) = (”” y)
Yy oz

with x > 0, z > 0, y > 0. Remember the second row of B(7) is (b1(7),b2(7)), where

(I —mp)(1—17) TR
1-0(1—7p)T’ ba(7)

() =130 - ma)r

A direct differentiation gives b} (7) < 0 < bl(7) whenever (1 — ) < 1. Define

a(t) = =o)X by(1) > 0; B(T) = AL bh(T) >0
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Since B, has only the second row nonzero, A, = —dAB; takes the form

0 0
A7) = (am —5<T>>

ATZ+2AI:< 0 or =Py > (175)
ar — By 2(ay — Bz)

Hence, the forcing matrix in (175) is entrywise nonnegative if and only if its two distinct

It follows that

off-diagonal and lower-right entries are nonnegative, i.e.
a(t)x—B(t)y >0 and a(r)y—pB(r)z >0 (176)

Since a(7), () > 0 and ¥ is entrywise nonnegative with z > 0 and y > 0, these inequal-

ities are equivalently expressed in ratio form as

Y
> 2 177a
5~ e
a(T) z
> Z 177b
Blr) —y (177)
Moreover, the loading ratio o/ is primitive and 7-invariant:
/
_ _5(1 —
B(r)  bh(7) 07
Thresholds in terms of kK = Ay /Ap. Let k = Ay /A > 0 and write
Ag(l—6m —Agd(l —m
A(r) = ALy = B(7)) = il A) —ddl=ma)) _ fon ar
—ALobi (1) Ap(1—dba(7)) a1 a2
Since Q = o7 diag(Ag, Az), (169) is equivalent to the 3 x 3 linear system
2
A
a1 + a2y = 0b2 H (179&)
(a11 + ag2)y + a2z + ag1x =0 (179b)
2
A
a1y + agez = Ub2 L (1790)

Solving (179) in closed form yields (z,y,z) and thus the ratios entering (176) as linear-
fractional functions of k. Substituting those expressions together with (178) into (176) and

solving for x delivers primitive thresholds ©; and O:
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0, — 1—6(rp +:7'(1 —7B)) (180)

and
0TRB [ﬂ'A -1-7)(1- 773)} + (1 - 2773) —7(1—mp)

2 = (1= dma)(ma+mp —1)(1 - 0(1 —7p)7)

Here = is the (nonzero) coefficient on k that arises in the first inequality in (177) after
substituting the closed-form solution of (179); explicitly,
== 1—(57TA+52(7TA—7TB)(7TA—|-7TB—1)
V7 o(np — 1)[1 to(np —1) + 82 (s — V) (ma + 75— 1) (181)
Defining
O = max{01,05}

one obtains the sufficient condition
k>0 — A+ EAI > 0 entrywise = ¥, <0 entrywise.

By (170), it follows that for g sufficiently small,

%

d—(T,g) < 0 entrywise
-

A.6 Proof of Proposition 4

Proof. Plugging the equilibrium pricing function (77) into the beliefs updating equation
(76) and rearranging

5(1—17)

be = 1—or

1_557-9De+ [1—9(1— )]57&71%—96? (182)

This is a 1st order difference equation that fully characterizes the equilibrium dynamics of

price beliefs. Stability requires:
o(1l—71)
“l<1-g(1-5=2) <1
g 1—-6t

or, rearranging the terms,

Given the parameter domain g € (0,1), 6 € (0,1) and 7 € (0,1), the term in brackets is

guaranteed to be in the (0,1) interval, so that the inequalities are automatically satisfied.
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Since the difference equation is stable, the variance is well defined. The closed-form

reads as

_ 9 2
Var(f;) = - (2 B ) o (183)
1-67 91=57

Hence,
3*(1—7)2gop

Var(P,) = wVar(f;) = (184)
(1—5)1—or)(2-g 12
4 9157
The derivatives with respect to 7 are given by:
d d(1—=7)\ 0(6—1)
—w =2 0
=25 )(1—57)2 <
given § < 1. In turn,
g 1-9§
d _ 2g076 I
dTVar(ﬁt)—— 1-5 ; s 5 <0
< 91 (5T>
Both derivatives imply %Var(Pt) < 0.
|

A.7 Proof of Proposition 5

Proof. The proof proceeds by construction, following the same conjecture-solve-verify steps
as in the proposition for CGT.

Step 1: Conjecture full specialization and compute subjective valuations.
Conjecture that the equilibrium allocation and price rule are as in (87). Under common
knowledge of beliefs and rationality, investors correctly anticipate that Pry1 = Py if sp41 =
H and P41 = Pr if 5,41 = L.

Under the conjecture, portfolios are fully specialized: in state H type A holds the single
share and type B holds none, while in state L the opposite holds. Hence, whether an agent
trades next period is pinned down by the next-period state. In particular, conditional on
today’s state s;: (1) the current owner sells next period only if the state switches, and (ii)
the current non-owner buys next period only if the state switches. Therefore, a marginal
share held at the end of period ¢ delivers next period the dividend plus the continuation
value, where the continuation value depends on whether the marginal share is carried into
the next state (no trade) or liquidated at the after-tax resale price (trade). Using (82), the

relevant subjective marginal valuations are:

Type A in H. A marginal share held in H is carried into the portfolio if H — H (no
trade). If H — L, type A becomes the seller next period and liquidates the marginal share
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at the after-tax resale price (1 — 77)Pp. Thus
Qfr = 0|7t~ (Dir + Pr) + (1 = wh ) (Dr + (1 = 77)Py) | (185)

Type B in L. Symmetrically, a marginal share held in L is carried into the portfolio if
L — L (no trade), while if L — H type B becomes the seller next period and liquidates
at (1 — 7)) Py. Hence

Qf = 6|mf (D + Pr) + (1 —7p_)(Dy + (1 = 77) Py) (186)

Type B in H. Type B is the non-owner in H under the conjecture. If H — H, the share is
liquidated next period at the after-tax resale price (1 —7) Py (since under specialization
type B sells in H). If H — L, the agent becomes the buyer next period; holding the share
today avoids paying the taxed purchase price (1 4 7) Py, tomorrow. Thus

Qf = 8[7hisr(Du + (1 = ) Py) + (1= wf ) (D + (14 77)Py) (187)

Type A in L. Analogously, type A is the non-owner in L. If L — L, holding an extra share
implies liquidation next period at (1 — ¥ )Pr, under specialization; if L — H, holding the
share avoids a taxed purchase at (1 + 71") Py. Therefore

Qf = 8|mi(Dr+ (1= 77)Py) + (1= mi ) (D + L+ 70)Py)| (188)

Step 2: Solve for market-clearing prices. Consider state H on a switch L — H:
then type A enters with S{*; = 0 and must buy 1. By the individual demand rule (81),
buying requires Qﬁ > (1+ ¥ )Prr. Market clearing with full specialization pins down the
marginal price at equality:

(1+7") Py = Q4 (189)

Likewise, in state L on a switch H — L, type B enters with SZ; = 0 and must buy 1, so
(1+7)P, =QF (190)

These two equations determine the stationary price vector because the state-contingent
price rule depends only on s;; on non-switch histories there is no trade under full special-
ization, but the same (Pp, Pr) must prevail for investors to correctly anticipate tomorrow’s
resale prices in (185)—(188). Substituting (185)—(186) into (189)—(190) yields a linear sys-
tem in (Pg, Pr). Under M > 0 this system has a unique solution, which can be written

i\ _ er (D
P Dg
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Step 3: Verify optimality (case-by-case). I verify that, at (P}, P;), the conjec-

tured allocation is optimal given (81).

Case 1: s = H and s;—1 = H. Type A enters with 554—1 = 1. Under the conjectured
full-specialization allocation, a marginal share held in state H is valued by type A at Q’é

Since market clearing on the L — H transition pins down
Q= (L+77)Py

and (14 7Py > (1 — 71) P}, the sell condition in (81) fails. Hence type A does not sell
and S{! = 1. Type B enters with SZ; = 0. He does not buy provided

Qn < (1L+7")Py

This inequality is implied by assumption (ii) of Proposition 5. Indeed, the sell incentive
for type B on the L — H transition (Case 2) is

Qn < (1—7")Pg

Because (1 — 75)Pj; < (1 + 7F) P}, the latter condition is strictly stronger and therefore
sufficient to rule out buying in the present case. Hence type B does not buy and SP = 0.

Case 2: s = H and s;—1 = L. Type A enters with 524—1 = 0 and buys because Qﬁ, =
(1+7F )Pj; holds with equality by market clearing. Type B enters with Sf_ 1 = 1 and sells
if

Qf < (1-")P; (191)

Using (187) and evaluating prices at P*, Qfl can be rewritten as
Qf = 8|Dp+ (1 + 7P+ 7fi gy (D = Di) + (1= 77 Py = (1477 P )|

(191) is equivalent to the upper bound

_ Fyp=*
(D))

o < Tion = 5T p 1—+FVPr — (14 7F)Pr
(Dp = D)+ (A —78)P; — (1 + 1) P}

(192)

Under the maintained upper bound on 7%, the denominator is positive. Hence, a sufficient
condition for trade in the L. — H transition is that ﬂfl _ g lies below the threshold 7?5 ol
in (192). If #E ., < 0 then no 75 _, ;; € [0, 1] can satisfy the sell condition, so equilibrium

would fail. Since the denominator in (192) is positive, 7?2 _ g = 01is equivalent to

1-—7F

Dy < ( )Pi - (1+75)Pf
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so that the numerator of (192) is positive. If 77[]—31—>H > 1, can safely be ignored.

Case 3: sy = L and s;—1 = L. Type B enters with StEil = 1. Market clearing on the
H — L transition (Case 4) pins down

QL =(01+7")P;

Since (1 + 7F)P; > (1 — 7)) P}, the sell condition in (81) fails for type B, so he does not
sell and SP = 1. Type A enters with Sﬁ 1 = 0. She does not buy provided

Qf<(1+rHP;

This inequality is implied by the stronger condition that guarantees trade on the H — L
transition (Case 4), namely

Qp < (1—7")P;
Because (1—71)P; < (14 7F) Py, the latter condition is sufficient to rule out buying here.

Hence type A does not buy and S* = 0.

Case 4: sy = L and s;—1 = H. Type B enters with StB_l = 0 and buys because Qf =
(1+7F )P} holds with equality by market clearing. Type A enters with St{ 1 = 1 and sells
if

0 < (1-")P; (193)

Using (188) and evaluating prices at P*, one can write
Qf =3[ Dy + (1 + 7 Pjy + i (DL = D) + (1= 7P = (1477 Py )|
where wf_ﬂJ =1- wf_ﬂq. (193) is equivalent to an upper bound on Wf_)HZ

CrFY(1-6) 1o
(1 6)(1 9) PL — Dy

A < —A F =
Toon < Trpg(T) (Dg— D)+ QA +78)P;, — (1 —7F)P;

(194)

Under the maintained parameter restrictions used in the equilibrium construction the de-

nominator is positive. Then, 77 , ;7 (7F) > 0 is equivalent to

(1—7)(1-9)
J

P; > Dy,

If 7_I'f_>H(7'F) > 1, the limit can safely be ignored. Under these conditions, the bound in
(194) lies in [0,1], so there exists 77 . ,; € [0, 1] satisfying (193). Hence, a sufficient condi-
tion for trade in the H — L transition is that 77?—>H lies below the threshold ﬁfﬁH(TF)
in (194). Then, type A sells in (193) and the conjectured allocation in state L is optimal.

Thus (S, SZ) = (0,1). In all histories, the conjectured full-specialization allocation

clears the market and is individually optimal at the stationary prices (Pj;, P;). Therefore,

98



a competitive B-REE with (87) exists. [

Proof of Proposition 6

Proof. Define the cross-state price gap in levels
AF(rF) = Py(r") = Pi(r")

Since P} € {P};, P;} with stationary probability p on H and (1 — p) on L, the variance
reads as
Var(P) = (1 — ) AT (rF)? (195)

and hence
dAT

d o
S Var(Py) = 2u(1 — ) AT (rF) S

Since P}, > Pj, we have AF(7F) > 0, so the sign of dTiFVar(Pt*) is pinned down by Zf—;.

Equilibrium state prices can be written as

Py(") = MF‘ETF) (a(=") D5 +b(+") D} )

Py(rF) = MF(ETF) (e+") D + a(=")D})

with

MF(TF) = a(TF)d(TF)—b(TF)c(TF) = ((1—|—TF)—57rA)((1—|—TF)—57rB)—52(1—7rA)(1—7rB)(1—TF)2
(197)

Then
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Differentiating gives (for given beliefs):

F
%fF - (MFfTF))Q{(A’(TF) = B(r")MP(rF) = (A(F) = B()) (MF) (7)) (198)

Step 1: Signs of A’ and B’. Usingd =d' =1,V = -§(1 —74), and ¢ = —6(1 — wp),
A" =D4y —6(1 —7wA)Ds,  B'(rF)=D$ — (1 — ) D%.

On the B-REE set characterized in Proposition 5, we have M¥ (7)) > 0 and P} (r7) >
Py (r) (by condition (i) there together with Dy > Dy,), hence

A(rFy = B(rF)) > 0, = AT = B(+F) > 0.

Moreover, under the maintained belief ordering w4 > wp and Dy > Dy, expected divi-

dends are ordered:
Dy = Dp+mwa(Dy —Dyr) > D+ (mp)(Duy — Dyr) = DS.
Therefore,
A(rF)=B'(vF) = (140(1—7p)) D§;— (146(1=7a)) D§ > (1+6(1—7a))(Dy—D5) > 0,
so A'(tF) — B'(vF) > 0.
Step 2: Sign of (MF). From (197), using @’ = d' = 1 and (bc)’ = b'c + b,
(MF)'(7F) = a(rF) + d(r7) + 20*(1 — wa)(1 — 7p) (1 — 7F)

On the maintained parameter set 6 € (0,1), 74,75 € [0,1], and 7 € [0, 1], the last term

is nonnegative. Moreover,
a(t™)y =1 +7)=6my > 1-6 > 0, dr"y =1 +7") =6np > 1-6 > 0,
hence (MF)/(TF> > 0.

Step 3: Sufficient condition for %ﬁ—: > 0. Equation (198) implies that %ﬁ—:j > 0if

and only if

(A (") = B'(w")) M (z7) > (A(F) = B(+")) (MF)'(+F)

100



or, equivalently,
AN - B (MT)(")
A(TF) = B(rF) —  MF(sF)
On the B-REE set characterized in Proposition 5, we have M () > 0 and A(7F) —
B(tF) > 0 (since Py (tF) > P;(r1)), so both sides of (199) are well-defined. Moreover,
Step 2 implies (MF),(TF) > 0.

A convenient one-sided sufficient condition can be expressed directly as a lower bound

(199)

on m4. Let
1—mp

Co(mp) = (1 - 5)((5(1) - 1)

2((1+7F) = o7p) +20%(1 — wp)*(1 — 1)
(1+7F) = 6)> = 62(1 — 7p)2(1 — 7F)?

Ci(tF 1p)

By Proposition 5, the feasibility restriction 77 < 7 (P*(71)) ensures that the relevant
denominators are positive when evaluated at the equilibrium price vector. I further restrict
attention to the subset of this region where 1 —7'Cy (71", 75) > 0 so that the rearrangement
of (199) preserves inequality direction. Under this sign condition, (199) is implied by the
one-sided bound

P 1 1 B Cy(tF,7B) Co(nB)

> b =1-—
A > ma(T",TB) 5 [6(1 —7pB) 1 —7FC(7F, 7p)

(200)

Condition (200) ensures that the sensitivity of the wedge AF(7) to 7 dominates the

sensitivity of the common scaling term M¥ (7).

Boundary effect. When a trading constraint binds, a higher transaction tax reduces
the seller’s net-of-tax proceeds in the relevant state. To keep trade feasible on the binding
frontier, beliefs must adjust so that the state price in that same state increases enough to
compensate the seller for the tax wedge. Along frontier (i) 72 ., = 74 z—x5(7F), this
compensation operates through an increase in the high-state valuation Py, which tends to
widen the price gap AT = P}, — Pf. Along frontier (iii) ﬂ'f_>H = w8 4 — k(1) the
analogous compensation operates through an increase in the low-state valuation P;j, which
tends to compress A, Because the binding frontier depends on which constraint is active
and because the two frontiers move different components of P*, the net frontier contribution
to dAT /dr! is in general ambiguous. For this reason, I do not seek a general sign result
for the frontier component. Instead, I assume that the direct effect of the tax on the gap,
together with the positive belief adjustment on frontier (ii) when it binds, dominates the
compensating mechanism on frontier (iii) that raises P} by increasing recovery optimism

and therefore compresses A" preserving the (positive) sign of the total derivative. |
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A.8 Proof of Lemma 4

Proof. Let the loading matrix be

4]
F( Fy — F( F F(_F )

A(T)—1+TFB(T ), A (77) the s-row.

For each state s,
Var(Py) = A7 25 (A7) (201)

Differentiating it with respect to 7,

L Nar(Py) = 2 (dAF> S (AFY 4 AF 928 5 (ALY (202)

drF 2 \arF drF '

Effect of 7" on loadings

oHH UHL) fixed. From (93), each element of A¥ (77 is strictly decreasing

Hold Elg = (UHL oLl

on 7t € (0,1) (the diagonal entries scale as (1 + 7)~!, while off-diagonals scale as (1 +
Y71 — 7). Let AL = (\E,A\E). Then

1.d
2 drF

d)\F d)xF A\, AL
UHH)‘sld Fl, +ULL/\52d If UHL</\52 dTSP} +)\1:1 d;ﬁ). (203)

Var(Py) ‘E
B

For ma,mp € (0,1) and 75" € (0,1), we have £}, M5, > 0 and d\f} /drF < 0, d\E, /drF < 0.

Hence, if oz > 0, each term in (203) is negative and

d
——p Var(Py)| <0 for each s € {H, L}. (204)
dr g

Effect of 77" on the beliefs covariance matrix

Adopt the same mean—coefficient approximation as in the CGT proof: replace diag(I;—1)

by its stationary expectation

A= E[diag(lt_l)} = diag()\H, )\L)-

Using the FTT pricing rule (92) and the loading matrix Af(7F) = 1+6TF BE(rF), the

mean-coefficient belief recursion is the VAR(1)
Bi=d" +U(+")Bi1+m,  E[p]=0, Var(n) =22, =0f GAG,  (205)
with G = diag(gm, g9r) and

d =GASDe, UY=L - GA+GAAT(7T). (206)
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Since U (71") is mean-stable (p(UT (7)) < 1)°7, X5 solves
Y=U"S5(U") +3,. (207)
As in the CGT proof, since ¥, is diagonal with positive entries and U’ has nonnega-

tive entries, the Neumann representation implies Y3 has nonnegative entries; I omit the

repetition and refer to the corresponding step in the CGT proof.

Differentiating (207) w.r.t. 7" (noting ¥, does not depend on 7F) yields the Lyapunov
equation
dy
SFP=ufsfwh +wr,  sf="=2 wl=uls,w") + U sl
T
(208)
where » F( »
dU dA (")
Ul = =GN ——+—". 209
T dr¥ dr¥ (209)
Mean stability implies the Neumann-series representation
oo
=P =S whHEwr (o). (210)
k=0

Sign of the Lyapunov innovation W¥. By construction, U has nonnegative en-
tries. Moreover, by the monotonicity of the FTT loadings established above, A¥(7F) is
elementwise decreasing in 77 € (0, 1), hence dAF (1) /dr¥ < 0 elementwise. Since GA

has positive diagonal entries, (209) implies
U <0 eclementwise (with strict inequalities generically). (211)

Because Y5 has nonnegative entries and (U” )T has nonnegative entries, the two terms

defining W are elementwise nonpositive:
Ul'ssUr) <o, U"SyUNT <o,

hence
W <0 eclementwise. (212)

Furthermore, if U has at least one strictly negative entry (generic under (211)) and Y4

is not the zero matrix, then W has at least one strictly negative entry.

Quadratic forms for both states. Fix s € {H, L} and write the s-row of AF(7) as
AE(TFY = (M 0L). For ma, 7 € (0,1) and 71" € (0, 1), we have AI;, AL, > 0, so AL has

5TMean-stability follows because UF (r¥) has nonnegative entries and its row sums satisfy > vk =
1—gsAs(1— > AL (7)) < 1for ¥ > 0 (and gsAs > 0), hence p(U" (77)) < U (7)o < 1.
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strictly positive entries. Combining (210) with U > 0 and (212) implies
»F <0 elementwise.

Since each term in the Neumann sum is elementwise nonpositive, it follows that the scalar
quadratic form is nonpositive:

AT BT (A) <0

Finally, strict negativity holds because W¥ # 0 implies that the & = 0 term in (210)

already contributes strictly:

AFSF(AFY = SOAF@F P W (7)) AFY < o,
k=0

because AL W (ALY < 0 whenever W has at least one strictly negative entry. Therefore,
for both s € {H, L},

s
AF Wﬁ (AFY <0 (213)

E. Details of the Quantitative Model

E.1. Derivation of the marginal continuation value

; i [OVi(z ; i ; . . ) .
Denote 9(z}) = P%é]EP [% ‘ zﬁ] = %. Thus, 1(z;) summarizes investor ¢’s dis-
counted subjective marginal value of carrying one additional share into t+1 relative to
the current price. Using the generalized envelope theorem of Milgrom and Segal (2002)
together with the chain rule, the marginal continuation value can be written as

i 7 7 _ 1 7 7 0
Y(zt) :Ef 5(Ct+1) VE(DtJrl(l - TBA) + P — ng(max{o, Piy1 — Pb,t+1} ]1{5t+1 < St+1})>

s .
+ F(Fftﬂ + F3441)
t

(214)

The terms F 1i,t 11 F2i,t 11 capture, respectively, the marginal impact of holdings on carryover
losses and basis price.

The direct marginal tax wedge from an extra share is proportional to the per-share
gain max{0, P41 — Plf,t 41} and applies only when the marginal share is sold in the taxed

region, i.e. when S} ; < S P S 41 denotes the smallest post-trade position at t+1 that
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exhausts the loss stock exactly. Under the loss-offset rule, this benchmark is

A L A
Simax{ 0,1 - ——L—— 4 if Py > P,

St = Pryr = By (215)

0 otherwise

The logic is that sales are tax-free until losses are exhausted; beyond that (i.e., for Sf ; <
AZ +1) the usual capital-gains wedge applies.
Moreover, an extra share at ¢ affects the tax base at t+1 through the loss stock L ;.

Because the loss Lj, is a state variable, its marginal value satisfies a recursive envelope

condition. Let V} (2} 1) = %. Differentiating the Bellman equation at t+1 yields
t+1
D . oC! oL
Vizip) = (Ci) ™ aLtH +ORL | Vilzlio) 8Lt+2} (216)
t+1 t+1

where the first term captures the direct effect of a marginal increase in Li 41 on the period-
t+1 budget through the tax schedule, and the second term captures the continuation effect
operating through the law of motion of the loss state. A marginal increase in the loss stock
raises t4+1 consumption one-for-one (at rate T <) whenever the household sells beyond the

loss-exhaustion threshold:

oCi,,
8Lt+1

= 1595 1{S}1 < St}
Let the marginal continuation effect of S{ through the loss state be

ov i(2§+1) 8L£+1 ;
y = = 7 217
OLi, 95! 1,t+1 (217)

Under the loss carryover law of motion (40), the derivative is piecewise:

st .
- ; SZ 2 Sl_ )
0Ly, i i i i i (51)? ' -
— = 1{L;S;_1—(P—PF;,;) max{0, S;_,—S;} > 0} i
dS! ((Pt—Pb,t) Lt) =l g ogi
o

This term captures how an extra holding at ¢ changes next period’s per-share loss stock
through dilution (the 1/S} term) and, when selling at ¢, through the numerator in the
indicator function.

A similar logic applies to the basis price: an extra share at t also affects the tax base
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at t+1 through the average-cost basis Pgt I

avi(zti—l-l) apg,t—l—l

- - =7 219
an7t+1 55; 2,t+1 ( )
where '
o . act i i L OP
Vi(zip1) = (Cipq) ™ it+ +OED | VE(2l,o) 7 (220)
8Pb,t+1 8Pb,t+1
with

oC" . . . Ny
— AL = 78S max{0, S} — S{,,} 1{S};1 < Si}
OB, 111

that is, increasing the average basis reduces realized gains per share, hence raises con-
sumption, but only when the household is in the taxed region (net taxable base strictly

positive). In turn, under the average-cost basis rule (41), for S} > 0,

(Pt - Pg,t) 3_1
(51)?

P} S
=18 > Si1}

: 221
5 (221)

This term is active only when the investor buys at ¢ (so the average basis is updated) and
it captures how an additional share affects future taxable gains by shifting the average-cost
basis.

In the quantitative implementation, I adopt the myopic-envelope approximation Vz,(z;) ~
u/(Cy) 0Cy /0Ly and V(z) ~ u/(Cy) 0C; /Py, which retains the leading-order effect of tax
assets on the marginal valuation of the marginal share. The omitted continuation compo-
nents matter only when the realization kink is active and are further scaled by dL;1/0S;
and 0P, ;4+1/0S, which inherit the S, 2 dilution terms implied by average-cost account-
ing. Second, and more directly, even setting the full leading-order contributions F; and
F5 to zero leaves simulated policy functions virtually unchanged, confirming that the in-
direct tax-state channels are quantitatively second-order for equilibrium allocations in the

baseline parameterization.

E.2. Dealing with inequality constraints

The optimal allocations must satisfy the sequence of budget constraints and this list of

conditions:
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szwt_lm and S! = S;
i -1 i i g i i
Ci =y /7 and St e[Sty SJU LS, Sial;

_ . wt -1/ . as .
WV > o > (2 and S! = §! if P, > Pl;
t t </€%> t t t bt (222>
) —1/ . .
ci=(2)"" and sjl0.8)
t

-1/ A .
(%t) >C{ and S;=0;
K
t
where 9y = 9(zf) and Ky = 1 — TtCG max{ (1 — %)ﬁ}_
The following algorithm, in the spirit of Marcet and Singleton (1999), ensures that all

the optimality conditions summarized by the KKT conditions are satisfied:

1. Start in the non-selling region. Set Ch =1, Y7 and using the budget constraint,
Sh = X250 where Xj = Wy + (1 — 7°) Dy + P)Si_y + T3

2. If no tax at the margin, i.e., either buy/hold Sj > S;_;, no gains (P, — P};,) <0 or
candidate sale is within losses S§ > Si: then, accept the candidate (C?, S) = (CE, SE)
and go to step 5.

3. Otherwise, taxed sell candidate: S§ < 5’;, and P > Plft. Set the sell-side equality

) . —1/y ) ) .
consumption C} = (%) and compute S} from the budget constraint: S} =
X{=r0 (=B~ L)S{_, ~C}

P—7C%(P—Pf,)

4. Selling feasibility check.

(a) If i < 8 set (CF,8%) = (C%,8%) and go to step 5.

(b) If Si > Si the sell-equality lies to the right of the kink (implies selling less
than needed to reach the taxed region). The optimum is the kink: (C},S!) =
(X} = RS}, S).

5. Bounds projection.

(a) If S{ > S, set S = S, and using the budget constraint C} = X} — P,S.
(b) If S} < 0, set S{ = 0, and using the budget constraint, C{ = X} —7% max { max{0, S} _;—
SiHP: = Pjy) = LiSi_1,0}.
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Accrual-based taxation

Let AP,11 = P,41 — P, and recall the accrual-loss transition

4 Si 4
b = gt max{ Ll = (P = i), 0)

At t + 1, total accrual-tax payments are
7’{3_1 S max{0, AP, | — Li_H}

Hence the marginal (one-share) payoff from increasing S} has two components: (i) the direct
effect on next-period resources, and (ii) the indirect effect through the induced change in
L; . Writing the Bellman equation as V}(z}) = maxcti’sti{u(Cf) + 0BT [V 1 (2i41)]}, the
interior FOC for S is

OLis1

4 T oWy .
W (Cj) P, = 6ET Vv L

, =4 223
as T Vien g (223)
where Vi, = OViiy, /OW{y, and V], = 0V/, /0L,
From the losses law of motion,
8L§+1 Sy j L%+1
== L —(P,—P_1),0} = ——2 224
o5; 52 max{L{ — (P, — P;-1),0} S (224)

Moreover, differentiating the tax term,

957 Sy max{0, APy — L§+1}] = AP H{AP1 > Ly}
where 1{-} is the indicator function.’® Therefore the direct marginal effect of S} on next-
period resources is

i

agjl = (1 - T£1)Dt+1 + Pt+1 - Ttlil APt+1 I{APH_l > L§+1} (225)
t

Using the envelope condition VV"V’tJrl = u/(C}, ) and substituting (224)—(225) into (223)

®8This identity uses 3;7?1 = —Li,,/Si and the product rule: O[Smax{0,AP — L(S)}]/0S =
t
max{0, AP — L} + S1{AP > L}(—0L/0S). When AP > L, this becomes (AP — L)+ L = AP; otherwise

it is 0.
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yields

1 .
5 (CL) ™ 5 (1= 780) Dot + Pyt — 74y APt AP > Liy})

(G =K 7

1. Lig Afi
- 6EVL’H1 7;; ] = (ZA,t)
(226)

Since L} affects next period only through L 41, one has

. , . , .. oL
Vi, =2 (Cj) 7 S{_ 1{P,— Pio1 > Li} + 6E] [VL’Hl tﬂ

oL
with , ,
OLi., _ i
oL S

1{L;> P, — Py}

where the equality follows from (A.8). As in the case of realization-based taxation, in
simulations I adopt the myopic-envelope approximation to VLi,t'

The algorithm to deal with the holding limits is a simplified version of the realization
case. The KKT conditions boil down to

Ci > (i) and Si =S
Ci = () rand S} € (0,5) (227)
G < (¢i)~"7and S} =0
1. Start in the non-binding region. Set Ch = (v{)~1/7 and using the budget constraint,
Sy = Xt;t007 where X} = Wi+ ((1—7P)Di+P,)Si_; —7 max{P,— P,_1—L},0}S!_,+
T},

2. If S} € [0,1], accept the candidate (CY, S}) = (C, S§) and stop.
3. Bounds projection.

(a) If S > 1, set S} = 1, and using the budget constraint C{ = X} — P,.
(b) If Sf <0, set Sf =0, and using the budget constraint, Cf = X].

Adding a Financial Transactions Tax

Consider the extended model discussed in Section 3 and include a trading cost. The budget

constraint becomes:

Cl+ PS; =Wy + (1 =7P)De + P)S;_, — 'St = S{|P,

. 4 . o , (228)
— 0% masc { max{0, 5}, — SPH(P— Py) = LiS{,, 0} + 1
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It follows that the discounted expected marginal value of carrying one additional share

into t + 1 relative to the current price has an extra term:

WP () = () — EF

i =~y D i i i i
6(Cii1) 7%(#«11]1{5#1 < S} - Ttﬁl]l{StJrl > St})] (229)

With an FTT, the investor faces an additional proportional wedge on traded value. Let

F = ()" as in the baseline model and define

Ry =1+ TtF
5f =1- TtF
A Pt
/ﬁZtF’Z =(1-7) - TtCGmax{l — bt 0}
P
Thus, a marginal purchase costs &} P;, a marginal CGT tax-free sale yields &P, and a
marginal taxable sale yields I{f 'P,. Because an FTT implies different marginal price/pro-
ceeds factors for purchases and sales, and CGT further splits the selling side into taxed
versus tax-free marginal regimes, I state the KK'T conditions separately by trading side:

Buying (weakly increasing shares).
. N\ —1/v ) _
ci > (%) and Si=3

. F\ —1/v ) . _

Ci = (%F) and S e (Si_,,39)
Selling with a CGT tax-free marginal sale. If P, < P}, (no embedded gains), then any
marginal sale is CGT tax-free and the relevant sell-side wedge is £!". If instead P, > P,

the marginal sale is CGT tax-free when S} € [S?, 5! ,]. In either case,

) F\ —1/v ; &i Qi
Ci = (ﬁitp) and S} € (57, S{_1]

Ky
, F\ —1/v . ~e
Ci < (z—F) and Si =8
Selling below the loss-offset threshold (taxable marginal sale). If the marginal sale is
taxable (equivalently Si € [0,57) when P, > P},),

. -1/ . ~.
Ci= (%) " and Sie©.8)

. —1/ 4
C’ZS(;@Q) " and S;=0

t

At S} = S! |, no-trade obtains when consumption lies between the buy-side marginal
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condition and the relevant sell-side marginal condition. Specifically:
-1/ , -1/
<%p—§> >Cp > <1:—§) if a marginal sale would be CGT tax-free
t =t

which holds whenever P, < P}, or, if P, > P},, a marginal decrease from S;_; remains

weakly above S?. Otherwise (i.e., P; > P}, and a marginal decrease would fall below S,

(%)_IM > C’Z > (Z;i)_l/v if a marginal sale would be taxable

In words, the FTT replaces the purchase price P; by the effective buy price (1 + TtF )Py,
and it scales down marginal sale proceeds by the factor (1—7/). When the marginal sale is
subject to capital-gains taxation (i.e., when P; > Pbi75 and the marginal reduction in S} falls
below the loss-offset threshold 5’;), proceeds are further reduced by the realization wedge
7¢%max{1 — P},/P;,0}. As a result, the no-trade region is characterized by ¥{" lying
between the buy-side marginal condition and the relevant sell-side marginal condition:
the tax-free wedge (1 — 7f) if the marginal sale is CGT-free, and the taxable wedge /itF’i
otherwise. The portfolio bounds Si € [0,5] and the threshold §§ then determine the
corner solutions and the tax-free versus taxed selling segments, exactly as in the CGT
KKT system in (57), with P; replaced by the corresponding effective trading prices.

The following algorithm ensures that all the optimality conditions summarized by the
KKT conditions are satisfied:

1. Start in the non-selling region. Assume the agent is not selling at ¢ (i.e., we are in
the “non-selling” region where the sell constraint is slack). Compute the buy-side
candidate by imposing the buy-side Euler equality, which prices the marginal unit at
the effective purchase price (1 + 7/") P:

Ci:< th >—1/7
0 1—|—TtF

Given C}, use the budget constraint to obtain the associated candidate holdings at
the buy price,
. X ocj
" 1+ P

where X' = W+ (1—7P)Dy+P,) Si_+T{+7{ P.S;_,. Here X[ collects terms in
the budget constraint that do not depend on S, after rewriting —7/"|Si_; — S} P, =
—7f' (S — Si_;)P; in the buy region. This (C, S§) pair is only a buy-side candidate
used to determine whether the optimum entails purchasing (S; > S;_;) or instead
falls in the inaction (hold) region. The hold allocation itself is always Sf = Si ,

and is characterized by the KKT inequalities (no Euler equality) rather than by this
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candidate.

2. Compute the buy-side candidate by imposing the buy-side Euler equality, which

. F \—1/v
prices the marginal unit at the effective purchase price (1+47/")P;: ChH = <1ﬁ_p>
t
and compute the associated candidate holdings from the budget constraint using the
: : , xPi-c
A 0
effective buy price Sj = (1;7{)3

3. Buy feasibility check. If the candidate indeed lies in the non-selling region, i.e.
Sy > S! |, then accept (C},S}) = (Cf, SE) and proceed to Step 6.

4. Otherwise, move to the selling side. Since S§ < S;_;, consider sell-side candidates.
Compute two candidate consumptions (and implied candidate share positions) using
the sell-side FOC, depending on whether the marginal sale is CGT-taxed.

(a) Tax-free sell candidate. Impose the sell-side FOC with effective marginal pro-

ceeds factor (1 —7/f") (i.e., no CGT on the marginal sale) and compute

—1/y
; oF N\
= (")

1—7

This candidate is feasible in the tax-free sell regime if either P; < Pbit (no
embedded gains) or, when P, > Pgt, it lies in the loss-offset region, i.e. if S{ > 5’;

Syi__ i . . . .
%’ with X, = Wi+ ((1=7°) Di+ ) Si_y + T} =7 PiSi_,
(using —7f'|S¢_| — SHP, = —7f(Si_; — S{)P; in the selling region).

Compute S =

(b) Taxed sell candidate. Impose the sell-side FOC with the effective marginal

proceeds factor for a taxed marginal sale and compute

=1/

v

Ch = .
PZ
(=) =S (1 - )

where x¢C denotes the marginal capital-gains proceeds factor in the taxed
regime (as defined above). This candidate is relevant only when P; > P, and
Sy < 5’; Using the budget constraint in the taxed-selling region, compute the
implied holdings as

S 7 7 7 7
X7 - TtCG((Pt - Pbt) - Lt) t—1 — C2
P(1—1F) — 78%(P, - P})

Sy =

5. Selling feasibility check (kink at S?).

(a) If the relevlant sell candidate satisfies the region condition (tax-free case: Si >
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Sf; taxed case: S3 < S‘%)’ accept it:??

(Ci.5i) = (Ci,8%), if tax-free sale applies,
ty0t) = o
(C4, %), if taxed sale applies.

(b) Otherwise, the sell-side equality lies on the wrong side of the kink. Then the
optimum is the kink (Cf, S1) = (X' — (1 — )P, 8¢, S0).

6. Bounds projection.

(a) If S > S, set S{ = S and compute C} from the budget constraint in the
buy /hold region:

Cl=Wi+ (L=7")Di + P)S;_y — L+ 7 )RS + 7/ PS_| + T}

(b) If S} <0, set S{ = 0 and compute C} from the budget constraint in the selling

region:

Adding a tax on unrealized gains on top of the tax on realized gains simply requires

combining the baseline algorithm with the one for accrual-based taxation.

E.3. Approximating the unknown subjective conditional expectation

This section provides details on the application of the Parameterized Expectations Al-
gorithm (PEA) used to solve the model. In Algorithm A.8, the conditional expectation
Y(2}) enters as an input. In equilibrium, however, v(-) is an unknown function and PEA
requires specifying a parametric approximation & (,z;, Xi) and estimating the parameters
x'. Many flexible classes can serve this role (e.g., polynomials, neural networks). Here I
adopt a complementary approach: I use basic economic structure to guide the approxima-
tion architecture. This parameterization is an approximation family, not an equilibrium

restriction: the coefficients x? are identified by the PEA loss function. In particular, let%"

max{P,/D; — P,/ Dy — L/ D,,0}
P,/ Dy

i =

%First, I compute the CGT-free candidate. If it lies weakly above S¢, the marginal sale is CGT-free
and this candidate satisfies the KKT system; I therefore accept it. Only if it lies below S¢, I compute the
taxed candidate; if that candidate lies weakly below Si 1 accept it, otherwise the optimum is the kink.

50T% render the problem stationary, I work in dividend units by normalizing nominal variables by current
dividends (e.g. Wi/D; and P./Dy).
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which measures net embedded gains (after offsetting carryover losses) as a fraction of the

price in dividend units. I approximate 1 (z¢) by

. . ~. LN\ Y
Eztix') = ()7 (1= 7% xi g (230)
where W P
9 = cu(p (0= P)SE0) el Sia
=1 —x00(1—72)(B87)
Ciut =1- Xéé(l - wigiftCG)ﬁf
and

z; = A(Re = x4 %91)

with A(u) =1/(1+e") and Ry = (P, + Dy)/Pi—1.

This functional form is designed to be economically interpretable. The term 1/7% ag-
gregates period-t resources into a single index with linear loadings on income (including
dividends) and wealth, consistent with standard linear consumption rules (e.g., Hakansson
(1970), Benhabib, Cui, and Miao (2024)) and with empirical evidence on distinct propensi-
ties to consume out of income and wealth di2020stock. The factor (1—7%zg}) ~7 captures
how expected capital-gains tax liabilities rescale marginal utility through the realization
channel.

The realization nonlinearity implied by capital-gains taxation enters £ through the kink
in g{, which activates the tax wedge only when the position carries net embedded gains,
and through !, a smooth proxy for the probability of operating on the realization margin
in that region. In this sense, ! can be viewed as a reduced-form smoothed indicator for
whether the household is close to the realization boundary: it is increasing in R; and,
for g¢ > 0, decreasing in 7C¢ (consistent, for instance, with the comparative statics in
Ehling, Tompaidis, and C. Yang (2019)). While extreme combinations of x} and beliefs
could in principle render some coefficients negative, this does not arise in the estimated
model: across all simulated paths and states used for estimation and policy counterfactuals,
ming i {c},, c,;} > 0 and ming {1 — P%rigi} > 0. Thus, the approximation remains
economically and numerically well behaved over the relevant region of the state space.

X is an agent-specific unknown parameter vector to be estimated. For that, I follow
a standard PEA procedure, except in the context of Internal Rationality. Here is the full

algorithm.
1. Fix the numerical values of the structural parameters.

2. Simulate long series of the exogenous processes from the point of view of agent ¢
{W,, D, T}, 7P, 7FY, P, (B, Bi}E, using her subjective probability measure P?,
which involves equations (37), (38), (42), (43), (44), (45), (46), (47). The subjective
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model of prices mimics equation (46). In simulations, I use a projection facility
for price beliefs to avoid explosive price trajectories (see below) and augment the

measurement equation for price growth with a small valuation anchor:

P . . i .
In Pt;l —lnfB_, — A5<1n(Pg_1/Dt,1) — lnPD> + el
t—2

where Ag > 0. Thus, when the price-dividend ratio is above its long-run anchor
PD, agents attribute part of the realized price growth to a transitory valuation
component and infer lower latent expected growth. The constant-gain rule in (231)
follows by updating In 3! _; using the associated forecast error. This implies the

following constant-gain updating rule for perceived price-growth beliefs:%!

. ‘ ‘ Pl _ P _
B =g, +g¢(In==t —mpgi +A5<ln i1 —lnPD) (231)
Py Dy

Note that prices are agent-specific, as they are drawn from the subjective model of

prices, which is idiosyncratic. The series are kept fixed throughout the algorithm.
3. Set an initial value for the PEA parameter x{, and a starting condition for S}_;.

4. Simulate the economy. In particular, compute allocations, the basis price, carryover

losses, and the interior of the conditional expectation

: C{i1\ = (Dig1\'=7 Dy ( P}
szrl:(s( t+1) ( t+1) 7t< t+1+(1_thJ)rl)

Dit1 Dy P} \Dyyq
Pl B D e Diyi\1=7 Dy (Fi Fi
cG t+1 b,t+1 i i t+1 t 1,t+1 2,t4+1
— T max{0, — 1{s!. , < S )—|—5( > —( +
e (max{0, 5 = Dy} M < Sind) Dy ) Pi\Di1 = D

(232)

Recall from Section E.1. that Ff}t 41 and Fit 11 are already expressed in marginal-
utility units so that F,i,t 4+1/Diy1 is dimensionless and stationary under the same

dividend normalization used for prices and consumption.

5. Update x*. By definition of a conditional expectation,

Yirr = E(2X) + Uiy (233)

6'The expectations updating formulas (47)-(49) include lognormal (Jensen) corrections that depend
on perceived conditional variances. In the simulations, I impose a calibration in which the perceived
innovation variance is small relative to the perceived payoff/price-growth variance, (¢2)’ < (03)", and
(O'Z)i = (03)" for simplicity. Under this restriction, the corresponding variance correction terms x5 and H;
are quantitatively negligible. Accordingly, I drop &% and fc; from the simulated belief-updating equations
and treat them as a level-normalization that does not materially affect the mechanisms operating through
time variation in beliefs.
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where ul 41 is the forecast error. Minimize the mean squared error to get an estimate

of x, that is
T-1 4
X =argmin > (yry1 — E(2(5X))° (234)
X =0
Then, use an updating rule:
X1 = AN+ (1= ), (235)

where A € (0,1) determines the relative weight on the new estimate. Convergence is

declared when the post-update residual is small,
max|§ = X floe < 1074

Since X — x441 = (1 — A)(X — x4,), this criterion is equivalent to

1074
1—\

max |[X = xpleo <
so the tolerance is well-defined given \ < 1.

E(z4; x") has a parsimonious functional form, containing only two free parameters—in
sharp contrast to flexible approximators like neural networks. To assess approximation
quality, I compute the one-step-ahead forecast error wui 41 for the conditional expecta-
tion object targeted by the parametric approximator. This is not an Euler residual (the
Euler condition is imposed when computing allocations); rather, it measures the discrep-
ancy between the approximated and true conditional expectation. Because both u% 41 and
the consumption-dividend ratio Cf/D; are dimensionless (ratios), the statistic is unit-
consistent. I scale the absolute error by the contemporaneous C{/D; to obtain a mag-

nitude normalization that is comparable across agents and time. Formally, define the

)

where E[-] is taken over the simulated ergodic distribution (or over the relevant conditioning

consumption-scaled mean absolute error

“2+1
C'tZ/Dt

Al(x) = logy, (E [

set, when reported for subregions of the state space). The normalization by C{/D; should
therefore be read as a convenient scale adjustment—a “consumption-scaled” mean absolute
error.

The histogram below shows the cross-sectional distribution of our consumption-scaled
forecast-error statistic across the 100 agents. The mean is —3.86 and the median is —3.84,
so the typical agent’s one-step-ahead forecast error is about 10738 ~ 1.4 x 107* in

consumption-scaled units—that is, roughly one part in ten thousand relative to the level
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Figure 8: Cross-sectional distribution of the accuracy statistic.

of consumption. Economically, this indicates that the parametric expectation function
closely matches the conditional mean of the pricing object that governs portfolio choices:
the approximation error is tiny compared with the scale of resources that agents allocate
each period.

Table 9 complements the histogram by reporting accuracy directly in levels and by
conditioning on regions of the state space associated with the realization margin. The
table is constructed in two steps. First, for each agent ¢, I compute within-agent time-
series moments of the consumption-scaled absolute forecast error e}, = |uj ,|/(C}/Dy):
the time-series mean, median, 90th percentile, 99th percentile, and maximum of {e}_}+.
Second, for each of these within-agent moments, I report cross-sectional summaries across
agents (in columns). Hence, rows index moments computed over time within each agent,
while columns summarize the cross-agent distribution of those time-series moments.

Consistent with the histogram, the typical agent’s mean absolute error is on the order
of 1074, and even tail measures (e.g., the time-series 99th-percentile error) remain well
below 1072, Moreover, there is no evidence that approximation performance deteriorates
in the region most relevant for inaction boundaries: conditioning on periods in which the
realization margin is active and the agent sells, the corresponding cross-sectional means
are comparable to—and in fact smaller than—their unconditional counterparts. Econom-
ically, these diagnostics indicate that the parametric expectation function closely tracks
the conditional mean of the pricing object that governs portfolio choice, including in the

subset of states that is most relevant for trading decisions.
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Table 9: Accuracy of the parametric expectation approximation. For each agent i, rows
refers to within-agent time-series moments of ej,, = |ui,,|/(C}/Dy). Columns report cross-
sectional summaries across the 100 agents of the corresponding within-agent moment. “Global”
uses the full simulated path. “Selling region” conditions the within-agent time-series moments on
dates with g; >0 and Sj > S}, ;.

Across agents

Within-agent Mean Median 90th pct. 99th pct.
Global (all states):

Mean 1.76 x 107%  1.48 x 107* 3.06 x 107* 5.19 x 1074
Median 9.08 x 107® 8.56 x 107® 1.65 x 107* 2.38 x 10~
90th pct. 3.80 x 107 325 x107* 6.61x107%* 1.13x 1073
99th pct. 1.40 x 1072 9.57 x 107*  2.36 x 1073 5.95 x 1073
Max 4.79 x 1073 2,90 x 1073 7.76 x 1073  3.01 x 1072
Selling region (active € selling): conditional on g; > 0 and Sj > S},
Mean 114 x107% 1.14x107* 1.86 x107* 2.20 x 1074
90th pct. 2.63x107* 256 x 107* 4.04 x 107* 5.02 x 107
99th pct. 6.92x 107 6.64 x 107 9.97 x 107* 1.21 x 1073
Max 1.22x1073 1.18x 1073 1.78 x 1073 2.52x 1073

Practical implementation and numerical safeguards

The baseline algorithm above describes a standard PEA update. In practice, a literal joint
update of x* = (x§, x}) is numerically challenging for two reasons. First, the least-squares
criterion in step 5 often exhibits weak curvature in x} along the simulated path. Intuitively,

X} affects () primarily through

i _ g max{P — P, — L, 0}
U)t = Tt P
t

which is a function of accrued gains and is well defined regardless of whether the agent sells
in period t. When w! is close to zero for long stretches of the sample, perturbations in Xli
have little effect on £(2}; x*) and therefore little effect on the PEA regression objective. To
sharpen identification, I use a weighted least-squares objective that upweights observations

in which the capital-gains wedge is quantitatively important:

wy = %2
"7 EWi?

so that observations with large embedded gains (and hence a large potential tax wedge)
receive more weight in the PEA regression step. Nonetheless, for many agents the joint
criterion remains weakly informative about ! because X%) and X% both tilt the fitted
conditional expectation: re-optimizing x} can partially offset changes in x, so the profiled

objective is nearly flat in x} over economically plausible neighborhoods.
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Second, the model is highly nonlinear, with kinks and occasionally binding constraints.
As a result, small changes in x! may move the economy to a different regime for a subset of
dates, which makes the objective non-smooth in x? and further complicates gradient-based
joint optimization.

To address these issues while staying within the logic of PEA, I implement a block
(two-step) update of x! combined with warm starts and a conservative switching rule.
Conceptually, the most direct implementation would iterate on the pair (Xé, x}) until con-
vergence, i.e., alternate between solving for x{ conditional on x4 (the PEA regression step)
and updating x} conditional on X%, repeating these two steps until the change in (Xf), x4)
is below tolerance. In my environment, each outer iteration requires re-simulating a highly
nonlinear economy, which makes such a full outer fixed-point loop computationally costly.
The procedure below is therefore designed as a computationally efficient approximation to
this outer loop: I perform a local update of X% around a baseline value and then re-solve
Xb at the resulting 7.

Given an initial value Xzi,o for the realization-sensitivity coefficient, I proceed as follows:

1. Solve for X} conditional on x}. Holding x} = Xzi,o fixed, iterate the PEA regression
update for x{ (step 5 in the baseline algorithm) until the stopping rule is satisfied.
Denote the resulting coefficient by X%(Xﬁ,o) In this step, the least-squares criterion

uses the weights w; defined above.

2. Local search for y; and conservative acceptance. Holding Xé = )26 (Xio) fixed, eval-
uate the accuracy statistic A%(x}, x}) over a grid of candidate values x% € N (XZLO),
where N (Xli,o) is a neighborhood around the initial guess. Then set

Xp€arg  min  A(RH(x10) X1) (237)
X1EN (X1 0)
subject to a minimum-improvement rule: adopt X! # Xli,o only if it reduces the

accuracy statistic by at least A,
A0 0) K1) < A(Rb(xi0)s Xio) — A (238)

If this condition fails, set X} = XiLO- This switching rule prevents mechanical selection
of boundary values of X% in cases where A’ is nearly monotone in x! over N/ (Xli,o)
and improvements are economically immaterial. In practice, I set A = 0.05. The
minimum-improvement threshold A can be interpreted as an adjustment cost for
changing X%, and it is helpful in this model with kinks and regime switching, where
small numerical differences in A’ may otherwise lead to large discrete changes in

endogenous realizations.

3. Re-solve xg at x1. Finally, to ensure internal coherence of the reported coefficients,
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rerun the PEA regression update for x{ holding x! = ¢ fixed, warm-starting from
XB(X§,0)~ This yields the final coefficient pair (¥§, X%) with X4 = X§(x}) by construc-
tion.

E.4. The PEA-SMM loop

The following algorithm describes the implementation of the double PEA-SMM loop.

1. Initialization. Choose an initial guess for the structural parameters, denoted ), a

damping parameter \g € (0,1], and a tolerance gg > 0.

2. Inner loop (PEA at fixed #). Given 6§, run PEA until convergence and obtain X*(6)
for each agent i. Using these coefficients, simulate the model and compute the model-

implied moment vector
S(0) = S(o: (%' (0)):)
That is, S\ (0) is evaluated after solving the PEA problem at 6.

3. Outer loop (SMM). Estimate 6 by

0* = arg Igréiél [S — ‘SN‘(G)} /W[S’ — 5(9)} (239)

where each evaluation of the objective at a trial € calls the inner PEA solver in Step
2.

4. Convergence check and update. If
|S(6*) — S(OW)]| < &g
stop. Otherwise, update
gD = (1= 2)0™) + g 0*
and repeat Steps 2—4 until convergence.

Acceleration via warm starts and a two-stage gate for inner PEA re-solves.
Running a full inner PEA solve at every candidate parameter vector explored by the outer
optimizer can be costly. I therefore implement two standard accelerations.

(i) Warm start. Whenever an inner PEA solve is performed at a candidate parameter
vector, the fixed-point iterations are initialized at the most recently converged coeflicients,
Xi’(o) < X*(fiast), which substantially reduces inner-iteration counts.

(ii) Two-stage evaluation with a re-solve gate. At each outer iteration, given the current

parameter vector 6, I first solve the inner PEA once to obtain agent-level coefficients
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{X(0)}; (step 2). I then hold these inner objects fixed and let the outer optimizer search

over trial parameters 6’ using the corresponding moment mapping
S (0'10) = S(0:{TO))

which is less expensive because it avoids re-solving the inner PEA at every function evalua-
tion. This produces a candidate update f,ey. As a first screen, I require that the moments
implied by Onew improves relative to moments using 6.

To ensure that the candidate step remains beneficial once the inner problem is up-
dated, I then apply a gate: I re-solve the inner PEA at 0., warm-starting from the last
coefficients, to obtain {X?(fnew)}: and the corresponding definitive moments S(fpey ). The
candidate is accepted only if the moment improvement persists after this inner refresh.
Upon passing the gate, I update 6 using a damped step and project back to the admissible
bounds.

This procedure yields the bulk of the computational gains because the outer optimizer
evaluates the objective many times holding the inner solution fixed, while a full inner

refresh is performed only once per outer iteration (to validate and accept the proposed

step).

E.5. Projection facility

In simulations, adaptive belief updates can occasionally imply extreme valuation jumps
that lie outside the region where the policy rules and conditional-expectation approxima-
tions are reliable. Following the projection-facility approach common in adaptive learning,
[ therefore restrict attention to an admissible set PD = (0, pd] with pd = 275, which is the
upper bound of the price-dividend support in the subjective models of prices. Concretely,

let excess demand be

9:(pd; By) = Y 'S (2) — ¢

where S} is the aggregate supply (including supply shocks). Let ;ﬂt(ﬁt) as a root of
g¢(+; Bt) = 0 preliminary equilibrium price. If the preliminary root satisfies ﬁt(ﬁt) < pd,
accept it. Otherwise, I revert beliefs once to the previous coefficients, 8y < B:—1, recompute
the clearing root, and set pd; = ﬁlt(ﬂt_l). This device preserves market clearing (the
accepted pd; always solves gq(pdy; Et) = 0) while preventing transient belief errors from

pushing the simulation into explosive or numerically unreliable regions.

E.6. An analytical result about the stock demand function

This appendix derives an as-if stock-demand representation in a representative-agent Lucas-
tree economy with proportional taxes on dividends and on accrued capital gains. The

exercise is intentionally narrow. Because the quantitative model features heterogeneous
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agents, learning, and realization-based capital-gains taxation, there is no feasible mapping
from this benchmark to the main model, and I do not use it to discipline parameter signs
or comparative statics at all. Instead, the appendix serves only to illustrate that, in a
tractable environment, closed-form stock demand naturally takes a “propensity x compo-
nent” form with a multiplicative tax wedge, separating dividend-related from price-related
terms. This motivates the functional forms adopted in Appendix E.3.

Suppose dividends follow a log random walk with drift,
InD; = B” +In Dy +Ine; Inel ~ N(—%sg, s3) iid. (240)

so that giy1 = Dyy1/Dy = ﬁDefH satisfies E[g;+1] = B”. The household has CRRA utility
with coefficient v and discount factor §, and trades shares Sy of the Lucas tree at price P;.
Dividend income is taxed at rate 7, and accrued capital gains (P, — P,—1)S;—1 are taxed
at rate 7. Define the risk moments I' = E[g'™] and x = E[g~"], which are finite under
(240).

The period budget constraint is

Ci+PSi=(1—7°)DySi1 + PSi—1 — 7 (Py — Po1)Sem1 + T (241)
The government rebates contemporaneous tax revenues lump-sum,
Ty =7PDySi 1 +7(P— P_1)Si_4 (242)

and rebates occur before trading. Hence the consolidated budget constraint is C; + P,.S; =
(Py+ Dy)Si—1

In equilibrium, the representative agent holds the unit supply of the tree, S; = 1, and
goods market clearing implies C; = D;.

With accrual taxation, the tax liability on the next-period capital gain is proportional

D\ 7
P,
< D, ) !

The last term collects the present value of the next-period accrual-tax charge, expressed in

to Piy1 — P;. The Euler equation can then be written as

P, =E;

+(5TEt

5 (Dt“)ﬂ ((1 PP+ (1 TD)DtH)

D, (243)

units of the time-t price base P;. Applying the goods market clearing condition (C; = D),
iterating forward on prices and applying a standard transversality condition (that holds

provided 6I'(1 — 7) + d Kk 7 < 1), one gets

P (1—-7P)6T
Di 1—-6T(1—7)—0kT

(244)
Although market clearing pins down S; = 1, it is useful to represent the equilibrium as if
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it were generated by a linear stock-demand rule with propensities to invest out of dividend

income and out of the wealth base P;. Define
s1 =00 (1—-71P); s$o=0(1—7)4+0KT

Consider the policy rule

D P,
Si(Pr, Si—1) = <S”P+S“) i1 (245)
t
Imposing last period’s equilibrium S;—1 = 1 and stock-market clearing S; = 1 yields

P,/Dy = s1/(1 — s2), which coincides with (244). This representation clarifies the roles of
the tax instruments: 7 reduces the effective propensity to reinvest dividend income (s1),

while the accrual tax affects the wealth-base propensity ss.

F. Computing the non-taxable share

The evolution of the effective capital tax rates depends essentially on two factors: statu-
tory rates and regulations. Legal regulations are accounted for by the NBER TaxSim rates.
The important exception is the amount of capital income accruing to non-taxable units,
as pension funds, IRAs or non-profit institutions. The Financial Accounts of the United
States, run by the Fed, report the household share of corporate equity. Some takes that
as a proxy for the taxable share of ownership, but that overestimate it given the inclusion
of IRAs (see Rosenthal and Austin (2016) for a critical review of the different measures).
Therefore, the goal is to get an estimate of the fraction of equities hold by households in

taxable accounts. I follow Rosenthal and Austin (2016).

Table 10 reports the steps followed to compute the taxable share. Essentially, it
amounts to an adjustment of the Fed’s households equity share, considering TRAs, in-
direct holdings and so on. Here I detail the abbreviations dictionary: CE = corporate
equities; HHNPI = households and nonprofit institutions; RoW = rest of the world; ETF
= exchange traded fund; CEF = closed-end fund; REIT = real estate investment trust;
C-CE = C corporations CE; MF = mutual funds; IRA = investment retirement accounts.
The variables comes from the Federal’s Reserve Financial Accounts of the United States,
except for those variables whose construction is explained in the table. Besides, as in
Rosenthal and Austin (2016), the stock held in self- directed IRAs is based on data from
the Investment Company Institute. Calculations files are available upon request. Pre-1951,
the share is interpolated from Sialm (2009).
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B G. Estimating the Cross-Sectional Distribution of Kalman

Gains

I use repeated cross-sections from the UBS/Gallup survey on investors’ return expectations.
Each survey wave provides individual-level expectations and demographics, but the survey
does not follow individuals over time.

I follow standard data-cleaning procedures. Observations with missing data on ex-
pected returns, age, income, or sampling weights are dropped. I also exclude implausibly
large responses with expected returns exceeding 95 percentage points in absolute value.
These filters reduce the sample from 97,712 to 76,643 observations over the period 1998:m5—
2007:m6.

Because the UBS survey is a sequence of cross-sections rather than a panel, I construct
synthetic cohort panels by grouping respondents into stable demographic cells. I partition
investors into four age bins (35-45, 45-55, 55-65, 65-80) and income quartiles based on
the income distribution in the cleaned sample, yielding 16 cohorts.

To match the quarterly frequency of the theoretical model, I aggregate individual-level
observations directly to the quarterly level. Specifically, within each cohort ¢ and quarter
t, I pool all individual survey responses from the three months of that quarter and compute
a single weighted mean using UBS sampling weights w;:

Yier., WiE[Rei4]

DeE
+ = (246)
¢ Ziel-c,t wz

where Z.; denotes the set of individuals in cohort ¢ surveyed during quarter ¢, and E! (R t44]
is individual ¢’s expected nominal net return over the next year. This aggregation procedure
preserves the micro-structure of the data: each individual response contributes to the
quarterly cohort mean according to its sampling weight, regardless of which month within
the quarter the response was recorded.5?

Following Adam et al. (2015), I use own-portfolio expected returns, which are available
throughout the sample period 1998:QQ2-2007:Q2 and are highly correlated with expected
market returns (available only until 2003.m4).

To ensure consistency with the theoretical model, I estimate the Kalman gain using
expected price growth rather than total returns.®® I transform the cohort mean expected
nominal return into expected real price growth in two steps. First, I subtract the median

one-year-ahead CPI inflation forecast from the Survey of Professional Forecasters (SPF)

%2In the model, B. is an end-of-quarter posterior after observing P;/P;—1. In the data, B.: pools
monthly survey waves within quarter ¢, so it averages beliefs formed at different intra-quarter dates based
on partially realized price growth. Using full-quarter P:/P;_1 in (250) is therefore an approximation.

53Estimating the Kalman gain using total expected returns yields nearly identical results.
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to obtain expected real returns:

Re,real _ Ri,t . 7_‘_te,SPF‘ (247)

c,t

where 757" = ESPF

I1; 4+4] is the median expected net inflation rate over the next four
quarters. Second, I subtract the dividend yield component scaled by expected dividend

growth to isolate expected price growth:

P, _ D
Ef[ g“ - 1} = RO 5D?: (248)

where P = E[D;;4/Dy] is the average gross annual real dividend growth over the sample
period, and D;/P; is the dividend-price ratio (annualized).
Finally, I convert annual expected price growth to quarterly frequency. Let ﬁg? =

E¢[P,1+4/P;] denote the expected gross annual price growth. The implied quarterly expec-

Boy = ES [Pt“] = (ﬂiﬁ’)w (249)

This transformation assumes that investors expect price growth to be approximately con-

tation is:

stant across quarters within the year.

For each cohort ¢, I estimate the Kalman gain ¢¢ from the belief updating equation:

Bet = Bep—1+4g° <PPt - 5c,t1> + Ue,t (250)
t—1

where P,/ P, is realized quarterly gross real price growth. To estimate it, I subtract 5. ;1
from both sides so that the specification regresses the revision in beliefs on the forecast
error, with the Kalman gain ¢g° measuring the responsiveness of cohort ¢’s expectations to
new information. I estimate (250) by OLS without an intercept, and compute standard
errors using the Newey-West HAC estimator with four lags to account for potential serial
correlation in the residuals.

Table 11 reports the cohort-specific constant-gain estimates. The estimated gains are
in line with the standard values in the literature, typically between 0.02 and 0.04, implying
gradual updating of expected price growth in response to realized price growth innovations
(see, for instance, Adam et al. (2015), Adam, Marcet, and Nicolini (2016), Adam, Marcet,
and Beutel (2017)).%4

Using the cross-section of cohort-level constant-gain estimates in Table 11, I summarize

54One cohort (Age 35-45, Income $15,000-45,000) yielded a negative point estimate (—0.0006, SE
= 0.0150), but this is insignificantly different from zero. It is excluded from the log-Normal estimation
below.
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Table 11: Cohort-specific constant-gain estimates. FEach row reports the cohort-specific
constant-gain estimate § from (250). Income bin refers to quartiles of the income distribution
(values shown in USD, based on category midpoints). Standard errors use Newey- West with 4 lags.
The number of cohort-quarter observations used in estimation after forming AB.. and Be;_1 is
36.

Age bin  Income bin g Std. Errors
35-45 15,000-45,000 —0.0006 (0.0150)
55-65 67,500-87,500 0.0185 (0.0130)
45-55 15,000-45,000 0.0223 (0.0091)
65-80 15,000-45,000 0.0236 (0.0051)
35-45 45,000-67,500 0.0244 (0.0046)
35-45 67,500-87,500 0.0248 (0.0070)
55-65 15,000-45,000 0.0259 (0.0092)
35-45 87,500-200,000  0.0271 (0.0055)
45-55 45,000-67,500 0.0290 (0.0036)
45-55 87,500-200,000  0.0303 (0.0054)
65-80 67,500-87,500 0.0333 (0.0131)
65-80 45,000-67,500 0.0335 (0.0087)
65-80 87,500-200,000  0.0346 (0.0140)
55-65 87,500-200,000  0.0349 (0.0090)
55-65 45,000-67,500 0.0363 (0.0067)
45-55 67,500-87,500 0.0408 (0.0049)

learning-rate variation by fitting a log-normal distribution,

o ~ logN<ln(/,Lg) - 11n(1 n 03) ln<1 + Jg)) ,

2 K M
where p, = E[g¢] and 03 = Var(g°) denote the mean and variance of the (latent) cohort
gains in levels. Since the log-normal likelihood has support on (0,00), I estimate the
distribution using the 15 cohorts with g¢ > 0 (the single negative point estimate, § =
—0.0006, is economically negligible and statistically indistinguishable from zero given its
HAC standard error). Maximum-likelihood estimation yields fi, = 0.0293 and 6, = 0.0062.
Importantly, the dispersion in {§°} should not be interpreted as direct evidence of true
cross-cohort heterogeneity.

Because each cohort gain is itself estimated with nontrivial sampling uncertainty, the
raw cross-cohort spread in ¢¢ mechanically mixes heterogeneity and estimation noise. A
simple measurement-error decomposition, §¢ = g°+u¢ with Var(u¢) = s2, implies Var(§¢) =
Var(g¢) + E[s?], so the log-normal MLE dispersion is conservative in the sense that it

provides an upper bound on the underlying cross-cohort variance Var(g¢).
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